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1 Introduction

Intersection homology, originally developed by Goresky and MacPherson (12) as a tool to
study singular spaces, is a homology theory that controls how singular simplices are allowed
to intersect singularities. An important feature of intersection homology is that it satisfies
a version of Poincaré duality for stratified spaces —spaces that are not quite manifolds, but
are comprised of manifold layers. Goresky and Macpherson first proved Poincaré duality
for piecewise-linear pseudomanifolds (12) (these include algebraic and analytic varieties) by
defining an intersection pairing and later extended their results to topological pseudomani-
folds (13) using sheaf-theoretic methods.

More recently, Friedman and McClure have given a new proof of Poincaré duality for in-
tersection (co)homology by defining cup and cap products on intersection (co)homology and
establishing the existence of fundamental classes for oriented topological pseudomanifolds
(11). In (10), the authors go further and prove that regular covers of orientable pseudo-
manifolds satisfy universal Poincaré duality (in the sense of Ranicki (17)) for intersection
(co)homology. Furthermore, they show there is a symmetric signature for Witt spaces. Here,
universal Poincaré duality is a version for regular covering spaces (possibly non-compact),
which is equivariant over the action by the group of deck transformations, and its importance
stems from surgery theory. We should remark that while there may be interest in establishing
Poincaré duality for intersection (co)homology via cap products for its own right, in order
to employ Ranicki’s algebraic techniques to define symmetric signatures, it is necessary to
establish duality through a concrete isomorphism as opposed to the abstract isomorphisms

achieved with sheaf-theoretic methods (i.e. Verdier duality).



A primary purpose of the present dissertation is to extend the work of Friedman and
McClure (10) by proving a universal Poincaré duality theorem using covers over the regular
strata. In particular, our approach will allow us to also consider possibly non-orientable
topological pseudomanifolds. For example, the cone on projective space, cRP?, is a non-
orientable pseudomanifold that has no non-trivial covers. Consider, though, the cone of the
orientation cover S? — RP?. While the map, ¢S? — cRP?, is not an even cover, it is a
branched cover in the sense of Fox (4). Thus, we are led to consider topological branched
covers. Beyond issues as in the previous example, there is also historical precedence to
study the intersection homology of covers of the regular stratum. For instance, intersection
homology with local coefficients defined solely over the regular stratum were studied by
Goresky and MacPherson in (13).

We now give an outline of our results by section.

Section 2: Definition and basic properties. In this section we introduce intersec-
tion chain complexes for covering spaces of the regular stratum. These are defined through
what we call extended simplices, and their definition is motivated by intersection homology
with local coefficients defined over the top stratum of a pseudomanifold. Since extended

simplices are a vital concept to the thesis, we present their definition below.

Definition 1.0.1 (Definition 2.1.2). Let X be a stratified pseudomanifold, and let X,
denote the set of regular points. We also let ¥ denote the set of singular points. Let v be
any covering of X,., and let R be a commutative ring with unity. We will call an ordered
pair (7,0) an extended j-simplex where o : AV — X and 7 : 071 (X,ey) — E(v)! is a lift of

0. Moreover, we will call im(o) the base image of (¢,0) and im(c) the lifted image of (7, 0).

'We use v to denote the data of a covering space. Here denotes E(v) is the total space of the cover.



We define SY(X; R) by

SY(X; R) : = The free R-module generated by extended simplices modded out

by extended simplices whose base image lie in .

For a perversity p defined on the strata of X, we can then determine p-allowability of an
extended simplex in an analogous fashion to intersection homology with local coefficients by
defining an extended simplex (7, 0) to be p-allowable if ¢ is p-allowable. What’s more, we
may consider the chain complex consisting of p-intersection chains of S¥(X; R), which we
denote by I?S”(X; R), and whose homology we denote by IPH!(X; R).

In terms of generalizing the universal duality results of Friedman and McClure (10), the
cover v of X,., takes on the role of what in their cases are covers of the entire space X.

Beyond their utility to define intersection homology of covering spaces of the regular
stratum, extended simplices may also be applied to form another approach to intersection
homology with local coefficients. This is the content of Section 2.2. Recall for ordinary
homology there are two approaches to local coefficients (14, Section 3.H). One is to consider
the homology of chain complexes of the form A ®gpy Sk ()? ; R), where X > Xisa regular
cover of X and A is a right R[r]-module. For the second, we consider local coefficient systems
£ — X, whose fibers are R-modules, and lifts of singular simplices to £ with operations
taking place in €. It’s well known these two approaches are equivalent (14, Proposition
3H.4), and because of this, the terminology of local coefficients is used interchangeably

between the two. In order to reduce confusion, we will refer to the former as homology with



twisted coefficients and to the latter as homology with local coefficients. Because intersection
homology with local coefficients may be defined with local coefficients defined solely over the
regular stratum, the approach of homology with twisted coefficients motivates our definition

of intersection homology with twisted coefficients, reproduced below.

Definition 1.0.2 (Definition 2.2.7). Let v be a connected regular cover of X,., with deck
transformation group m, and let A be a right R[r]-module. The p-intersection chain complex
with twisted coefficients is defined to be the p-intersection chains of A ®g(x SY(X; R) and is

denoted by I7S” (X;A). The homology of this chain complex is denoted IPHY (X;A).

As expected, the approach of intersection homology with twisted coefficients is equivalent
to intersection homology with local coefficients, which we prove in the theorem restated

below.

Theorem 1.0.3 (Theorem 2.2.11). Let X be a stratified pseudomanifold with X,., connected
and with perversity p < t. Let v be a reqular cover of X,., with deck transformation group
7, and let A be a right R[r|-module (R a commutative ring with unity). Let p : € = X,eq
denote the system of local coefficient R-modules over X,., associated to the R[r|-module A
and the cover v. Then there is an isomorphism of chain complezes between the intersection

chain complex with twisted coefficients Iﬁg,f (X;A) and the intersection chain complex of

local coefficient system R-modules IPS,(X;E).

This theorem allows us to carry over to intersection homology with twisted coefficients
all the standard results of intersection homology such as the cone formula, excision, and

Mayer-Vietoris long exact sequences. Moreover, by proving a generalization of Shapiro’s



lemma (Lemma 2.2.13), we can apply the above theorem to also carry over these standard
results to IPHY(X; R).
Section 3: Cross product and Kiinneth theorem. Following the direction of Fried-
man, we prove a version of the Kiinneth theorem for the intersection homology of regular
stratum covers. As pointed out by Friedman (see for instance (5), (6)), the approach of
acyclic models is unavailable to intersection homology since the intersection homology of
a contractible space can be nontrivial. As an alternative approach, Friedman uses shuffle-
products to define a cross product map and proves a bi-perversity version of the Kiinneth
theorem.

More precisely, let X and Y be stratified pseudomanifolds with perversities p and q,
respectively. The idea presented by Friedman ? is to consider a perversity Qzdefined on the

strata of X x Y by

p(S)+q(S")+2 if S, are both singular

p(S) if S is singular and S’is regular
Qpa(S x 8') =

q(9") if S is regular and S’ is singular

0 if S, S" are both regular.

\

He then shows that the cross product induces a quasi-isomorphism 7S, (X; F)®@pI15,(Y; F) —
1938, (X x Y; F), where F a field 3. Applying the techniques used by Friedman, we are

also able to prove a Kiinneth theorem. The non-relative version is presented below.

2Friedman proves the Kiinneth theorem for other choices of Q57 as well, but the choice we use will be
sufficient for our purposes.
3Friedman actually proves a Kiinneth theorem over any Dedekind domain (5, Theorem 6.56)



Theorem 1.0.4 (Theorem 3.4.1). Let F' be a field and let X and Y be stratified pseudo-
manifolds with perversities p < t and g < t; respectively. Let v be a cover for X,., and ¥ a

cover for Yieq. Then the cross product induces an isomorphism

x 1 H,(IPSY(X; F)® I7SY(Y; F)) — ICH”Y(X x Y; F).

Besides being a computational tool, the Kiinneth theorem is also a vital step in defining cup
and cap products for intersection (co)homology (11). Just as acyclic methods are unavail-
able to intersection homology, the “front face/back face” method of defining cup products
also fails for intersection cohomology. The issue here is that while a simplex may satisfy
allowability conditions, there is no guarantee that the front face and back face of the simplex
will also be allowable. We refer the reader to Friedman’s book in progress (5, Subsection
7.2.1) for a detailed discussion on the topic of products in intersection (co)homology.

Section 4: Finitely branched coverings of pseudomanifolds. Branched covers may
be described topologically in the language of spreads developed by R.H. Fox (4) 4. A spread
isamap g:Y — Z between T} spaces such that the connected components of pre-images of
open sets form a basis for the topology of Y. We call a point of Z an ordinary point if it may
be evenly covered by the spread. The set of ordinary points is denoted by Z,. A complete
spread (Definition 4.1.4) is, heuristically speaking, a spread with no “missing pieces”. For
example, the map C — {0} A Cisa non-complete spread; however, this spread may be
completed by including 0 in the domain. In fact, every spread has a unique completion

(Definition 4.1.6) according to the following theorem due to Fox.

4Besides Fox’s original paper, a recent treatment of spreads and branched covers is given in (1) and
includes interesting examples of more exotic spreads. For example, it is possible for a spread to have a fiber
homeomorphic to the Cantor set.



Proposition 1.0.5 (Proposition 4.1.8). Let f : X — Z be a spread. Then f has a completion
g:Y — Z; that is, g is a complete spread that is an extension of f. Moreover, the completion
is unique in the following sense. If ¢ - Y' — Z is any other completion of f : X — Z, then

there exists a homeomorphism ¢ : Y — Y such that ¢'¢ = g and ¢|x = idx.

It’s important to realize that spreads and their completions are sensitive to target spaces.
For example, the double cover C — {0} Zc- {0} is a complete spread, but as we noted
earlier the map C — {0} Z, C is not complete.

Another consequence in our study of spreads is we reprove Padilla’s functoriality of
normalization (16) by taking the completion of the inclusion of the regular strata, X, ., — X.
The completion is the normalization (16) of X (Example 4.1.7).

Next, we give a loose definition of topological branched covers. A branched covering is,
a complete spread g : Y — Z such that “most” of the points of Z are ordinary. More
technically, Z, (the set of ordinary points) is a dense subset. What’s more, the definition
also requires g ~'(Z,) to be dense. There are other connectivity assumptions, but we will not
discuss those now. See Definition 4.2.3 for the full definition.

Fox also defines a branching index to give a measurement to the “amount of branching”.
As an illustrating example, take the map C i C. This is a branched cover and we have
that the branching index at the origin is 2 and the branching index of any other point is 1.

With Fox’s machinery laid out, we then go on to prove the main result of this section.
Let Z be a normal® connected pseudomanifold, and consider a cover v of Z,.,. We prove

that the completion of E(rv) — Z, where E(r) denotes the total space of the cover v, is a

5We need Z to be normal here from the definition of branched coverings which will require Zreg t0 be
locally connected in Z.



branched cover (this follows by Proposition 4.2.4); moreover, if it is a finitely branched cover

we have the following.

Theorem 1.0.6 (Theorem 4.3.3). Let Z be a connected normal stratified n-dimensional
pseudomanifold, and let v be the data associated to an unbranched covering of Z.,. Let
g Y — Z be the branched covering associated to the pre-branched covering E(v) — Z.
If g - Y — Z is a finitely branched covering, then Y is a connected normal stratified n-
dimensional pseudomanifold with stratification induced by the filtration Y = g~ (Z") where

7' is the filtration inducing the stratification of Z.

The proof is by induction on depth with the inductive step provided by Lemma 4.3.1. The
idea is that in order to preserve compact links in the completion, we must require finite
branching indices. We also show in Proposition 4.3.4 that branching indices are controlled
by the pseudomanifold’s strata.

In Section 4.4 we show that the intersection homology of a finitely branched cover is
isomorphic to the intersection homology of the underlying regular stratum covering. More
precisely, if v is a cover of X,., such that the completed branched cover X = X of v is

finitely branched, then in Theorem 4.4.3 we show there is an isomorphism

IPHY(X;R) = I’H,(X; R).

The proof is similar to the proof that normalizations of pseudomanifolds preserve intersection
homology. Because of this isomorphism we use the terms intersection homology of branched

cover and the intersection homology of a regular stratum cover interchangeably.



Section 5: Fundamental classes with twisted coefficients Friedman and McClure
show the existence and uniqueness of fundamental classes for oriented pseudomanifolds in
(11). This section generalizes these results to possibly non-orientable pseudomanifolds with
coefficients twisted by the orientation character.

We begin by recalling one construction of twisted fundamental classes from manifold
theory. Our direction follows the approach in Hatcher (14, Example 3H.3). If M" is a
connected closed n-manifold, we may consider the orientation cover, M= M , which pos-
sesses a non-trivial orientation-reversing deck transformation involution 7 : M — M. By
an abuse of notation, we also use 7 to denote the isomorphism Z, — Aut(Z). For a com-
mutative ring with unity R, we let R” denote the right R[Zs]-module induced by 7. Let

Si(M;R™) = R™ ®pjz,) S*(]\/j; R). From (14, Example 3H.2), there is a long exact sequence

— H;(M;R") — H;(M:R) — H;(M;R) — H;_y(M;R") — .

Using that M is an orientable manifold one can show the existence and uniqueness of a
twisted fundamental class I' € H,,(M; R™) that generates H, (M; R") = R. Furthermore, the
twisted fundamental class has the defining property of being the unique element mapping to
the fundamental class of M in the long exact sequence above, with M given the canonical
choice of orientation from the construction of orientation covers.

One difficulty with attempting to generalize the above construction of twisted fundamen-
tal classes to pseudomanifolds is that pseudomanifolds do not have orientation covers as we
saw earlier in the case of cRP?. However, let X be a normal stratified pseudomanifold, and

consider the orientation cover )z,:g — X,eg- Applying the results of Section 4, the orientation



cover of X,., extends to a branched orientation cover X=X (Proposition 5.2.1); moreover,
there is a nontrivial orientation-reversing deck transformation involution 7 : X — X. Con-
tinuing to follow the approach from manifold theory, we show in this section that there is a

long exact sequence in the proposition below.

Proposition 1.0.7 (Proposition 5.2.4). Let R be a commutative ring with unity and also
assume % € R. Let X be a stratified normal pseudomanifold with branched orientation cover
X = X, and let U C X be open. Let p <t be a perversity on X.Then there exists a long

exact sequence

— I"H;(X,U; R") — I"H;(X,U; R) — IPH;(X,U; R) — I"H;_(X,U; R")

The reader may have noticed the extra assumption that % € R. This assumption is not too
unreasonable since in the case R is a field (which duality requires for intersection homology
without further restrictions on the base ring) and R is characteristic 2, then it is orientable
and duality results hold by the work of Friedman and McClure. The reason this is needed to
prove the proposition above is to show the map ]T’S*()? ; R) — IPS,(X; R), which is induced
by the branched cover X > X , is surjective. In the case of manifolds there is no issue
because one may simply lift singular simplices. However, if z € IPS,(X; R) and ¥ is a choice
of “lift”, then while Z is p-allowable, there is no guarantee that 07 will also be p-allowable,
since cancellations which occur downstairs in X for dxr may not occur upstairs in X for 87.

If we instead consider %Ef + %7'/:15, then this will be a p-intersection chain that maps to x.

10



Once we have the long exact sequence above, we then apply results of Friedman and
McClure (11) on orientable pseudomanifolds to prove existence and uniqueness of twisted

fundamental classes over compact subsets. The key theorem is restated below.

Theorem 1.0.8 (Theorem 5.3.1). Let X be a normal stratified n-dimensional pseudomani-
fold with orientation branched cover p : X — X. Let p <t be a perversity on X. Let R be
a commutative ring with unity and assume % € R. For a subspace A C X, let A= pH(A)

and let K C X be compact.
1. IPHi(X,X — K;R") =0 fori>n.

2. There exists a unique 'y € IPH,(X,X — K;R") such that T'x +— T'p in the ezact
sequence of Proposition 5.2.4 where Iz is the fundamental class over K (see (11,
Definition 5.9) for the definition of fundamental classes over a compact set in the

orientable case) with X given the tautological orientation (Remark 5.2.2).

3. If L C K is compact, then T'x maps to T'y under the map IPH,(X,X — K;R") —

IPH,(X,X — L; R").

For pseudomanifolds not necessarily normal we use normalizations to prove a generalization
of the proposition above to all pseudomanifolds (Theorem 5.4.4).

Section 6: Technical preliminaries. This is a technical section which may be seen
as our analogue of (10, Section 6). It’s here we see the algebraic problems that arise when
attempting to prove a universal duality theorem for coverings of the regular stratum. In
particular, a key step in Friedman and McClure’s proof of universal duality for oriented
pseudomanifolds is the quasi-isomorphism below (10, Proposition 6.1), which appears in the
definition of their algebraic diagonal map (which is used to define the cap product).

11



F @ppm IPS.(X; F) — IPS.(X; F)

Here X — X is a regular cover. For ordinary homology, the above map is an isomorphism
and is an easy exercise. One just uses that S,(X; F) is a free F[r]-module with basis given
by choosing lifts of singular simplices which generate S,(X; F'). For intersection homology,
though, there are allowability issues. For example, if z € IPS,(X; F) then we can find an
element y € F ®px S*()A(; ; F') which maps to x, but we also need to have that we can find a y
of the form y = 1 ® z where z € IPS, ()?, F). While we can find y such that z is p-allowable,
there is no guarantee that 0z will be allowable since the cancellations which occur for oz
may not occur upstairs in the lift 0z.

Nevertheless, Friedman and McClure show the map above is a quasi-isomorphism. The
idea of their proof is to make a local to global argument since in the case W is evenly covered
we have that F' @ gy IPS, (W; F) = IPS,(W; F) as chain complexes.

We would like to consider branched covers of X. In the case X is branched cover, though,
we lose the ability to cover X by evenly covered open sets; we are not able to a priori make
the same local to global argument of Friedman and McClure. For if W is any open subset of
X, all we know is that I7S,(W; F) is an F|[r]-submodule of the free F[r]-module S,(W; F).
In general, though, we have no knowledge of the group ring F[r| (for example, if it’s a
PID). Even if we did know that F[r] were a PID, which would imply I7S,(W; F) is a free
F[r]-module; in order to mimic the local to global argument of Friedman and McClure, we
need to know that H,(F ®ppy I T’S*(W; F)) satisfies the local computations of intersection

homology such as a cone formula. There are issues though in proving a cone formula. For

12



example, if W = cL with L a (k — 1)-dimensional compact pseudomanifold, then a cone
formula would require Hy_1_p({o}) (F Qppm 1 ﬁS*(EE; F )) = 0. However, from the universal

coeflicients theorem we have
Hyap((o) (F @i I7S(cL; F ))gF @ ria] " Hi1-p(op (cL; ) @ Tory ™ (ﬁHk—z—m{u})(EZ; F),F ) -

By the cone formula for ordinary intersection homology, we know that the left factor in the
direct sum above vanishes, but there is no guarantee that the torsion term vanishes. Thus,
we do not have a cone formula in general even in the case F[r| is a PID.

However, as we saw in Section 4, if we want the branched cover X tobea pseudomanifold
we need to assume the branching indices are all finite. For the sake of simplicity, assume
that X — X is a finitely fibered regular branched cover so that it is also finitely branched.
This implies that 7 is a finite group, so we can apply Maschke’s theorem which states that
if char(F') does not divide |r| (always the case for F' = Q), then F[r] is semi-simple. In
particular, every module over F[r] is projective (18, Theorem 4.2.2), in particular, flat.
With this knowledge, we can achieve a cone formula (Lemma 6.2.9) to extend Friedman and
McClure’s local to global argument to our case whenever we have finitely branched covers,
at the cost of restrictions on the characteristic of the base field.

Actually, by Lemma 6.2.7 all we need to make a local to global argument is to assume
that X is a finitely branched covering and that char(F') does not divide branching indices,
which includes the possibility of infinite fibers. The quasi-isomorphism in Proposition 6.2.11
is then one main ingredient that allows us to extend cap products later in Section 7 to include

cap products for finitely branched covers. The other main ingredient is Proposition 6.2.12,

13



which is a generalization of (10, Proposition 6.5). We go into more detail later, but essentially
Proposition 6.2.12 says the Kiinneth theorem for X x X is preserved upon tensoring over
the diagonal action of F/[r].

Section 6.3 is dedicated to universal cohomology (Definition 6.3.1). This is the dual
to intersection homology of finitely branched covers in our universal duality theorem. We
also prove that universal cohomology satisfies all the expected local computations such as a
version of the cone formula. Our proof of these local results again relies on finitely branched
covers and using that the group ring of deck transformations is “locally” semi-simple with
appropriate assumptions on the characteristic of the underlying field.

Section 7: Poincaré duality theorems. The last section is dedicated to the main
results of the thesis. In Section 7.1 we define the relevant algebraic diagonal map needed to
define a cap product for finitely branched covers by using our results from Section 6. We also
show that our cap product has all the expected naturality properties in Proposition 7.1.3 and
Proposition 7.1.4. In Section 7.2 we prove universal duality for finitely branched covers. We
first define universal cohomology with compact supports in the obvious way as well as the
duality map defined via cap products. In the theorem below, IgﬁZ(X ; F') denotes universal
intersection cohomology with compact supports. The condition of F' being v-good in the
theorem below is our terminology which states that the characteristic of F' cannot divide
the branching indices of the branched cover induced by v. We note that Q will always be
v-good, and that if X is compact there are only finitely many integers char(F') cannot divide

for the theorem to hold (Corollary 4.3.6).

14



Theorem 1.0.9 (Theorem 7.2.1). Let X be a stratified pseudomanifold with X,., connected
and with perversity 0 < p < t and dual perversity q. Let v be locally finite unbranched

oriented regular connected cover of X,., with deck transformation group w. Let F' be a v-

good field. Then,

9 : CH.(X;F) — I"HY(X; F)
is an isomorphism of F[r]-modules.

In the case X is compact, the map in the theorem is given by Z(a) = (—1)dm(@)dmX)g AT,
where o € IPH,(X; F) and T is the twisted fundamental class of X. For the sign in our
definition of the duality map, see (9, Section 4.1), where the sign appears to make the duality
map a chain map of appropriate degree. Our argument to prove universal duality for finitely
branched covers follows that of (11, Theorem 6.3), which in turn, follows Hatcher’s proof of
Poincaré duality in (14). The argument is through induction on depth(X) by making a local
to global to argument and a Zorn’s lemma argument using a diagram between Mayer-Vietoris
long exact sequences. Commutativity of this diagram is shown in Section 7.3.

Finally, in Section 7.4 we show there is a non-universal Poincaré duality via cap products
for a special class of coefficient systems (with pseudomanifolds possibly non-orientable). In
the theorem below, the tildes indicate that the coefficients are twisted. We also note that

A" denotes the left F'[r]-module on A induce by the twisted involution.

15



Theorem 1.0.10 (Theorem 7.4.3). Let X be a stratified n-dimensional pseudomanifold with
Xyeqg connected, and let v be a connected locally finite unbranched oriented reqular cover of

Xyeg with deck transformation group w. Let F be a v-good field and A be a right F'[rt]-module.

Then

L TCITE( Y. Al v v.
2 LH)(X;A") — I"H/(X; A)
s an isomorphism of F-vector spaces where p and q are dual perversities.

As a last corollary, we extend the duality results of (11) to include cases of possibly
non-orientable pseudomanifolds. We recall from earlier that F'7 denotes the F[Zs]-module
with underlying field F' and Zs-action induced by the isomorphism 7 : Zs — Aut(Z). We

also use o0 in the corollary to denote the orientation cover of X,.,.

Corollary 1.0.11. Let X be a stratified pseudomanifold, and let F' be a field with charF # 2.
Let 0 < p < t be a perversity on X with dual perversity q. Then we have F-vector space

1somorphisms
o 7:ILHI(X;F™) — [TH.(X; F)

o 9 ISH*(X; F) — I"H,(X; F") = ["H!(X; F").
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2 Definition and basic properties

2.1 Intersection homology for coverings of the regular stratum
Set up and definition

Let X be a stratified pseudomanifold with singular set ¥. We also let X,., = X — X be the
set of regular points of X. Let v = (E(v), X,¢4, py) denote the data for a covering of X,.,.
That is, E(v) is the total space, X, is the base space, and p, : E(v) = X,, is the covering

map.

Remark 2.1.1. We note that although this is not standard notation for covering spaces,
this will be a notational aid for our purposes. Our notation is inspired by notation used by

some authors for vector bundles.

Definition 2.1.2. Let R be a commutative ring with unity. We will call an ordered pair
(0,0) an extended j-simplex where 0 : A — X and 7 : 07 1(X,.,) — E(v) is a lift of o.
Moreover, we will call im(o) the base image of (o,0) and im(c) the lifted image of (7, 0).

We define SY(X; R) by

S¥(X; R) : = The free R-module generated by extended j-simplices modded out

by extended j-simplices whose base image lie in .

We also use the standard notation Sy (X; R) := B, Sj(X; R). More generally, for a right

R-module M we define S¥(X; M) := M ®p SY(X; R).
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Before verifying that this forms a chain complex under the obvious boundary map, we
take a moment to go over how one should think of extended simplices. The cover v only
covers X4, S0 a generic k-simplex o : A¥ — X will not be guaranteed to a have a lift to
E(v). Thus, we consider the best possible lifts, namely, we lift 0],-1(x,.,) : 07 (Xpeg) = Xpeg.
So an extended k-simplex (7, o) simultaneously lifts “most” of o while keeping track of the
k-simplex which was lifted. The utility here is that we can consider how ¢ intersects the
strata of X to determine allowability. This is sort of a covering space version of intersection
homology with local coefficients, where the local coefficients are over the regular stratum.

We may turn SY(X; M) into a chain complex as follows. If A7 has ordered vertices
Vg, .., v;, then we will use the convention that for k¥ = 0,...,j the k-th face of A7 is the

face spanned by vo, ..., Vk—1,Vks1,- .., Vp. So for k= 0,...,7 we let 9] be the map which

takes A7~ to the k-th face of AJ. Then we have a boundary map given by

—

0 (Z mi(ay,a,.)> = (=1fmi(0:0], 0:0}).

ik

Here 08, = lo07)-1 (x,0,)- We note that if 0 (Xyeq) = 0 then we also have that (00)) ! (X,eq) =
(). Hence, (O‘&i, a@i) = 0 by definition which means that 9(7, ) = 0 whenever 0 (X,.,) = 0.
Thus, we have a well defined map 0 : S¥(X; M) — S ,(X; M) and we have 90 = 0 (which

we verify below) so that S¥(X; M) is a chain complex.

Proof that 90 = 0. First, notice for k£ < [ we have 8%813'71 = 8{;1%’71 and for k£ > [ we have
0l0) " = 9]9]~}. The former follows since the I-th face of the k-th face of A7 will be the I-th

face of the j—1-simplex spanned by the ordered vertices vy, . .., Vk—1, Vg1, - - . , v; Which when-

ever k < [ is by definition the j—2 simplex spanned by the vertices vg, ..., Vg_1, V11, -, V1, Vo, - - -
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However, this is the same as the (I+1)-st face of the k-th face of A7 since this is the (14 1)-st
face of the j—1 simplex spanned by the ordered vertices vy, ..., Vg1, Vg41, - . . , v; Which when-
ever k < [is by definition the j—2 simplex spanned by the vertices vy, ..., Vg—1, Vg, - . ., U, Vg2, - . -, Vj.

So we see that the k-th face of the [-th face of A7 is the same as the (I + 1)-st face of the

k-th face of A7 which means that 8{68{ = 8{“(‘%. For the case k > [ we claim this is actually

the previous case after a change of variables. To see this let ¥ = and let I’ = k — 1. Then
notice that if 0 <1 < j —1, then 0 < &’ < j so that Gi, is defined. Also, if kK > [, then £ > 0
and so 1 < k < j which means that 0 < I’ < j — 1 so that 8{,71 is also defined. But now if

k > [ then that means that £k — 1 > [ so that I’ > k’. Thus, (‘){8{;} = a,{,a;;‘l and k' < ['.

Thus, we can use the above argument to see that Gi,@fl = 0

l/ﬂaifl. Plugging back in &

and [ we see that 8{;+18£,_1 = %8{_1. Hence, we have shown that for k > [, 8%(9{_1 = 8;8,3;1

To ease the computation in what follows we will set Sy, = (080) ', 0.0/ ~"). Thus, for

k=0,...,7and for [ =0,...,57 — 1 we have that

Brki = Bik—1 whenever k > [. (1)

First note by a change of variable t = I+1 we have Y7, . (=1)*(=1)' B = >y (= 1) (= 1) Br1.
Of course t is a dummy variable so we can just write this as >, (=1)*(=1)"" 81 =
St (DR B = ek (= 1)F(=1)" 1 Bri—1. We make a further variable change by
relabeling k to be l and [ to be k. That is, we have Y, (=1)*(=1)" Brim1 = D i) (D=1 Brps.

However, whenever k > [ we have by 1.1 that 3;,_1 = B85, Hence, we have shown that

D DD B = Y (1) (=1) B (2)

k<l k>l
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So we have

00(5, o) =0 (Z(-Q’f(?@i,ﬁ;’))

:ZZ(_l)k(—l)lﬁk,z
:Z(_Dk(_l)lﬂkl + Z( )" (=1) B
k<i k>l
=Y (DD B+ D (=DM By by (1.2)
k>1 k>l
= Z( ﬁkl + Z ﬁkl
=0.
Hence, 00 = 0. B

Before defining intersection chain complexes, we recall the definition of perversities. A
perversity on a stratified pseudomanifold X is a function p : {strata of X} — Z. We will call
an extended simplex (7, 0) p-allowable if o is p-allowable. Recall that a singular k-simplex

o : A¥ — X is p-allowable if for each stratum S of X,

o(S) C (k — codim(S) + p(S)) — skeleton of A*

We will call a chain £ € SY(X; M) p-allowable if £ may be written as a sum £ =

> > m;(0;,0;), where m; € M and m; # 0 and each o; is p-allowable.
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Next, we define a few submodules of S¥(X; M). While we do not study these submodules
for their own right, they come up often enough in arguments we make in proving various
results about intersection chain complexes that we introduce new notation. Before we make
the definition, though, we prove a consequence of the condition p < ¢ that will be used in
the definition below. We recall for the reader that ¢ is the top perversity and is defined by
t(S) = codim(S) — 2 for each singular stratum. We prove that if o : A¥ — X is p-allowable,
then int(A*) C 071(X,e,) and int(OA*) C (0 0 ;)71 (X,eq), where 0; is the j-th face map.

If o is a p-allowable k-simplex and p < ¢, then for each singular stratum S we have

o 1(S) C (k — codim(S) + B(S)) — skeleton of A*
C (k — codim(S) + #(S)) — skeleton of AF
= (k — codim(S) 4 codim(S) — 2) — skeleton of A*

= (k — 2) — skeleton of A*

So if o € int(A*) Uint(OAF), it cannot be the case that 2 € 0~1(9) for any singular stratum
S (we are assuming X has no singular strata of codimension 1); and therefore, we must have

z € 07 (X,¢y) since o(x) must belong to some stratum of X.

Definition 2.1.3. We define S¥(X; M) to be the submodule of S¥(X; M) generated by
extended k-simplices (7, 0) with int(A*) C 071(X,e,).
Next, we define PSy(X; M) to be the submodule of Sy (X; M) generated by p-allowable

extended k-simplices.

21



Notice that if p < ¢ (a condition we always require in our paper), then by our work
preceding the definition we have the inclusions 7S¥(X; M) C §¥(X; M) C S¥(X: M) as our
above work shows the generators of .5¥ (X; M) satisfy the definition of S¥(X; M). Our above

work also shows 0 (PS¥(X; M)) C S¥(X; M) so that the boundary map satisfies

8 :PSY(X; M) — 5¥(X; M).

An important point is that 7S¥(X; M) and Sy (X; M) will not in general be chain com-
plexes. This is because while x € PSY(X; M) may be a sum of p-allowable k-simplices, there
is no guarantee that dx will be a sum of allowable (k — 1)-simplices.

We also note that if v is a regular cover, then S¥(X;R), and 7S¥(X; R) are free R[r]-
modules, where 7 denotes the group of deck transformations of the cover v. To see this, for
each k-simplex o with int(A*) C 67!(X,,) choose a single lift 7 : 071(X,¢,) — E(v). Then,
{(5,0)} provides an R[r]-basis for 5”(X: R) (here we are using that the deck transformation
action of a regular cover is transitive). The same proof shows that PSY(X; R) is also free
R[r]-modules.

In the proceeding paper we will want to show numerous intersection chain complexes
are isomorphic. The property of being a free R[r]-module will allow us to make arguments
which mimic standard arguments from ordinary homological algebra and we will then apply
Lemma 2.2.10 below to show intersection chain complexes are also isomorphic.

We may now define the intersection homology for a covering of the regular stratum.

Definition 2.1.4. We define the v-extended intersection chain complex of X, denoted

IPSY(X; M), to be all chains £ € SY(X;M) such that £ and 9¢ are both p-allowable.
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First, we can see this forms an R-module from the equality I?SY(X; M) = PSY(X; M) N
O~V (PSY(X; M)). Secondly, I?SY(X; M) is indeed a chain complex because if £ € IPSY(X; M),
then 0¢ is by definition p-allowable and 00¢ = 0 is trivially p-allowable so we have 0§ €
IPSY(X; M). The v-extended intersection homology of X, denoted IPHY(X; M), is the ho-

mology of this chain complex. Also, observe that I7.8¥(X; M) C PS¥(X; M) C S§¥(X: M).

Before turning to the next section, we take a moment to compare our r-extended in-
tersection chain complexes with ordinary intersection chain complexes. In (10) the authors
study regular covers of stratified pseudomanifolds X — X and they prove a version of uni-
versal Poincaré duality for intersection homology. However, for intersection homology, a
well-known fact is that one may define intersection homology with local coefficients defined
only on the regular stratum. This motivates our definition of IPH?(X; R), where the cover
v is a cover of the regular stratum of X. So one may think of v as playing a similar role to
a regular cover X > X.

One of our main results is that under relatively mild conditions, there is also a version
of universal Poincaré duality for intersection homology of a regular cover defined solely over
the regular stratum. Thus, one should think of IPHY(X; R) as the intersection homology of
a branched cover of X. In fact, in Section 4 we make the connection precise by identifying
our definition of v-extended intersection homology to the intersection homology of branched

covers (in the topological sense of Fox (4)) of pseudomanifolds.
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Restriction to Open Subsets and Intersection Homology of Pairs

Let X be a stratified pseudomanifold and let v = (E(v), X,4, p) denote the data associated
to a covering of X,.,. Let U C X be an open subset with inclusion map 7 : U — X. We
denote the restriction of v to U by i*v = (p~*(U), U, p|y). Thus, we may form IPS?"(U; R)
(R a commutative ring with unity). For a chain £ € SY(X;R) let |{| denote the base
support. Observe that £ € IPSYY(U; R) <= £ € IPSY(X;R) and [¢| C U. So elements of
IPST7(U; R) correspond to elements of IPSY(X; R) which have base support in U. Hence,

we have an injection

IPST"(U; R) — IPSY(X; R).

When the context is clear we will usually just write I7S¥(U; R) for IPST"(U; R). We also

define the v-extended p-intersection chain complex of the pair (X, U) to be

IPSY(X,U; R) := IPS*(X; R)/I?S*(U; R).

We denote the homology of this chain complex by IPHY(X,U; R). We also have the short

exact sequence

0 —— IPSY(U; R) — IPSY(X; R) — IPS"(X,U; R) — 0

which by standard commutative algebra induces a long exact sequence on homology. We

state this as a proposition below.
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Proposition 2.1.5. Let X be a stratified pseudomanifold with U C X open and let v denote

the data associated to a covering of X,.,. There is a long exact sequence

IPHY(U; R) — IPHY(X; R) — I"H}(X,U; R) — I"H},(U; R)

Connected Components

Many arguments we make in proofs will involve breaking up spaces and coverings into their
connected components. We first relate the v-extended intersection homology in terms of the
connected components of v (assuming v covers a connected space). Afterwards, we relate
the v-extended intersection homology of a space in terms of the connected components of the

space. The proofs of these results are elementary and follow exactly as in ordinary homology.

Proposition 2.1.6. Let R be a commutative ring with unity and let X be a stratified pseu-
domanifold with perversity p < t. Suppose X,., is path connected. Let v denote the data
associated to a cover of X,., and let v; denote the connected components of v. That is,

E(v) = 11, E(v;) with each E(v;) connected. Then we have an isomorphism of chain com-

plezes IPSY(X; R) = ), I’SY(X; R).

Proof. Let ¢ : @, Svi (X;R) — g:(X; R) be the inclusion map on summands of P, SYi(X:R)
and extended lincarly. That is, . = @¢; where ; : §%(X; R) < 57(X;R) is the inclusion
map. Clearly ¢« maps extended singular simplices to extended singular simplices uniquely.

Moreover, if (5, 0) is a generator of 5%(X; R) then & : 0N Xyeg) = E(v).
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However, int(A*) C 07'(X,.,) by definition of §:(X; R) so that 07! (X,,) is simply-connected,
thus, path-connected which means 7 : 07! (X,¢,) — E(v;) for some i. Thus, ¢ is bijective on
extended singular simplices which means ¢ is an isomorphism.

Now notice ¢(IPSY(X; R)) C IPSY(X; R) from definitions. Also recall from our previous
work that @, IPSY(X; R) C 6P, S¥(X:R). So we have an injective map ¢ : P, I?PSY (X; R) —
IPSY(X; R). We need only show it is also surjective. Suppose £ € IPSY(X; R). Write
§ =), (0K, 01) where r, € R. Then each oy, is p-allowable. Now for each k we have that

the lifted image of (0%, 0%) is in E(v;)) for some (k). Let

§ = Z r(0%, O%)
k

i(k)=j

Then we have that £ = ) ;&> each &; is p-allowable. Notice that only finitely many of
the &; will be non-zero since [¢| is compact. Thus, if we set &' = @,¢;, then (&) = &.

Similarly, because 9§ is p-allowable we can find 7 with each extended simplex with non-
zero coefficient in the sum p-allowable and such that «(n) = 0. But we have «(n) = 9§ =
o) = 1(0€). As ¢ is injective this means n = 9¢'. Hence, 0¢' is p-allowable. Thus,
¢ € @, 7SV (X; R) so that / is surjective and therefore an isomorphism.

The last statement of the theorem follows because if we set 9 = @,0,,, where 0,, is the
restriction of 9 to the sub-chain complex I7S% (X; R), then we have d¢ = 0. This is because
if (7, 0) is an extended simplex and has lifted image in »; then the boundary must also have
lifted support in v;. Thus, d(c,0) = 0,,(0;,0). Thus, ¢ is a chain map and therefore is an

isomorphism of chain complexes. The proposition now follows. O
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Proposition 2.1.7. Let R be a commutative ring with unity. Let X be a stratified pseu-
domanifold with perversity p < t. Let X = [[ X, be the path components of X and let v
be the data associated to a covering of X,ey. Notice that X,eq = [[,(Xi)reg- Define v; to be
the restriction of v to (X;)reg so that v = ([, E(v;), Xreg, Dv). We have an isomorphism of

chain complezes

I"SY(X; R) = €D IPSY(Xi; R).

Proof. Let ¢ be the inclusion map IPS¥(Xy; R) — IPSY(X; R) and let ¢ be ¢; on the k-th
summand and extended linearly to all of @, 1757 (X;; G). The argument now proceeds in a

analogous fashion as the previous proposition. O]

Invariance Under Normalization

Recall that the normalization ((16)) of a pseudomanifold X is a finite-to-one proper surjection
n: XV — X such that X is a normal pseudomanifold, n|,-1(x,,,) : D7 (Xpeg) = Xyeq is a
homeomorphism, n sends ¢ dimensional strata of X” to i-dimensional strata of X, and for
any point x € ¥, n~!(z) is a disjoint union of points and the number of such points equals the
number of regular components of any link of x. An important property of normalization is
that intersection homology is preserved. We prove this also holds for v-extended intersection
homology. Given a perversity p on X we define "V by ™ (S) = p(S’) where S’ is the unique

stratum such that n(S) C "
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Because n restricts to a homeomorphism (X),., — X,¢, (s0 v is a cover for both (XV),,
and X,.,) and sends ¢ dimensional strata to i dimensional strata we have a well defined
map n : 17" S¥(XN: R) — IPS”(X; R). The next proposition says this map is actually an

isomorphism.

Proposition 2.1.8. Let X be a stratified pseudomanifold with v the associated data for a
cover of Xyey. Let m : XN — X be the normalization of X. Then n : ]ﬁNka’(XN;R) —

IPSY(X; R) is an isomorphism.

Proof. We first show the map is injective. Suppose (c,0) and (7,7) are extended sim-
plices in SY(XY;R) with n((3,0)) = n((7,7)). Then & = 7 and noe = nr. Hence,
(00)|g-1((xM,.) = (OT)|;-1((xN),.,)- However, n restricts to a homeomorphism on (X*),
which means o|,-1((xny,.,) = T|r-1((x¥),.,) 80 by density we have o = 7. Thus, because n is
injective on extended simplices it must be injective on p-intersection chains.

Next, we show the map is surjective. Let & € IPSY(X; R) and write £ = >, ri(0:, 04)
where r; € R. By (16, Proposition 2.6) each o; has a lift 0¥ such that no¥ = ;. By definition
of pV each ¢} is p"-allowable because each o; is p-allowable. Let &V = Y. r;(d;,04). If we
can show 9¢Y is p¥-allowable we will be done. However, by the same argument we can find
n™ mapping to 9¢ with n™¥ p~-allowable. But as we saw above n is injective on extended
simplices which means we must have % = 9¢V so that ¢V is a p"-intersection chain as

desired.
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2.2 Intersection homology with twisted coefficients

In this subsection we show how we can use coverings of the regular stratum to define an
intersection homology with twisted coefficients. We prove this approach is equivalent to
the more frequently used approach of intersection homology with local coefficient systems.

Before turning to intersection homology, we recall these concepts for ordinary homology.

Ordinary Homology with Twisted Coefficients and Local Systems of Coefficients

Recall for a path connected space X with universal cover X and fundamental group m =
m(X), the homology with twisted coefficients in a right R[r]-module A (R a commutative

ring with unity) is defined to be the homology of the chain complex

Su(X; A) = A®ppm Su(X; R).

where 7 acts on the left of S*()z ; R) via the identification of 7 with the group of deck
transformations of X and where the boundary map of this chain complex is 0 ® 1. If the

R[r]-module is given by a representation p : m — Autg(A), then some authors also use the

notation S, (X;A,) (2, Definition 5.3).

Remark 2.2.1. There may be cause for confusion in notation as S,(X; A) may now have two
different meanings. On the one hand, this may mean the chain complex A®rS.(X; R), while
on the other hand, as defined above it may mean A® gx S*()N( ; R). There does not seem to be
an accepted way around this in the literature, except perhaps using the representation p in
the notation as we noted above. However, this is often cumbersome and usually only clutters
notation. We must therefore take care to make the context clear of which definition we mean.
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Notice, though, if A is given the trivial right R[r]-module structure, then A @z S.(X; R)

and A ®pgpx S, ()? : R) are isomorphic chain complexes.

Remark 2.2.2. There is a more efficient description of homology with twisted coefficients
using regular covers. To see this, let X — X be the universal cover of X ,let m = m(X),
and let A be a right R[r]-module with representation p : 7 — Autg(A). Let H = ker(p) and
let X’ be the regular cover associated to H. Let 7’ = w/H which is isomorphic to the deck
transformation group of X’ from standard covering space theory and let p' : 7" — Autg(A)

be the map induced by p. Then we have the isomorphism of chain complexes

A, @Rjm) Sk ()?, R)= A, QR[] S.(X'; R).

For more, see comments preceding (14, Example 3.H3).

Remark 2.2.3. There is a pullback construction for twisted coefficients defined in the
following way. Let f : (X,z9) — (Y,y0) be a map of path connected spaces and sup-
pose A, is a right R[m(Y)]-module given by a representation p : m(Y) — Autg(A).
Then f*A, is a right R[m(X)]-module given by the representation that is the composition
m1(X) LN m(Y) 2 Autg(A). Moreover, if px : (X, Zg) — (X, o) and py : (Y, 50) = (Y, 0)
are the respective universal covers of X and Y, there is a map f: ()N( ,Tg) — (iN/, m)

(X)L (V. 7)
bx Py
(X, x0) L’ (Y, %)

commutes and we have an induced chain map fg @ S.(X; f*4,) — S.(Y;A,) defined by
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fala®o) = a® fo o. Let us verify this is well-defined. Consider aa™! ® a - o where
o:AF 5 X ae A and o € m(Y). Let 7, denote the deck transformation associated to
« from the identification of the fundamental group with the group of deck transformations.
In order to show this construction is well-defined we first show that fvTa = Tf*af First note
that both fTa and Tf*af are lifts of f. Therefore, in order to show equality it suffices to show
they agree on a single point. On the one hand, f7,(Zo) = f(&(1)) by definition of 7,. On
the other hand, Tf*af(fo) = Tr.a(Y0) = %(1) = f&(l). The last equality follows because f&
is a lift of fa and f&'(O) = f(fo) = 9o S0 by uniqueness of lifts ]?84 = fa. Hence, we see that
fTa = Tf*af since they both agree at xy. In particular, this shows that f(«a-0) = f.(a) - 0.

We also have that by definition of f*A, that for a € f*4,, a-a™! = a- f.(a™'), which
of course is a - fi(a)™!. Altogether then, we have shown that f4(a ® 0) = a ® fo and
fala-a'@a-0)=a-a @ f(a-o) which is a- f.(a)™ & f.(a) - fo by our above work

and this is the same as a ® ]70'. Hence, our map is in fact well-defined.

An equivalent approach to homology with twisted coefficients is homology on a system of
local coefficients which is defined as follows. A local coefficient system of R modules over X
is a covering space p : £ — X whose fibers are R-modules and is such that the operations of
multiplication by elements of R and addition fiberwise are continuous. One then considers

the chain complex Si(X; &) of formal sums

§ :ajaj

J
where o; : AF — X and a; : A¥ — £ is a lift of ¢;. Addition is given by ac + bo = (a + b)o

where a + b is defined by (a + b)(z) = a(x) 4+ b(z) which is continuous. Similarly R acts by
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r(ac) = rac where (ra)(x) = r - a(x) which is also continuous. The boundary map of this

chain complex is given by

0 (Z aiai> = Z(—l)j(ai 0 0;)o; 0 0;

i 2

and the homology is denoted H.(X;&).

Remark 2.2.4. There is also a pullback construction for local coefficient systems. Let
f:X — Y beamap and let p : £ — Y be a system of local coefficients over Y. Then f

pulls back &£ to a system of local coefficients over X:

ff€—X
where f*€ C X x & consists of all ordered pairs (z,e) € X x £ such that f(x) = p(e).

For more on the constructions of homology with twisted coefficients and homology with
local coefficients we refer the reader to (2, Chapter 5) or (14, Chapter 3.H). As mentioned
above, these two approaches are actually equivalent. The equivalence goes as follows. For
every right R[r]-module A, there is an associated system of local coefficients p : £(X, 7, A) —
X where the total space £(X,m, A) is defined to be the quotient of A x X by the relations
(a,7) ~ (a-a,a™'%) forall T € X, a € A, and a € m. More on this construction may be
found in the comments preceding (14, Theorem 1.38). Writing £ for £(X,m, A), one may
then prove there is an isomorphism of chain complexes (14, Proposition 3H.4) (and therefore

an induced isomorphism on homology)

32



Su(X; A) = S.(X; R) @ppm A 22 S.(X;E).

Moreover, the construction is functorial in the sense that if f: Y — X, then S,(Y; f*A) =

S.(Y; f*€) and the diagram below commutes.

Su(Y5 [TA) = S.(Y; f1E)

12

S.(X;A) = S.(X;8)

Remark 2.2.5. Many authors use the terms twisted coefficients and local coefficients in-
terchangeably, and for good reason since from the comments above they form isomorphic
categories. The aim of the next section is to prove the same holds for intersection homology
(in fact, for coefficients defined only on the regular stratum). Therefore, we must use care
with our terminology. We will always use twisted coefficients to mean the algebraic approach
which uses the universal cover and tensor products over the group ring of deck transforma-
tions (or equivalently a regular cover and its deck transformations as we saw above). On
the other hand, local coefficients will always mean the more geometric approach which uses

covering spaces whose fibers are R-modules, where R is a commutative ring with unity.

Intersection Homology with Twisted Coefficients and Local Systems of Coeffi-

cients

We first recall for the reader intersection homology with a system of local coefficients. Let

X be a stratified pseudomanifold and let p : &€ — X, be a system of local coefficients of
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R-modules (R a commutative ring with unity) over X,.,. Then Si(X;&) is defined to be

formal sums of the form

E :ajgj

J
where 0 : A" — X and a; : 07 '(Xpey) = E. If 07 '(Xpe) = 0, then a; is taken to be
0. As in ordinary homology with local coefficients, addition is taken point-wise in £ as is

multiplication by elements of R. We may then define the boundary map by

0 (Z aﬂj) = (=1)(a;00,)0;00;

J i,J
where a; o 0; is really (a; © 9;)|(a;00,)-1(xX,.,)- The same computation we made in Section 2.1
shows that 00 = 0 and we may consider p-intersection chains defined in the usual way. With

the above laid out, we make the following definition.

Definition 2.2.6 (Intersection homology with local coefficients). The p-intersection chain
complex with local coefficients is defined to be the p-intersection chains of S,(X; ) and is de-

noted 175, (X; E). The p-intersection homology with local coefficients is denoted IPH.(X; E).

So we see that intersection homology may be defined on a coefficient system living over
only X,.4. Of course this means these will not be an invariants of X; rather, they will depend
heavily on X,., and the stratification chosen for X.

Next, we define intersection homology with twisted coefficients. Recall from Remark 2.2.2
that we may use regular covers to define twisted coefficients. Although incorporating this

into notation is not standard, this will be convenient for our purposes since our main results
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will rely on assumptions on the regular cover used to define twisted coefficients. Therefore,
instead of making statements of our theorems awkward, we opt to incorporate the regular
cover into our notation for intersection homology with twisted coefficients.

Let X be a stratified psecudomanifold with X,., connected and let v denote the data of
a regular cover of X,., with deck transformation group m. Notice that 7 acts on the left of
SY(X; R) (R a commutative ring with unity). Explicitly, for £ € S¥(X; R) and « € 7, if we

write § = . 1;(0;,0;) with r; € R, we define

a-ﬁ::Zn(a-@,ai)

where « - 7 is the result of the left deck transformation action of a. From this equation we
see that the action of 7 preserves the base image of extended chains. In particular, 7 also
acts on S”(X; R) and 7S¥(X; R).

Next, let A be any right R[r]-module. Consider the tensor product A ®@pg; SY(X; R).
We may define a boundary map by 1 ® 0 which is well defined upon verifying the equality
O(a-§&) = a-(0€). We say a chain § € A®py SY(X; R) is p-allowable if £ may be expressed
as a sum £ = Zj a; ® (0;,0;), where a; € A, with each o; p-allowable. As usual, we say & is
a p-intersection chain if both & and 9¢ are p-allowable. With the above notation, we make

the following definition.
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Definition 2.2.7 (Intersection homology with twisted coefficients). Let v be a connected
regular cover of X,., with deck transformation group 7 and let A be a right R[r]-module.
The p-intersection chain complex with twisted coefficients is defined to be the p-intersection
chains of A ®pgj- SY(X;R) and is denoted by IP57(X: A). The homology of this chain
complex is denoted IPHY(X; A).

We also let If’gi'lU(U; A) C IPS(X; A) denote the sub complex of P-intersection chains
that have base support in U and [ 55}: (X,U; A) to denote the relative chain complex.

As in ordinary homology with twisted coefficients, if the right R[r]-module A is given by
a representation p : m — Autg(A), then the intersection homology with twisted coefficients

may also be denoted by Iﬁf[:(X; A,).

Remark 2.2.8. If i : X’ < X is an inclusion of a stratified pseudomanifold X’, then we
may also consider 175y’ (X'; A) to be intersection chains in 175 (X; A) which have base
support in X"

Suppose further that X’ < X is a stratified inclusion and v|x is a connected cover so that
V|x: is also regular and also has deck transformation group 7. Then there is an alternative
description of IPSYX'(X'; A). Define a perversity Py on X’ by py,(S) = p(T) if the singular
stratum S of X' is contained in a singular stratum 7" of X. We may consider IPx’ Syl (X5 A),
that is, py-intersection chains of A @ppx Sy ‘X'(X '+ A). However, the completely analogous

argument as in (5, Lemma 4.16) shows that I757X' (X' A) = [Px VX' (X7: A).

36



Remark 2.2.9. In general, we will not have equalities of 175 (X; A) and AR g IPSY (X R).
The former may allow for more p-intersection chains because cancellations may occur after
applying the boundary map due to twisted coefficients and the result may be allowable;
whereas, in the untwisted case, non-allowable simplices may not cancel after applying the

boundary map.

The next lemma may be thought of as a “meta” lemma. In the following sections, we
will show various intersection chain complexes are isomorphic. Instead of making numerous

identical arguments, the lemma summarizes our technique.

Lemma 2.2.10. Let (C,,0) and (C., ") be chain complezes of R-modules (R a commutative
ring with unity) and assume we have submodules A, C B, C C, and A, C B, C C' such
that the boundary maps induce maps 0 : A, — B, and &' : A, — B.. Let A, = {a € A :
OJa € A} and similarly define 1 A!,. Then if there is an isomorphism B' = B which restricts
to an isomorphism A" = A such that the boundary maps respect these isomorphisms, then

TA, = TA, as chain complezes.

Proof. Let ® : B, — B’ be an isomorphism such that the diagram below commutes.

A, — A Ly

B o4
@ !

B, B

Suppose a € TA,. Then a € A, and da € A.. Now ®|4,(a) € A, and also '®

a.(a) =

®(da). However, da € A, which means ®(da) = ®

4,(0a) € Al. Thus, O®|4,(a) € A,
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which means ®| 4, (a) € TA.. Thus, ® restricts to a map ® : A, — IA. and by our above
computation we see the boundary map also commutes with this map. The map is injective
because ® is injective. We need only show the map is also surjective. Let a’ € TA’. Then

there exists a € A, such that ®|4, (a) = o’ because @

A, is surjective. We want to show that
a € TA,. Now 0'd’ € A, so there also exists x € A, such that ®|4,(z) = da’. However,

®(da) = 0P

a(a) =0d =

a.(x) = ®(x) so that ®(da) = ®(z) and by injectivity of P
this means da = x € A,. Thus, a € A, and da € A, so that a € [ A,. Hence, A, = [ A as

chain complexes. O

We now move to the main theorem of this subsection, the equivalence of intersection
homology with twisted coefficients and intersection homology with local coefficient systems.

The outline of our proof follows that of (14, Theorem 3 H.4) modified to our situation.

Theorem 2.2.11. Let X be a stratified pseudomanifold with X,e, connected and with per-
versity p < t. Let v be a regular cover of X,e, with deck transformation group m and let A be
a right R[m]-module (R a commutative ring with unity). Let p: € — X,., denote the system
of local coefficient R-modules over X,., associated to the R[m]-module A and the cover v.
Then there is an isomorphism of chain complexes between the intersection chain complex

with twisted coefficients Iﬁgjj(X;A) and the intersection chain complex of local coefficient

system R-modules IPS,(X;E).

Proof. Recall € is the quotient of A x F(v) by the relations (a,7) ~ (a-«a,a”! - ¥) for all
TeE(v),a€c A and a €.
To prove the theorem we will consider two sub R-modules of S,(X;&). Let §k(X; £) C

Sk(X;E) be the sub R-module of sums Y, e;0; where 0, : A¥ — X ¢; : o-_l(Xreg) —€isa

1
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lift of o;, and int(A*) C ;1 (X,ey). Similarly, let S?(X; &) be sums of p-allowable simplices.
Notice that because p < f we have that S?(X:€) C 5,(X;€) and that 9 : SP(X;&) —

-~

S«(X;E).

~

Next, take £ € R[A] ® SY(X; R). Here R[A] is the free R-module on elements of A (in
other words R[A] = @, 4 R). Then we can write { =), ((Zj Sikin) @ (O, Tik(oi, aik))) =
>k <Z” (TikS ik & (T, O'ik))> = > ik TikSikajk @ (Oi, oir) where 1y, sjx € R and ajp €
A. The second equality follows from bilinearity of tensor product and that the tensor prod-
uct is over R and the third equality is elementary. Thus, every element in R[A] ® g :9\: (X;R)
can be written in the form Y r;a; ® (03, 03)

Let ¢ : R[A] — A be the quotient map which takes a formal sum in R[A] to a sum in A.
Define @ : R[A] @5 57(X; R) — S.(X:&) by ®(Xria; ® (63, 0:) = S ri[é(a;), 61]o:, where
(6(),5] = 07 (Xeg) = & is the map [¢(as), 7(x) = [(as),5:(x)]. By [Fi(x), das)] we
mean the equivalence class of the ordered pair (¢(a;),d;(x)) in € = (A x E(v))/ ~.

We will identify ker(®) to later show that

<R[A] ®r SY(X; R)) /(ker(®)) = A®pgm 5”(X; R). Now we have the commutative diagram

- v ~
R[A] ®r SY(X; R) A ®pix SY(X; R)

o ®id
A®p S/(X; R)
where the diagonal map q is the quotient by the module generated by all elements of the form
>0 @y (0;,0;) — - a; @ (0;,0;) where ; € m and a; € A. The horizontal map W is the

composition of the other two maps. Notice that ¢ ® id and ¢ are clearly surjective because
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tensor products are right exact. Thus, A ®ppy §,‘:(X; R) = <R[A] QR §:(X; R)) Jker(¥).
We will prove that ker(®) = ker(V).

To see ker(®) C ker(V) let £ € R[A]®pg §:(X; R) and write £ = Zle ria; @ (0;, 0;) where
a; € A,r; € R, and suppose ®(§) = 0. We will assume k is minimal such that & can be
written in the form Zle ria; @ (0;,0;). We need to show that £ € ker(V¥). To this end we
will induct on k. The case the sum is empty is trivial because then this just says ®(0) = 0.
So assume ®(¢) = 0 and € # 0. If £ = 1, then we have ®(ra ® (¢,0)) = 0 which means
rl¢(a),c] = [r¢(a),o] = 0 which means r¢(a) = 0. Thus, ra ® (7,0) € ker(¢ ® id) which
means that { = ra ® (7, 0) € ker(V).

Next, we consider the case k = 2. Suppose ®(ra ® (7,0) — sa’ ® (E, B)) = 0 where

a,a’ € R[A] and r,s € R. Then, r[¢(a),c]c = s[¢(da’), 5]F. This means that o = § and

that r[¢(a),5] = s[o(a’), B]. Thus, [ré¢(a),5(z)] = [s¢(d’), B(x)] for each z € 0N Xyeg)-

Thus, by definition of the relations of £ we have o(x) = «, - f(z) where a, € 7 and
ré(a) = sp(a) - agt for each z € 071 (Xyeq) = 57 (Xyeg). But by definition of S¥(X; R) we
have that int(A) C 67 (X,¢,). Hence we have that o~!(X,.,) is path connected so any lift
is determined by where a single point maps. Thus by uniqueness of lifts we must have that
o, = ay for each x,2’. Hence, we simply have 0 = « - E and r¢(a) = s¢(a’) - a~! for some

Qe T.
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Then,

¥ (ra® (7,0) - sa' @ (3.8)) = (g0 (9®id)) (ra® (3,0) — s’ @ (5, 5))
= q(ré(a) © (.0) - so(a) @ (5, 8))
= r(a) ©ppr (7,0) — 56(a') ©npe (5, 5)
= r¢(a) @pix (- B, B) — s6(d') @rim (B, B)
= 1¢(a) @pim - (B, B) — s¢(d") @pia (5, 5)
= ro(a) - a @i (B, B) Onpr) —50(a') @rpe (B, B)
= s¢(a’) @rim (B, B) — (B, B) @rim s(a)

=0.

Hence, £ = (m ® (0,0) — sd' ® (E, 6)) € ker(¥) as was to be shown.

Now for the inductive step let us write ®(&) = ®(S2F_ | ra,0(5;,0)) = Yo, milo(as), 5o

k./

where k£ > 2 and we assume inductively that if & =" s;,al ® (7;, 7;) where s; € R, a] € A,
®(¢') =0, and k' < k is the minimal integer such that £ may be written in this form, then
U(¢&') = 0. Since k > 2 and is minimal we have that £ # 0 and so there is some ra,® (7, 0¢) #
0. Then we have r¢[¢(as), o¢Joe = — >, ri[¢(ai), 6;]o;. Then this equation says that there

exists i1, ...,4; such that o, = 0, for p=1,...,j and r¢[p(ar), 7] = — Zf}:l i, [0(as,), 0]
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This means that for each p, we can find «;, € 7 such that the following equations hold:

5@ = aip . &ip (3)

rep(ag) = — Zﬁp¢(aip) : 0%':,1- (4)

Let & = (0y,00) ® ap + Z;zl(c’ﬁp, 0i,) ® a;,. Then ®(¢') = 0 by construction of £'. We

now show that W(¢£') = 0.
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U(E) = (g0 (6 @id) ( & (G0 + 3 ria;, © (57, ai,,>>

p=1

=q (Tg(ﬁ(&g) O'g, O'g —|— Z sz CLZP O'lp, Uip)>

= 14y QRix) (07, 0¢)) + Z ri,¢(ai,) @rx (03, 0i,)
p=1

J
= 1e¢(ae) rix (00, 00)) + Z 7, #(ai,) @Rix) (Oéfplaz‘p - 0, Tiy)

p=1

J
= red(ar) @ppm) (60,00)) + Y 1i,0(as,) @ppm ;' - (i, - 77, 03,))
p=1

J
rd(ar) @pim (o 00) + > 10, 8(a,) - 07! @pixy (52, 0) by (1.3)

p=1

70¢(ae) @rx) (02, 0¢) (Zﬁp ai,) - a;, ) ®Rix) (07, 00)

= (0¢,0¢) g Ted(ae) + —1ed(ar) @rpx (02, 00) by (1.4)

=0

Now £ — & has k — (j + 1) < k terms when written as a sum and this must be minimal
since we could otherwise we could write ¢ with fewer terms contradicting minimality of k.
Therefore, by the inductive hypothesis we have that W(§ —¢’) = 0. Combining this with the
above computation, we have that 0 = ¥({ — ¢') = (&) — ¥(¢') = V() — 0 = ¥(&). Hence,
V(&) = 0 as was to be shown.

Conversely, we need to show that ker(¥) C ker(®). Before proving this we first prove
an algebraic fact that will allow us to write down generators for ker(¥). Suppose we have a

43



commutative diagram of R-modules

B

with f surjective and ker(f) generated by {aq }acs and ker(g) generated by {bg}sec-. Because
[ is surjective, for each 3 € J' there exists by € A such that f(b};) = bs. Then we claim that
ker(h) is generated by {aa}aes U {bjs}ses- To see this assume h(a) = 0. Then, g(f(a)) =0
so that f(a) € ker(g). Thus, there exists r;, € R and 8; € J' such that f(a) = >, ribs.
On the other hand, ) ribg, = >, 7if(bs) = f(3_;mibj ). Hence, f(a — > ;mib) = 0
which means there exists s; € R and a; € J such that a — Y, 70}y = > sja,,. Therefore,
a =3, 8jan; + ;b which is what we wanted to show.

Recall in our situation we have the commutative diagram:

A v .
R[A] ®r S{(X; R) A @ppm SY(X; R)

6 ®id
A®p S (X:R)

Each map is surjective so the preceding claim applies to our case. Now ker(¢p®id) is generated
by elements of the form (> r;a;) ® € with ¢(>_ r;a;) = 0. Moreover, ker(q) is generated by
elements of the form ) . a; ® (o, - 0;,0;) — a; - a; ® (0, 0;) where o; € ™ and a; € A. Thus,
by the claim above we have that ker(¥) is generated by elements of the form () ra;) ® &

with ¢(> r;a;) = 0 and by elements of the form ), a; ® (a; - 0;,0;) — a; - a; ® (63, 0;) where
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a; € mand a; € A C R[A]. Therefore, to prove ker(¥) C ker(®) it suffices to prove the

elements which generate ker(W¥) are mapped to 0 under ®. So assume first we have an
element (Y ria;) ® § with ¢(3_ria;) = 0. Let £ = 3, 5;(05,05). Then, @ ((3_ria;) ®¢§) =
@ ((52m00) © (5,51(55,00)) ) = 5, l0(5rsa), loy = 52,50, G5l = 0 as desived.

Next consider

P (Z (a5 @ (i Giv o) — i i @ (&, m)) = Z (16(@), 0 - Gl — [6(a) - o, 57)o )
=2 ((w(ai) a0 o 7] = [6(as) ai,@)m)
by definition of £
=2 ((w(ai) 5, 61] = [9(ar) - am])a>
=Y 0o

=0

as desired. Thus, ker(®) = ker(¥) so that we have an injective map - A®R[r §>’:(X; R) —
§*(X;5). Let us show this map is also surjective. Let & = > e;0; € @-(X;E) where
ei 1 0 (Xpeg) = € is a lift of o, : AV — X and int(AY) C 0;'(X,.,) for each i. Let
To € int(A7). Then we can write e;(zo) = [a;, To] € € where 7y € E(v) and a; € A. Notice
A x E(v) is a covering of X,., where A is given the discrete topology. Because o; ' (X, ) is
simply connected we have a lift, say d;, of 0; to A x E(v) with 7;(z¢) = (a;, o). But then we
have that [a;, 0;] is a lift of o; to E with [a;, 0;](x0) = [a;, o] = €;(x¢). Thus, by uniqueness

of lifts we must have that [a;,0;] = e;. Let ' =3, a; ® (05,0;) € A gy S(X;R).
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Then ®(¢) = > oilai,oilor = >, eio; = & Thus, D : A @R SY(X:R) — S.(X;€) is an
isomorphism of R-modules.

The same argument shows we also have an isomorphism of R-modules ®7 : P5¥(X; A) —
SP(X; E), where ®P is the restriction of d. Moreover, a simple computation shows we have

a commutative diagram

A@ppm SY(X; R) — S.(X;€).

Thus, by Lemma 2.2.10 we have that the induced map IPS”(X; A) — IPS,(X;E) given

by restricting ®? is an isomorphism of R-module chain complexes. O

Remark 2.2.12. The construction of Theorem 2.2.11 is natural with respect to subspace

inclusion. That is, we have the commutative diagram

P50 (U; A) — IP5,(U;i*€)

IPSY(X; A) — IP5,(X;€)
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where the vertical maps are inclusions and the top horizontal map is the restriction of the
bottom horizontal map which is the isomorphism of chain complexes coming from The-
orem 2.2.11 which evidently preserves base support of chains. Thus, the top map is an
isomorphism since these are by definition intersection chains with base support in U.

More generally, suppose X’ — X is an inclusion of a stratified pseudomanifold with
stratification induced by the stratification of X. Then there is also a diagram as above with

U replaced by X'.

To end the subsection, we show that the intersection homology of a cover of the regular
stratum is the intersection homology with some twisted coefficients. For the ordinary homol-
ogy of a covering space and ordinary homology with twisted coefficients this is a standard
result referred to as Shapiro’s Lemma (see for instance (2, Exercise 76)). As a corollary we
combine Lemma 2.2.13 and Theorem 2.2.11 which will allow us to carry over other theorems

of intersection homology such as cone formulas and Mayer-Vietoris sequences.

Lemma 2.2.13. Let X be a stratified pseudomanifold with perversity p <t and assume X,
is connected. Let v denote the data of a connected covering for X,., and let u denote the
universal cover of X,eq. Let H = p.(m(E(v))) and let 7/H denote the set of right cosets.
Let R be a commutative ring with unity and let R[w/H] := @,c,/y B and give R[m/H]
the structure of a right R[w]-module in the obvious way. Then IPSY(X; R), the intersection
chain complex with coefficients in R of the cover v, is isomorphic to the intersection chain

complex with twisted coefficients IPS*(X; R[x/H]) (as R-modules).
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Proof. We first prove R[n/H] ®@p[y SY(X:;R) = 5"(X;R).

Recall we can identity E(r) with the quotient of (7/H) x E(u) by the relations (H,Z) ~
(HBa ', a-7) for all T € E(u),a, 8 € 7.

Note every element in R[7/H]| ® gz §}:(X; R) can be written as ), r,Ha; ® (0;,0;) by
using bilinearity of the tensor product where r; € R and a; € 7. So define ® : R[m/H) @pgm
SY(X:;R) — SY(X;R) by ®(rHa®(5,0)) = r([Ha,5),0) and extended linearly. The map ®
is well-defined since if rH3® (7, 0) is equivalent in R[7/H|® gz SY(X;R) torHBa‘®@a-(5-
a,0), then ®(rHBa '@a-(5-a,0)) = r([HBa !, a-5],0) = r([HB,5],0) = D(rHB® (5, 0)).

Consider the partition 7 of the set of extended simplices into orbit classes induced by the
action of the deck transformation group 7. For each distinct orbit choose a single extended
simplex in that orbit and denote the set of these extended simplices by 7. We claim that
Ty = {Ha Qg (0,0) : (0,0) € T'and Ha € w/H} is in bijective correspondence with
extended simplices in §,‘" (X; R) with the bijection given by restricting D to S,

To see it is surjective, let ([H,7],7) € 57(X; R) be an extended simplex so that 7 is a
lift of 7 and so there exists (0,0) € T with 0 = 7 and ¢ a lift of o and therefore 7. Thus,
there exists & € 7 with 7 = a - 5. Hence, ® (Ha @ppy (0,0)) = o (H ®pimy - (0,0)) =
o (H @gp (7,7)) = ([H,7], 7). Since Ha Qg (0,0) € Ty this shows  restricted to T is
surjective onto extended simplices in S¥(X; R).

Next, we show ® restricted to T, is injective. Suppose Ha ®pr (0,0) and HB ®ppx (T, 7)
are in T, with ® (Ha ®pjm (0,0)) = o (HB ®gjx (7,7)). Then we have that ((Ha,0],0) =
([HB,T], ) which means that 0 = 7 and [Ho, 0] = [Hf3,7|. Hence, ¢ and T are both lifts of

g.
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However, because [Ha, o] = [H3,7] we have that & = v -7 and Ha = HBv~! for some

v € m. Thus,

Ha ®R[7r} (57 U) = H57_1 ®R[7r} v (,7\:7 T)
= HBy ™'y @R (T, 7)

= Hp ®pim (T,7)

as was to be shown.

Next, we show T generates R[m/H| ® g S*(X;R). As already noted every element of
R[m/H)| @R g}:(X; R) may be written in the form ), riHo; ®p (05, 0;). Hence, we need
only show every element of the form Ha ®pgjx (¢,0) corresponds to an element of T;;. Now
(0,0) = (B-7,7) for some (7,7) € T and € 7 so that Ha®pgjx (0,0) = Ha®@pq (6-7,7) =
Hof @ppm (T,7) € T;.

So we have shown that the homomorphism of R-modules, Cf, restricted to T is bijective
onto the set of extended simplices of §:(X; R) and that T’ generates R[m/H]®pgm §:j(X; R).
We claim that this is enough to show D is actually an isomorphism. Since extended simplices
provide a basis for §: (X; R) we clearly have that d is surjective. To see d is injective
let © € R[n/H| ®ppx S*(X; R) be such that ®(z) = 0. Since T} generates R|[r/H] QRn]
§;‘(X;R) we may write © = Y. riHo; @gpx) (03, 0;) where Hoy ®ppr) (03,0) € Tr. We
may assume without loss of generality that Ho; ®pgpx (05,0:) # Hoy @pgix (0, 0;) for i #
J (otherwise combine like terms). Then d (Zl ri H oy @pim ((fi,ai)) = > ri&\J(H@i QR

(0i,04)) = >, ri([Hay, 0], 0;) = 0. However, as noted above d restricted to T} is injective
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which means ([Ha;,03],0;) # ([Hoy,05],0;) for i # j. But extended simplices provide a
basis of 5 (X; R) which means in the sum we must have r; = 0 for all i so that = 0. So o
is in fact injective as a map of R-modules; and therefore, we have shown d is an isomorphism
of R-modules.

The same argument, and a tautological verification of p-allowability, shows we also have
an isomorphism ®P : R[r/H]| @p- PSY(X; R) — PSY(X; R) with ®P the restriction of ®.

Moreover, a simple computation shows we have the commutative diagram below.

_ PP _
R[n/H] @pi- PSHX; R) — 7S (X R)

0 0

~

_ >
Rlr/H] ®pm S:(X; R) — S{(X; R)

Thus, by Lemma 2.2.10 we have that the map induced by restricting ®7, IPS*(X; R[x/H]) —
IPSY(X; R), is an isomorphism of chain complexes.

]

Corollary 2.2.14. Let X be a stratified pseudomanifold and let v denote the data associated
to a cover of X,eq. Let R be a commutative ring with unity. There exists a system of local
coefficients &, over X,., such that IPSY(X; R) = IPS,(X;&,). Moreover, the isomorphism
restricts to isomorphisms IPSYV(U; R) = IPS,(U;i*E,) for every open U C X, where i :

U — X s the inclusion map and where i*v and i*E, are restrictions to U.
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Proof. We prove the theorem first for special cases with each becoming more general. We
begin with the case that X is a normal pseudomanifold, X is connected, and v is a connected
covering. However, because X is connected and normal we have that X,., is connected
(5, Lemma 2.63). Thus, this case follows immediately by combining Lemma 2.2.13 and
Theorem 2.2.11. Next, we assume v is not necessarily a connected covering. Let v; denote

the connected components of v. Then we have

IPS:(X; R) = D IPSV (X R)

7

~ P 17S.(X;:E,,)

~ I"S.(X; P e
The first isomorphism is by Proposition 2.1.6, the second is by applying the previous case,
and the third is elementary. Next, we consider the case X is normal, but not necessarily

connected. We can write X = [[ X; with each X; normal and connected. Let v; denote the

restriction of v to X;. Then we have

IPSY(X; R) = (D IPS (X R)
~ P 175.(X:: )

~ PS.(X; [ €.)

i
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The first isomorphism is by Proposition 2.1.7, the second is by applying the previous case,
and the third is elementary.
Finally, we consider the case that X is not necessarily a normal pseudomanifold. Let

n: X" — X be a normalization of X. Then we have the following diagram

IPSY(XN:R) — IPS,(X"N: &)

IPSY(X; R) — IPS.(X;E,).

The top map is an isomorphism by the previous case, the two vertical maps are isomorphism
by Proposition 2.1.8 and (16) (although the author in (16) only proves this for ordinary
intersection homology the proof for the local coefficients case is similar). Thus, we may
take the bottom horizontal map to be the composition around the square which is therefore
an isomorphism. The last part of the theorem follows by observing that the bottom hori-
zontal map will preserve the base support of extended simplices and that I7S?"(U; R) and
IPS,(U;*E,) correspond respectively to chains in I7SY(X; R) and IPS,(X;&,) which have

base support in U.
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2.3 Local computations

In this subsection we apply Corollary 2.2.14 to carry over the local computations of intersec-
tion homology such as the cone formula. These will be useful when we make local to global
arguments later in the paper. Recall for a compact stratified pseudomanifold X we give ¢ X

the filtration (cX)" = ¢X* ! and (cX)? = cone vertex.

Proposition 2.3.1. Let X be a stratified (k — 1)-dimensional pseudomanifold with X,
connected. Let p < t be a perversity defined on ¢X. Define a perversity Dy on X by
Px(S) =p(S x (0,1)). Let v be a connected reqular cover (c¢X)reqg = Xreg X (0,1) with deck
transformation group m and let A be a right R[r|-module (R a commutative ring with unity).

Leti: X x {to} — ¢X, 0 <ty <1 denote the inclusion map. Then,

L 0, if j > k—1-p({v}),
[PHY(cX; A) =

PxH!X(X;A),  ifj<k—1-5({v})

where v is the cone vertex.

Proof. By Theorem 2.2.11 and Remark 2.2.12 there is a system of local coefficients £ on
¢X such that IPH,(cX;€) = IPHY(cX; A): and moreover, IPH,(X;i*E) = IPH/X(X; A).
However, notice that v|x is a connected regular cover of X,., and thus also has deck trans-
formation group 7. Therefore, we have that I7.5Y¥ (X; A) = IPx S¥1¥ (X; A) by Remark 2.2.8.

By the cone formula for intersection homology with local coefficients (8, Proposition 2.18)
we have that IPH;(cX;&) = 0 whenever j > k — 1 —p({v}). Thus, If’flj’-’(cX; A) =0 in this

dimension range as well. Next, consider the case j < k — 1 — p({v}). Then we have the
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commutative diagram

IPx HYX (X A)y21Px Hy(X;0°E)

IPHY(cX; A) = IPHj(cX;€)

where the vertical maps are induced by inclusion. The right vertical map is an isomorphism
in this dimension range by the cone formula for intersection homology with local coefficients.
Hence, by commutativity the left vertical map is an isomorphism in this dimension range as

well. 0

Recall for a stratified pseudomanifold X and a trivially stratified m-manifold M we have

a standard filtration for X x M given by (X x M)* = X"™™ x M.

Proposition 2.3.2. Let X be a stratified pseudomanifold with X,., connected.Let v be a
connected regqular cover of X x R™ with deck transformation group m and let A be a right
R[r]-module (R a commutative ring with unity). Let p be a perversity defined on X x R™
and define a perversity on X by Dy (S) = p(S x R™) for each stratum S of X. Then the

inclusion map i : X x {0} — X x R™ induces an isomorphism

IPHY (X x R™: A) = [Px HYIx (X A).
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Proof. By Theorem 2.2.11 there is a system of local coefficients £ over (X x R™),., =
X,y xR™ such that IPH? (X xR™; A) = [PH, (X xR™; £) and IPH!X (X; A) = IPH,(X;i*E).
Notice that v|x is a connected regular cover of X,., and also has deck transformation group
7. Thus, by Remark 2.2.8 IPH/X (X A) = IPx H/X (X A).

Consider the diagram below

I

IPHY (X x R™; A) IPH, (X x R™: )

X X (X A)

I

IPH,(X:i*€)

where the vertical maps are induced by inclusion. The right vertical map is an isomor-
phism by invariance of intersection homology with local coefficients under stratified homo-
topy equivalence ((7, Corollary 2.3)). Thus, by commutativity of the diagram the left vertical

map is also an isomorphism. O
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Proposition 2.3.3 (Cone Formula). Let X be a stratified pseudomanifold of dimension k—1
with perversity p < t defined on ¢X. Let v be any covering of (¢X )reg = Xreg X (0,1). Let R
be a commutative ring with unity and i : X x {to} — cX, 0 < tg < 1, be the inclusion map.

Then

) 0, if j >n—1-p({v}),
IPHY(cX; R) =

IPXH;Y(X;R),  ifj<n—1-p({v})

where v is the cone verter of cX.

Proof. This follows immediately by Lemma 2.2.13 and Proposition 2.3.1.

]

Proposition 2.3.4. Let R be a commutative ring with unity, X be a stratified pseudoman-
ifold with perversity p < t, and let v be the data associated to a covering of X,eq. Then we

have an isomorphism

PH (X x R¥: R) = IPHY(X; R)
which is induced by the inclusion map i : X x {0} — X x R¥,

Proof. Immediate as in Proposition 2.3.3. [

2.4 Excision and Mayer-Vietoris sequences

In this section we show excision holds and there is a Mayer-Vietoris long exact sequence for

intersection homology of coverings spaces of the regular set.
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Open covers and excision

The crucial result we will need this section is stated below. Applying Corollary 2.2.14 will
allow us to carry over this result to the intersection homology of covers of the regular set.
We refer the reader to (8, Proposition 2.9) for a proof. We note the author there considers
local coefficient systems which are more general than our setting. There singular maps
may dip into codimension one strata, however, as the author notes when perversities are
bounded above by the top perversity the more general construction is the same as intersection
homology with local coefficients which we use.

Although we simply state the result below, we should pause to note that carrying over
subdivision arguments from ordinary homology theory to intersection homology is not as
completely straightforward as one might expect. The issue is if we subdivide an intersection
chain, say E = &y + & where &y has support in U and &, has support in V, then we
also need & and &y to be intersection chains in order to achieve Mayer-Vietoris long exact
sequences. However, this requires ¢y to be allowable, and there is no guarantee this happens
since the cancellations which occur in 8§A to make 85 allowable may come from 0&y. For
more on Mayer-Vietoris sequences for intersection homology we also refer the reader to (5,

Mayer-Vietoris and Excision).

Proposition 2.4.1. Let U = {U,} be a locally finite open cover for X. Let I5S.(X;&) C
IPS(X;E) be the subcomplex of intersection chains & which can be written as a sum of
intersection chains & = Zj §; where §; is an intersection chain with support in some Uy, € U.

Then the inclusion map v : I}S.(X; &) — IPS.(X;E) is a quasi-isomorphism.
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Next, we state the excision theorem for intersection homology with local coefficients (8,

Lemma 2.11).

Proposition 2.4.2. Let X be a stratified space and let U C X be open and let C C U be
closed (as a subspace of U). Let € be a system of local coefficients defined on X,cy. Then

PPH.(X,U;E) = IPH,(X — C,U — C;€).

By Lemma 2.2.13 and Proposition 2.4.2 we immediately obtain the following corollary.
We remind the reader that within the context below, IPHY(X — C,U — C; R) is implicitly
the restriction of v to X — C, that is, IPH!*(X — C,U — C; R), where i : X — C — X is

the inclusion map and ¢*v is the restriction of v to X — C.

Corollary 2.4.3 (Excision). Let R be a commutative ring with unity. Let X be a stratified
pseudomanifold and let U C X be open and C C U be closed (as a subspace of U). Let v
be the data associated to any cover of X,ey. Then IPHY(X,U; R) = IPHY(X — C,U — C; R)

with the isomorphism induced by inclusion (X — C,U — C) — (X, U).

Mayer-Vietoris sequences

Although not stated in (8) we can easily obtain Mayer-Vietoris sequences from Proposi-
tion 2.4.1. Suppose U = {U,V} is an open cover of X. For an open set W C X let

tw : W — X denote the inclusion map. We note that
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IPS(U;iE)NIPS (Vi E) = IPS.(U NV if4,E). This is because

€ IPS (U;i,&)NIPS (Vv E) <= €€ IPS, (Ui ) and € € IPS, (Vi E)
<= ¢ is an intersection chain and has support in U and V
<= ¢ is an intersection chain and has support in U NV

= (e IPS,(UNViifna &)

Standard algebra gives us the short exact sequence

0 — IPS,(UN V5 &) — IPS.(UsigE) @ IPS.(V;i4,E) — I5S.(X;E) — 0.

which induces a long exact sequence of homology, but because ¢ : I},S.(X; E) — IPS.(X; E)

is a quasi-isomorphism we arrive at the following.

Proposition 2.4.4. There is a long exact sequence

PH(U NV iy €) — IPH;(U;i5,E) @ IPH (V3 i5E) — IPH{(X;E) — IPH,_ (U N Vit 0y E)

Combining Corollary 2.2.14 and Proposition 2.4.1 we arrive at Mayer-Vietoris sequences

for intersection homology of coverings of the regular set.
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Corollary 2.4.5. Let U,V be open subsets of a stratified pseudomanifold X (not necessarily
a cover of X ). Let D be a perversity with D < t. Let v be the data associated to a cover of

Xyeg- There is a long exact sequence

—~ PHY(UNV;R) — IPH!(U; R) & IPH!(V; R) — IPH/(UUV; R) — IPH" (U N V;R)

There will be multiple arguments in this paper which will use typical Mayer-Vietoris local
to global arguments. In order to reduce redundancy, we state the structure of the arguments
below as meta-theorems. We refer the reader to (5) for a proof of these results, though, the
basic idea of the arguments may also be found in (14) where the author proves Poincaré

duality.
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Theorem 2.4.6 (Meta-Theorem 1). Let My, be the category whose objects are homeo-
morphic to open subsets of a given manifold M and whose morphisms are inclusions. Let
Ab, be the category of graded abelian groups. Let F,, G, : My — Ab, be functors and let

® : F, — G, be a natural transformation such that F,, G, ® satisfy the following conditions:

1. ®: F.(U) — G.(U) is an isomorphism for each U homeomorphic to R™

2. F, and G, admit Mayer-Vietoris long exact sequences. That is, for open U,V C M

there is a Mayer-Vietoris sequence

S EUNV)= EFEU) e V)= EUUV) = FE_(UNV) -

and similarly for G.. Moreover, ® induces a commutative diagram between the two

SEqUENCES.

3. If {Us} is a totally ordered set of open subsets of M and ® : F,(U,) — G.(U,) is an

isomorphism for each a, then ® : F,(U,U,) — G.(UUy,) is also an isomorphism.

Then ® : F.(M) — G.(M) is an isomorphism.

For the next meta-theorem we recall the definition of a stratified homeomorphism. A
map between stratified pseudomanifolds f : X — Y is said to be a stratified homeomorphism
if f is a topological homeomorphism and for each stratum S of X, f(S5) is a stratum of Y

and the codimension of f(.5) in Y equals the codimension of S in X.
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Theorem 2.4.7 (Meta-Theorem 2). Let Fx be the category whose objects are homeomorphic
to open subsets of a given stratified pseudomanifold X and whose morphisms are stratified
homeomorphisms and inclusions. Let Ab, be the category of graded abelian groups. Let
F. G, : Fx — Ab, be functors and let ® : F, — G, be a natural transformation satisfying

the following properties:

1. F, and G, admit Mayer-Vietoris sequences with respect to open subsets of X, and o

mduces a commutative diagram between the two sequences.

2. If {U,} is a totally ordered set of open subsets of X, then the natural maps

liin F.(U,) = F.(UU,) and liin G.(Uy) — G.(UU,)

are 1somorphisms.

3. If L is a compact filtered space such that X has an open subset stratified homeomorphic
to R' x cL and @ : F,(R* x (cL —v)) = G.(R" x (cL —v)) is an isomorphism, then

O : F (R x cL) = G.(R® x cL) is also an isomorphism.

4. If U is an open subset of X homeomorphic to euclidean space, then ® : F,(U) — G.(U)

s an isomorphism.

Then ® : F.(X) — G.(X) is an isomorphism.
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3 Cross product and Kiinneth theorem

In this section we formulate the cross product for intersection homology for coverings of the

regular set and also prove a Kiinneth theorem.

3.1 Existence of cross product map

First we prove a lemma which will allow us to define our cross product map in terms of the

cross product for singular chains.

Lemma 3.1.1. Let X be any space, let Y be a stratified space, and let v be a covering space
forY,e,. Let f: X =Y be a map such that there is a lift f f (Yyeq) = E(v). Then there

is a chain map (f, f)u : S.(X) = SY(Y)

Proof. Define (f, e Su(X) — SY(Y) by (f, f)u(o) = (foo, foo) where foo is restricted

to (f o) 1 (Y,ey) and we extend (f, f)4 linearly. Then,

A(f. flu(o)=0(foa, foo)

= )i(foaody, foaody)

Z 0' o 8k)
= (f. s (Z(—l)ka o ak>

k

= (f, ) #(00)

Thus, (f, f)4 is a chain map as claimed. O
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The usual way to construct a cross product map S,(X)®S.(Y) — S.(X xY') is abstractly
via acyclic models. This construction, however, is not available to intersection homology
theories. An alternative approach is to use shuffle products as in (5). For the convenience
of the reader we recall how these maps are defined.

Let p and ¢ be two non-negative integers, then a (p, ¢)-shuffle is a partition of the set

q
=1

{1,2,...,p+ ¢} into two disjoint ordered sets u = {p;}r_, and v = {v;}?_, with pu; < pi41
and v; < vj4; for each ¢ and j. The partition (p, ) can then be used to shuffle two ordered
sets of cardinalities p and ¢ to form a new ordered set of cardinality p + ¢q. For example,
take the ordered sets (A, B,C) and (a, 8,7) and suppose we have a (3, 3)-shuffle given by
({2,4,5},{1,3,6}). We can shuffle our sets using this (3, 3)-shuffle to obtain the ordered set
{a, A, 8, B, C,~}.

Let (u,v) be a (p,q)-shuffle. Let n* : APT? — AP be the map which takes the vertex
w; € APTY to the vertex u; € AP if pu; < w; < pjyq (here we set oy = 0 and jip1 = p+g+1).
Similarly, we can form a map n” : APt — A%, From these two maps we can form the product
map 7, = (n*,n") : AP*7 — AP x A% Let sgn(u,v) denote the sign of the permutation

from (1,2,...,p4+q) to (41, ..., fip, V1, ..., V). The following then follows by (5, Proposition

5.10) and the comments proceeding (5, Theorem 5.31).
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Proposition 3.1.2. Let R be a commutative principal ideal domain with unity and let o1 €

Sp(X; R) and 09 € Sy(Y; R). The sum over all (p, q)-shuffles (u,v)

(o1 ® 03) = Z sgn(pe, v)(o1 X 02) © Ny

extends to a chain map

€:5:(X;R)®r S«(Y; R) = Su.(X XY R).

Theorem 3.1.3. Let R be a commutative principal ideal domain with unity. Let X,Y be
stratified spaces with perversities p,q; respectively. Suppose () is any perversity on X XY
with Q(S x S") > p(S) +q(S’) for all strata S C X and S’ CY. Let v and ¥ be covering

spaces for X,eq and Y,eq; respectively. Then there is a cross product map

€:1PSY(X;R) ®p IS (Y; R) — I1°S"*?(X x Y; R)

Proof. We first define

€:SY(X;R)®r SY(Y;R) = SV (X X Y} R)

€((c,0) @ (T,7)) = (6 xT,0 X T)4 (e(idar ®idas))

where p = dim(c) and ¢ = dim(7) and we extend linearly to all of S¥(X; R) ®g S?(Y; R).
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Let us show that € is a chain map. To simplify notation we let ¢ = o x 7 and 5 =0 XT

0é((0,0) @ (T,7)) =

0(,0)4 (e(idar ®idas))

= (¢, ¢)4 (Oe(idar @ idaq))
= (6, 0)# (e(d(idar ®idaq)))

= (6, 0) 4 (e((9idar) ® idas + (~1)Pidar ® (Jidad)))

= (¢, ?)4 (6 (Z(l)i(idm) 0 0;) ®ida¢ + )P Z Yidar ® (idaq 0 9; )))

i J

= (5; ¢)# Z ngn n,w (ldAp 00;) X idaq) 0 Ny

(p—L,q) 9
shuffles

+ (%, g | (—1)P Z ngn (' ") (1dAp X (idae © 05)) © Ny

(p,g=1) 7
shuffles
Z ngn Iy W qb ((idar 0 9;) x idaa) 0 Nyw, @ o ((idar 0 9;) X idaa) © M)
(p—1,9) 7
shuffles
1P 3> sen(p,w) (=1 (¢ o (idar x (idas 005)) 0 N, $ o (idar X (idaa © ;) © )
(p,ga—1) J
shuffles
= > > sen(uw)(=1)'(((5 00:) X 7) © s, (070 0;) X T) 0 70s)
(p—1,q) ¢
shuffles

1P 3T Y sen( o) (<1 (5 % (F085)) 0t (0 X (T0;)) 0 D)

(pg=1) J
shuffles
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On the other hand, we have

€(0(0,0) @ (7,7))) = €((8(0,0)) @ (7,7) + (=1)"(d,0) ® ((7,7)))

Il
™

S (VG0 dh,000) @ (F.r) + (<11 Y (-1 (3.0) @ (Fo iy o 8»)

= (1) ((G00;) x 7,(000;) x 7)p(e(idpr1 ®idaa))

i

+ (1) Z(—l)j(& X (T00;),0 x (7 00;))4(e(idar @ idae-1))

= (1) ((G00) x7,(000) x T)x | D sgn(u,w)(idarr x idas) o

@ (p—1,q)
shuffles

+ (_1);}2 (=1)7(G x (F00;),0 x (T00;)) Z sgn(p/,w")(idar X idae-1) © Nyrer

J (p,g—1)
shuffles

— Z Z sgn(p, w)(=1)((G 0 9;) x 7, (00 9;) x T)#((Adar-1 X idad) © M)

i (p—1,q)
shuffles

+(=1PY > sen(u W) (=1 (G x (T o d;),0 % (T00;))4((idar X idas—1) 0 D)

J (pa—1)
shuffles

= Y Y sen(rw) (-1 0 ) x ) 0 s ((070.8) x 7) 0 1)

(p—1,9) i
shuffles

+ (=17 Y0 Y e, ) (1) (T x (T 08))) 0t (0 X 70 05) 0 1)

(pg—1) J
shuffles

Hence, we see that €0 = d¢. Next, we must justify that we can restrict € to I?SY(X; R) ®g
I95?(Y; R). This can be done because I7S”(X; R) and I75?(Y'; R) are submodules of the free
R-modules S¥(X; R) and S?(Y; R); respectively. Thus, because R is a principal ideal domain
IPSY(X; R) and I7S?(Y; R) are also free R-modules. Thus, the functors IPS”(X; R)®x and

®@pI7S?(Y; R) are both left exact so we have an exact sequence

0 — IPSY(X;R) ®r I'S?’(Y;R) — SY(X;R) @ S’(Y; R)
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Therefore, we are justified in restricting € to IPSY(X; R) ®z [7SY(Y; R). To complete the
theorem we need only show that ¢ (1757 (X; R) ®p I7SY(Y; R)) C 1957(X x Y; R).
To this end if (77, 07) is p-allowable and an extended i-simplex and (73, 02) is g-allowable

and an extended j-simplex, then

g((é:i’o-l) ® (07270-2)) - Z Sgn(uaw)(&i X 072 O Nuw; 01 X 020 T/uw)
(4,5)

shuffies

However, from the proof of (5, Lemma 5.12) each (o7 X 032) 07, is Q-allowable, hence,
€((01,01) ® (02,07)) is a Q-allowable chain.

For a p-allowable chain & and a g-allowable chain &, we have that €(§; ®&5) is Q-allowable
as &1 ® & can be written as a sum of terms having the form r(g7,01) ® (02, 02) by using
bilinearity of tensor products, where o is p-allowable, o5 is g-allowable, and r € R. So our
above proof shows that €(§; ® &) is also Q-allowable.

Finally, take chains ¢ € IPSY(X;R) and & € I9S?(Y; R). We must show now that
0(€(&1 ® &)) is Q-allowable. However, using that € is a chain map we have J9(€(& ® &)) =
€((0&1) ® & £ & ® (0€2)). But because & is a p-intersection chain we have & and 0&; are
both p-allowable. Similarly, because & is a g-intersection chain we have & and 0&, are both
g allowable. Thus, our above proof of allowablility applies to show €((9&1) ® & + & ® (0€2))

is Q-allowable, Thus, €(&; ® &) and 0(€(&; ® &2)) are both @Q-allowable so that €(& ® &) is

a (Q-intersection chain which is what we wanted to show. O

Remark 3.1.4 (Notation). Instead of writing the cross product as €(&; ® &), we will follow

custom and often use the notation of writing the cross product of £ and & as & x &
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3.2 Kiunneth theorem where one term is a manifold

Next, we prove a Kiinneth theorem where one term in the product is a manifold.

Theorem 3.2.1. Let F be a field and let X be a stratified pseudomanifold with perversity p
and M an n-manifold with trivial stratification. Filter X x M as (X x M)" = X" x M.
Let v and 9 be covers for X,e, and M; respectively. Then the cross product induces an

1somorphism

x : H,(IPSY(X; F) ®@p SY(M; F)) — H,(IPS"*"(X x M; F))

Proof. We will apply Theorem 2.4.6 to prove the theorem. Let F, be the functor F,.(U) =
H,(IPSY(X; F) @ S?(U; F)) for U C M open. Also let G, be the functor G.(U) =
IPH"*?(X x U; F). The natural transformation F, — G, is given by the cross product.

We first consider the case U is an open subset of M homeomorphic to R" and ¢|U is
isomorphic to the trivial covering idg». By Proposition 2.3.4 we have that [P HY*1d&" (X x
R"™; F)) = IPHY(X; F). Moreover, this isomorphism is induced by the inclusion X & X X
{0} = X x R".

Obviously we have that Side" (R"; F) = S,(R"; F'). From this and the algebraic Kiinneth
theorem we have H,(IPSY(X; F)®pSide (R™; F)) = [PHY(X; F)@pH.(R"; F)) = IPHY(X; F)®p
Ho(R™; F). If we take Ho(R"™; F) to be generated by the vertex at the origin then the
cross product of a simplex with the vertex at the origin is the same as the composition of
the simplex with the inclusion map X = X x {0} — X x R"™. Thus, the cross product

X 1 H,(IPSY(X; F) @p S (R")) — [PHY*14=" (X x R™; F)) is an isomorphism.
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Now consider the case U is homeomorphic to R™ and 9|U is isomorphic to a disjoint union

of trivial covers of R™. In other words, ¥|U is isomorphic to the cover p : [[ ., R" — R" for

some index set J and where p maps each copy of R" in the disjoint union [[, ., R™ trivially
onto the base R”. Then v x ) restricted to X x U is isomorphic to [] ., X x R".

In this case H,(IPSY*Y(X x R™ F)) = @,.,IPHY(X;F) by Proposition 2.1.6 and
Proposition 2.3.4. Again, each term in the summand is induced by the inclusion map
which as noted above is compatible with the cross product map. On the other hand,
we have by the algebraic Kiinneth theorem and Proposition 2.1.6 that H,(I?SY(X; F) ®p
SY(R™ F)) =2 H(IPSY(X; F) @ @,y S5 (R F)) = IPSY(X; F) @p @ ey Ho(R™ F) =

acJ acJ

@D, [PH/(X; F). Since cross product is compatible with the inclusion map we again
have that the cross product induces an isomorphism x : H,(IPSY(X; F) @p S?(U; F)) —
IPHY?(X x U; F) in the special case U is homeomorphic to R™ and 9|U is isomorphic to a
trivial (not necessarily connected) cover of R”.

Next, let {U,} C M be a totally ordered set with the ordering given by inclusion and
with each U, open and such that F,(U,) — G.(U,) is an isomorphism. We will show that
F.(UU,) — G.(U,U,) is also an isomorphism. Let U = U,U,. We have the following

commutative diagram.

H,(IPS*(X; F) ®p S (Ug; F)) —= PHY(X x Uy; F)

H(IPSY(X; F) @ SY(U; F)) = PHY(X x U; F)
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Let us first show that H,(IPSY(X; F) ®@p SY(U; F)) — IPH"?(X x U; F) is surjective.
Let £ € H.(IPSYY(X x U; F)). Write £ = >, fi(d:,0;) where f; € F. Then since the image
of each o; is compact it is contained in a finite subcover of {X x U, } which means because £
is a finite sum we then have that £ has base support (the union of the supports |o;| in the sum
above) in a finite subcover of {X x U,}. However, since {U,} is totally ordered this means
we can find Ug such that ¢ has base support in X x Uz. But we have H,(I?SY(X; F) ®p
SY(Ug; F)) — IPH?*?(X x Ug; F) is an isomorphism, in particular surjective. Thus, from
the above commutative diagram there is also an element of H,(IPSY(X;F) @ SY(U; F))
mapping to &.

Similarly, we can show H,(IPSY(X;F)®p SY(U; F)) — IPH"*?(X x U; F) is injective.
Suppose & € H,(IPSY(X; F) ®p S?(U; F)) maps to 0. Let us write £ = . & ® z; where
each z; € SY(U;F) and & € IPSY(X;F). We are assuming that > & x z; = 9¢ for
some ¢ € IPH”Y(X x U;F). Again, by compactness there is some Us such that each
x; has base support in Ug and ¢ has base support in X x Ug. Thus, £ is an element
of H,(IPSY(X; F) @p S?(Us; F)) and ( is an element of IPHY*Y(X x Ugs; F)). However,
since H,(IPSY(X; F)®@p S2(Ug; F)) — IPH"Y(X x Ug; F) is an isomorphism there is some
p € H,(IPSY(X; F) ®r S?(Us; F)) such that Oy = €. Thus, from the above commutative
diagram ¢ must also represent zero as an element of H,(IPSY(X; F) ®r S?(U; F)).

Hence, we have shown that H,(IPSY(X;F) ®@p SY(U; F)) — IPH"*?(X x U; F) is an

isomorphism.
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Consider the following diagram:

IPSYS.(X;F)@r SY(UNV; F) IPSVY(X x (UNV); F)

(ﬁgg(x; F)®p SY(U; F)) & (I7SY(X; F) @p SU(V; F)) —~ IPSPV(X x U; F) @ IPSY)(X x V' F)

PSY(X; F) @p (SY(U; F) + SY(V; F)) —— % [PS”(X x U; F) + IPS”(X x V; F)

The right column is a Mayer-Vietoris short exact sequence, while the left column is the

Mayer-Vietoris sequence

0= S UNV;F)—= SY(U;F)® S (V;F) = S’ (U; F) 4+ SY(V; F) —

tensored with I7SY(X; F). For each open set W, the complexes S?(W; F) are free F-modules
because F is a field so that exactness is preserved upon tensoring with I7SY(X; F'). From
the proof of Corollary 2.4.5 we have that H,(IPSY*Y(X x U; F) + IPSVY(X x V; F)) &
H,(IPSY9(X x (UUV); F)). So we may substitute H,(I?PSY*?(X x (U UV); F)) into the
long exact sequence induced by the short exact sequence of the bottom row. Hence, the long
exact sequence induced by the bottom row will have the form of a Mayer-Vietoris long exact

sequence. As for the top row, note that because M is trivially stratified, we have that for any
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perversity 7 on M, I"SY(W; F) = SY(W : F) (the allowability condition is trivial if there
are no singular strata) for each open set W C M. Thus, we can apply Proposition 2.4.1
so that SY(U; F) + S?(V; F) is quasi-isomorphic to S?(U U V; F). Furthermore, because
F' is a field, we may appeal to the algebraic Kiinneth theorem and naturality to see that
H.(IPSY(X; F) @p (SJ(U; F) + S)(V; F))) = H,(IPSY(X; F) ®p S!(UUV; F)). Thus, the
long exact sequence induced by the short exact sequence of the top row also has the form of a
Mayer-Vietoris sequence. With these substitutions the cross product induces a commutative

diagram of Mayer-Vietoris sequences as can be seen from the commutative diagrams

X @D X

Hi(IPSY(X; F) @p SY(U; F)) ® H(I?SY(X; F) @ SY(V; F)) PHPY(X x U; F) @ IPH (X x V; F)

X

Hi(IPSY(X; F) ®@p (S)(U; F) + SJ(V; F))) Hi(IPSV(X x Uy F) 4 IPS(X x V3 F))

~ ~

Hy(IPSY(X; F) @p S’ (UUV; F)) IPH (X x (UUV); F)

and

Hi(I’SY(X; F) ®p SY(UUV; F)) IPH>Y(X x (UUV); F)

H(IPSY(X: F) @ (S)(U F) + S)(V: F)) ~ H{(IPS""(X x U F) + IP52"(X x V; F))

O Ox

Hy ((IPS,(X;F)®p SY(UNV; F)) IPH” (X x (UNV); F)
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with the bottom square commuting because the cross product inducing a commutative dia-
gram of short exact sequences above means that the cross product will induce a commutative
diagram of long exact sequences. So finally we may appeal to Theorem 2.4.6 to finish the

proof.

3.3 Kiinneth theorem where both terms are coned spaces

Before proceeding to our general Kiinneth theorem, we prove another special case when both
terms in the product are cones. Our version of the Kiinneth theorem follows the argument
as in (5, Section 6.4). We will make the stronger assumption of field coefficients as that is
all we will need for our purposes. The idea in (5) is to define a perversity Qpz on X x Y

when we are given perversities p on X and g on Y by

p(S)+q(S")+2 if S, 5 are both singular

p(S) if S is singular and S’is regular
Qpa(S x 5) =

q(95") if S is regular and S’ is singular

0 if S, 8" are both regular

\

Remark 3.3.1. To achieve a Kiinneth theorem we could also set Q(S x S") = p(S) +q(S")
or p(S)+q(S") + 1 in the case S and S’ are both singular. We will want the above definition

though for the purposes of comaptibility with the diagonal map.
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Lemma 3.3.2. Let F' be a field and let X, Y be stratified psuedomanifolds of dimension n—1
and m — 1, respectively, and with X,., and Y,., connected. Let p and q be perversities on
cX and cY ;respectively. Let v be a covering for X,., and let ¥ be a covering for Y,e,. Let cv
denote the cover v X idg 1y of (cX)reg = Xyeg % (0,1) and similarly define cv. Assume that
for any open U C c¢X and V C ¢Y with depth(U) + depth(V') < depth(cX) + depth(cY') that

the cross product induces an isomorphism

%« H,(IPS%(U; F) @ 1718 (V; F)) — [9aH¥*(U x V; F).

Then the cross product induces an isomorphism

x : Ho(IPS” (cX; F) @p [1S(cY; F)) — [991HY*(cX x cY; F).

Proof. Throughout the proof we will assume field coefficients; however we suppress them from
notation. We will also use write @ to mean Q5. To compute [ H&*<?(cX x cY') we will need
the construction of the join of two spaces. The join is given by XY = (X xcY )Uxxy (X xY)
and from this formula we can filter X %Y in an obvious way. From this filtration we have a
filtered homeomorphism of ¢(X xY") with ¢X x ¢Y (for details see (5, Section 2.9) for more
on the join of stratified spaces). Thus, cv x ¢ will also be a cover for (¢(X *Y)),,, because
the regular stratum of ¢(X *Y') is homeomorphic to the regular stratum of ¢X x c¢Y. Let
v be the cone vertex of ¢X and w be the cone vertex for ¢Y. Let Ux = ¢X — {v} and
Vy =c¢Y —{w} and let U = Ux x ¢Y and V = ¢X x V. Notice that under the stratified

homeomorphism ¢X x c¢Y = ¢(X *Y'), v X w maps to the cone vertex of ¢(X % Y'). Hence,

by the cone formula Proposition 2.3.3 we have that
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0, ifi>m+n—Q{v} x{w}) -1,
ICHM* (X x cY) = (5)

IPH*UUV) ifi<m+n—Q{v} x {w}) —1

where we have used that UUV = ((¢X — {v}) x ¢Y)U (¢X X (¢Y —{w})) = (¢X xcY) —
{v} x {w}.

This suggests breaking our proof of the theorem up into the cases that ¢ > m +n —
Q{v} x{w}) —land i <m+n—Q({v} x {w}) — 1 and using a Mayer-Vietoris sequence
applied to the open sets U and V. Before descending into these cases separately, we first

make a few computations. Notice that

depth(U) = depth(Ux x ¢Y)
= depth(Ux) + depth(cY’)
= depth(cX — {v}) + depth(cY)
= depth(X x (0,1)) + depth(cY)
= depth(X) + depth(cY)

< depth(cX) + depth(cY)
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Thus, we have by our assumption in the statement of the theorem that the cross product

induces an isomorphism

X H,(IPS®(Ux) @ IS (cY)) — ISH™*(U). (6)

Similarly, we have that depth(V') < depth(cX)+depth(cY’) and therefore an isomorphism

x 1 H(IPS (cX) ® 1789 (Vy)) — ICH™ > (V). (7)

We also have that depth(U NV') = depth(Ux x Vi) < depth(cX) + depth(cY’). So again

we have an isomorphism

X H, (IS (Ux) ® IS (Vy)) — ISH®*(U N V). (8)

Next, let us apply the algebraic Kiinneth theorem and the cone formula to the above

three isomorphisms. First, we work with (6).

ICH"*(U) = H;(IPS% (Ux) ® 175 (cY))
by (6)

~ (P I"HY (Ux) @p I"H"(cY)

i=j+k

by the algebraic Kiinneth theorem

I

B rrEHT(Ux) oF THE (V) (9)
i=j+k
k<n—1-g(w)

by Proposition 2.3.3.
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Similarly, we have that

ICH"*(V) =2 Hy(IPS™ (cX) ® 175 (Vy))

by (7)

~ P I"HY (cX) ®p I"H; (Vy)
i=j+k

by the algebraic Kiinneth theorem

~ P IPH(Ux) @ H (V)
i=j+k
j<m—1-p({v})

by Proposition 2.3.3.

and we also have that

IQHf”XCﬁ(U NV) = H,(I"S¥(Ux) ® ﬁng(Vy))
by (8)

= D IPH; (Ux) o ITH (V)

i=j+k

by the algebraic Kiinneth theorem.

(10)
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The final computation we will need for our argument is that

H; (178 (eX) @ 178 (eY) = @ IPH"(eX) @ ITH}(cY)

i=j+k

by the algebraic Kiinneth theorem

~ P HUPS!(Ux) @ Hy(I'S) (V) (12)
i=j+k

j<n—p{v})—1

k<m—gq(w)—1

by Proposition 2.3.3.

We want to show that the cross product

< @ PH(eX) @ ITH (cY) — I?H (X x ¢Y) (13)
i=j+k

induces an isomorphism for all 7. As we suggested above we will break this up into the cases
i>m+n—QH{v} x{w})—1and i <m+n—Q{v} x {w}) — 1. We first deal with
the case i > m +n — Q({v} x {w}) — 1. From the cone formula (5) above we see that

I9H™*(cX x c¢Y) = 0 in this case.
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On the other hand, we see that in the case i > m+n — Q({v} x {w}) — 1 the sum index
in (12) is empty because if i = j 4+ k and j <n —p({v}) — 1 and k < m —q(w) — 1 so that

j<n—-—pHv})—2and k <m —g(w) — 2, then

i=j+k

<n—-p({v}) =2+ m—q(w) -2

n+m— (p({v}) +q(w) +2) -2

=n+m—Q({v} x {w}) —2.

Hence, i < n+ m — Q({v} x {w}) — 1 which of course can’t happen in the case i >
m+n — Q{v} x {w}) — 1. Thus, the sum in (12) is 0 so that the cross product (13) is
trivially an isomorphism in this case.

Next, consider the case i < m+n—Q({v}x{w})—1. We will show that in this dimension

range the map

[9H*(UNV) = I9H*(U) & I°H"* (V)

coming from the Mayer-Vietoris long exact sequence is injective. However, we have by (9),

(10), and (11) that this corresponds to a map

P rrar(Ux) @p TH (Vi) — P rHPUs) @p FHE (V) | © P rHY(Ux) @ ITHP (V)
i=j+k i=j+k i=j+k
k<n—1-g(w) j<m—1-p({v})
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Recall we are in the case i <m+n— Q({v} x {w}) —1=m+n—-p({v}) —q(w) —3 <
m+n —p({v}) — g(w) — 2. Therefore, if we write i = j + k as in the map above, we must
have that j < n —p({v}) —1 or k < m —g(w) — 1. Let G denote a summand in (11).
By naturality of the cross product and the algebraic Kiinneth theorem in the case of field

coefficients, we have that the map above on the level of direct summands is given by

(

ijngk, if j<n—p({v})—1land k >m—7q(w) —1
\ Gin —_— Gk, if j>n—p({v}) —land k <m—q(w) — 1 (14)

GMMGM@G%, if j<n—-—p({v}) —1and k <m —7q(w) — 1.

\

Because these are all the possible cases for a summand in (11) in the case that i < m +
n — Q({v} x {w}) — 1 we see that in each possible case the map is injective. Hence, we
have shown that I?H®*(U N V) — ISH™*(U) @ ISH»**(V) is injective whenever
i <m+n—Q{v}x{w})—1. Moreover, we have the diagram below whose top row is exact
by standard Mayer-Vietoris and whose bottom row is exact by the above computation (14).
Also, as we are in the case i < m+n— Q({v} x {w}) — 1 from the cone formula (5) we may
replace ¢ H Y (UUV) with I H®**(cX x cY') for these values of i in the Mayer-Vietoris

long exact sequence in the top row below.

0 : ( :
0 [RH (U A V) —— IOHZ*(U) @ [2H? (V) —— [QHP(eX % ¢Y) = ISHZEO(U N V) —— 2HZ(U) @ IOH (V)

X | = X @ X | x‘ X | = X P X|=
0 D o B e @ w— D o Do D e D o
i=j+k i=j+k i=j+k i=j+k i—1=j+k i—1=j+k i=j+k
j<n—p({v}H-1 j<m—g(w)—1 j<m—p({v})-1 j<n—p({v})-1 j<m—g(w)—1
k<n—gq(w)—1

The squares not containing the connecting homomorphism commute by naturality of the
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cross product and naturality of the algebraic Kiinneth theorem for field coefficientes and
the square with the connecting homomorphisms trivially commutes. Therefore, by the five

lemma we have

x: @ G ICH (X x cY)
i=j+k
j<n—p({v})-1
k<m—gq(w)

is an isomorphism whenever i < m +n — Q({v} x {w}) — 1. But by (13) this isomorphism

factors as

B G = H(IPS(eX) @ T8 (cY)) 5 TOH ™ (eX x cY).
i=j+k
j<n—p({v})-1
k<m—g(w)

Therefore, because the composition is an isomorphism we have that in the case ¢ <

m+n—Q({v} x{w})—1

Hy(IPS (cX) @ 178 (cY)) = T9H™ Y (cX x ¢Y)

is an isomorphism. Thus, we have shown the cross product induces an isomorphism in all

possible cases. O

Remark 3.3.3. We note that because any cover v of (¢X),¢, = X % (0,1) can be written
as Vv = cvx where vx is a cover of X,.,, we have that the above Lemma holds if we just

assumed we had any coverings for (¢X),¢; and (¢Y),q.
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3.4 Kinneth theorem for general products of pseudomanifolds

Finally, we come to our main result of the section.

Theorem 3.4.1 (Kiinneth). Let F' be a field and let X and Y be stratified pseudomanifolds
of dimension n and m with perversities p < t and q < t; respectively. Let v be a cover for

Xyeg and U a cover for Y,e,. Then the cross product induces an isomorphism

x : H(IPSY(X; F) @ I1S?(Y; F)) — ICH”(X x Y; ).

Proof. We will induct on the depth of X x Y. If depth(X x Y) = 0, then both X and Y
are manifolds and the result follows from Theorem 3.2.1. If depth(X x Y) = 1 then either
X or Y is a manifold so that this case also reduces to Theorem 3.2.1.

So assume depth(X X Y) = N and the theorem has been proven for all products whose
depth is less than N. We will argue by applying Theorem 2.4.7.

We first prove the special case when Y = ¢L x R’ for some compact stratified pseudoman-
ifold L. Define functors F, and G, on open subsets of X by F,(U) = H,(IPS*(U)®I115%(Y))
and G, (U) = I?H?*?(U xY). The cross product induces a natural transformation ® : F, —
G,. Now G, has a Mayer-Vietoris sequences by Corollary 2.4.5 and F, has Mayer-Vietoris
sequences from the induced long exact sequence of the short exact sequence obtained from
the short exact sequence of IPS,( - ; F) for subsets of X and tensoring with [7SY(Y; F).
The resulting sequence after tensoring is still exact because F' is a field. As in the proof of
Theorem 3.2.1 ® induces a map of Mayer-Vietoris short exact sequences and hence a map

of long exact sequences on homology.
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The part of the Theorem 2.4.7 concerning direct limits is also satisfied using the same
argument of compactness of chains as in Theorem 3.2.1.

Next, we need to verify that whenever @ : F,((cL’ — {v}) x R") = G,((cL' — {v}) x R?)
is an isomorphism, so is ® : F,(cL’ x RY) — G,(cL’' x R") where L' is a compact stratified
pseudomanifold and v is the cone vertex of ¢L’. Consider open subsets of the form Uy =
UxR CcL xR oand Vy = V xR C ¢L x R where U and V are open and with

depth(U) + depth(V') < depth(cL’) + depth(cL). Then, we have that

depth(Ux x Vy) = depth(Ux) + depth(Vy)
= depth(U) + depth(V)
< depth(cL’) + depth(cL)

<N

Thus, we have by our inductive assumption that the cross product induces an isomor-

phism

X« H,(IPS"(Ux) ® I7S°(Vy)) — ICH(Ux x Vy).

However, using that Uy is stratified homotopy equivalent to U and similarly Vy is strat-

ified homotopy equivalent to V', the above isomorphism then gives us an isomorphism

x : H(IPSY(U) ® I1SY(V)) — ICH"(U x V).
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Therefore, the hypothesis of Lemma 3.3.2 are satisfied so that the cross product induces

an isomorphism

x 1 H(IPSY(cL') @ I1SY(cL)) — I9H"*(cL’ x cL).

However, once again we have that cL’ x R? is stratified homotopy equivalent to cL’ and
similarly cL x R? is stratified homotopy equivalent to cL. Thus, the above isomorphism gives

us the desired isomorphism induced by the cross product

x @ H,(IPSY(cL x RY) @ I1S?(cL x R?)) — I9H"(cL/ x R x cL x RY).

In other words, @ : F,(cL' x RY) — G,(cL' x R?) is an isomorphism.

Finally, to complete the proof of the special case Y = cL x R’, we need to prove that
whenever U C X is an open subset that is empty or contained in a single stratum of X,
® : F.(U) — G.(U) is an isomorphism. However, if U = (), then we trivially have an
isomorphism ® : F,(U) — G,(U). Otherwise, U is homeomorphic to a manifold that
inherits a trivial stratification from X. Thus, this case follows from Theorem 3.2.1 and the
proof of the theorem in this special case follows by Theorem 2.4.7.

Finally, we can prove the general case. We again apply Theorem 2.4.7. Now let F, and G,
functors defined on open subsets of Y that are given by F,(U) = H,(I?S¥(X) ® 11S?(U))
and G,(U) = I9H"Y(X x U) and again we have a natural transformation ® given by
the cross product. The same reasoning above gives us a commutative diagram of Mayer-
Vietoris sequences and the statement concerning direct limits. The condition that & :

F.((cL — {v}) x R") = G.((cL — {v}) x R?) is an isomorphism is fulfilled by the inductive
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hypothesis. We must show that ® : F,(cL x R") — G,(cL x R") is also an isomorphism.
However, this is just the special case of the theorem we proved above. The final item we
must prove is that if U C Y is homeomorphic to Euclidean space and contained within
a single stratum, then ® : F,.(U) — G,(U) is an isomorphism. However, this is holds
by Theorem 3.2.1. Thus, by Theorem 2.4.7 we have that ®(Y) : F.(Y) — G.(Y) is an

isomorphism which is what we wanted to show. O
Without too much further effort we can prove a relative version of the Kiinneth theorem.

Theorem 3.4.2 (Relative Kiinneth). Let X and Y be stratified pseudomanifolds with per-
versities p and g and open subsets A, B; respectively. Let v be a covering for X,., and 9 be

a covering for Y,.,. Then the cross product induces a quasi-isomorphism

x : IPSY(X, A, F)@p 1SV (Y, B; F)

— 195X xY,Ax Y UX x B; F)

Proof. Consider the following commutative diagram of short exact sequences

0 IPSY(A F) @p I1SY(Y; F) — IPSY(X; F) @p I7S?(Y; F) — IPSY(X, A; F) @p I1SY(Y; F) 0
X X X
0 ———— = I9S"YAXY; F) ——— [9S”"Y(X x YV; F) 198X xY,AxY;F) 0

The top row is exact since F' is a field and the bottom row is the short exact sequence
induced by the pair (X xY; AxY). It follows from the five lemma that x : IPSY(X, A; F)®p

T1S2(Y; F) — 957X x Y, A x Y; F) is a quasi-isomorphism.
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To prove the general case, we first need some homological algebra. Let A,, B,, Cy, D, be
chain complexes of left R-modules with C, C A, C B,, C, C D, C B,, and A, N D, = C,.

Then we will show there is a short exact sequence

0 A,/C. 5 B,/D, % B./(A, + D.) = 0

where f and g are the obvious maps. The fact that these are well defined is elementary (just
use that C, C A, C B, and C, C D, C B,).

To see f is injective we have that if f(a + C,) =0 € C,/D, for some (a + C,) € A./C,
then f(a + C,) = a+ D, = D, so that a € D,. Thus, a € A, N D, = C.. Hence,
a+C,=0€ A, /C..

Now we clearly have go f = 0 so that im(f) C ker(g). Suppose now that g(b+ D.) =0 €
B./(A.+D,) for some (b+D,) € B,./D,. Then, b+ D, = A,+ D, which means that b = a+d
for some a € A, and d € D,. Thus, b+ D, = a+ D,. Hence, f(a+C,) = a+ D, = b+ D, so
that ker(g) C im(f). Thus, im(f) = ker(g). Finally, the proof that B./D. — B./(A« + D)

is surjective is trivial.
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Recall that 198V (U; F) N I9SY*Y(V; F) = I9SY*Y(U N V; F) by observing the base

support of extended simplices. Thus, our above work shows we have an exact sequence

00— I957Y(X x B,AX B;F) — ISV (X x V,AX Y;F) — [9S”Y(X x Y, AxY + X x B; F) 0

where we define

198X XY, AXY+XXB; F) := 98" (X xY; F)/(I?S"*?(AxY; F)+I1°S"*?(X x B; F))

Next, we show that we have a quasi-isomorphism [9S"*?(X x YA x Y + X x B; F) =
ISV (X x Y, AXxY UX x B; F).

Consider the following commutative diagram of short exact sequences

0

00— I95"Y(AXYUX x B; F) 198V X xY; F) — I9S"Y(X x Y,Ax Y UX x B; F)

0 198V A XY, F) 4+ 19879(X x B; F) — I9S"Y(X x YV, F) — 195X x Y,AxY + X x B; F) 0.

Now the inclusion map

ISV YA XY F)+ 195X x B;F) < IS (Ax Y UX x B; F)

is a quasi-isomorphism from the proof of Corollary 2.4.5.
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Thus, from the commutative diagram of long exact sequences induced by the commuta-
tive diagram of short exact sequences above and the five lemma, we have that the map
ISV X XY, AXY +X X B; F) — [9S"?(X xY, AXxYUX x B; F) is a quasi-isomorphism.

Next, notice we have the commutative diagram of short exact sequences

0 I198"%(X x B,A x B; F)

198X X Y,AXY;F) —— I98V*(X xV,Ax Y + X x B; F)

0

X X X

00— IPSY(X, A F) ®p [78”(B; F) — IPS""(X, A; F) ®@p [7S(Y; F) —— IPS"(X, A; F) ®p I1S? (Y, B; F)

The top row is exact by above and the bottom row is exact because it is the tensor product
of exact sequences of the pair (Y, B) with IPS?(X, A; F') and because F is a field. However,
the first two vertical cross product maps are quasi-isomorphisms by our above work, and
therefore, the third vertical cross product map is also a quasi-isomorphism from the induced
commutative diagram of long exact sequences of homology and the five lemma. Thus, by

above we have a composition of quasi-isomorphisms

IPSY(X, A; F)®@p I9SY(Y, B; F) 5 1957 (X X Y,AXY 4+ X x B; F) < [9S"”Y(X xY,Ax Y UX x B; F)

which is our desired quasi-isomorphism. O]
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3.5 Properties of the cross product

Finally, to end the section we have that the cross product satisfies commutativity, associa-
tivity, and stability under boundary maps. All of these come down to properties of shuffle
products to which we refer the reader to [4] where these results are proven for ordinary

intersection homology

Theorem 3.5.1 (Commutativity). Let F' be a field and let (X, A) and (Y, B) be stratified
pseudomanifold pairs with v and 9 coverings for X,., and Y,.4; respectively. Let p and q be

perversities. Then the diagram below commutes:

[78¥(X, A F) ® [18°(Y, B; F) —» [935"%7((X, A) x (Y, B); F)

I7S?(Y, B; F) © IPSY(X, A; F) — [99S((Y, B) x (X, A); F)

where t is the signed map swapping factors and t is the map swapping coordinates. More

explicitly, let x € IPSY (X, A; F) and let y € ﬁS]’?(Y, B; F). Then,

tlzxy) = (-1)"7yxa

Proof. From bilinearity of the cross product, it suffices to prove the theorem on the level of
extended simplices. To this end, let (7,0) be an i-dimensional extended simplex in X and
let (7,7) be an j-dimensional extended simplex in Y. Notice that to (0 X 7) = (7 X 0) ot
as functions (here we abuse notation and use t to also denote the coordinate swap map
AT x AT — AT x AY).
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Thus we have the equalities

HE(5,0) ® (7, 7) = (to (7 x 7),t0 (0 x 7)) selidas ®ida,)
= (Fx 5,7 x 0)(tpe(ida ®ida,))
= (Fx 5,7 x 0)4((—1)"e(idp; @ idar))
= (1) (F x 7,7 x 0)pe(idp; @idas))

= (_l)ihjg((?ﬂ—) ® (570'))

where the equality t4e(ida: ® idas) = (—1)"e(idas ® idai) follows by closely looking at
orientations and triangulations from the shuffle products. For a proof see (5, Lemma 5.20)

where commutativity of the cross product is proven for ordinary intersection homology. []

In a similar fashion to the proof above, we can also prove the associativity of the cross
product. The proof again is reduced to the level of extended simplices and then appealing
to the associativity of the cross product of ordinary singular simplices and shuffle products.

See (5, Lemma 5.19) for these details.

Theorem 3.5.2 (Associativity). Let (X, A), (Y, B),(Z,C) be ordered triples of stratified
pseudomanifolds with coverings v,9,~ of their reqular points; respectively. Let p,q, and 7
also be respective perversities. We will denote Qp g, . (which is the same as Qq, . as may be

verified directly from the definition in Section 3.3 ) by Qpg7. Then we have the commutative

diagram
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— _ _ 1 _
IPSY(X, A, F)® I1SY(Y,B; F)® I"S1(Z,C; F) ©. 19735((X, A) x (Y, B); F) @ I"SY(Z,C; F)

1®e €

PSY(X, A; F) @ I%7SP((Y, B) x (Z,C); F) [9rar 27 (X, A) x (Y, B) x (Z,C); F)

On the level of homology, if v € IPHY (X, A; F), y € ITHY(Y, B; F), and z € ITH}(Z,C; F),

then we have the equality

rx(yxz)=(rxy) Xz

For the next property of cross products, we remark that under our sign conventions we
define (1® 9,)(r ® y) = (—1)lz @ (0,y). We refer the reader to (5, Lemma 5.2.1) for the

proof of stability in the ordinary intersection homology case.
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Theorem 3.5.3 (Stability). Let (X, A) and (Y, B) be pairs of stratified pseudomanifolds with
perversities p and q; respectively. Let v and 9 be covers for the respective reqular subsets of

X and Y. Then we have the following commutative diagram

X

H.(I"SY(X,A; F) @ I7S)(Y, B; F)) [9aH((X, A) x (Y, B); F)

.
199a7Y(X x BYU(AXY); F)
1 ® 0,

I (X x BYU(AXY),AxY;F)

H.(IPSY(X, A, F) ® I1S?(B; F)) 19 H""(X x B,Ax B; F).

4 Finitely branched coverings of pseudomanifolds

The main result of this section will be that every finitely branched covering of a pseudo-
manifold is again a pseudomanifold. We will consider branched coverings in the topological

sense of Fox (4).

4.1 Spreads and the existence and uniqueness of their completions

In this subsection we recall a few definitions and results in (4) we will need. The fundamental

concept is that of a spread, and the definition below is originally due to Fox (4, Section 1).
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Definition 4.1.1. A map g : Y — Z between T} spaces is a spread if and only if the
connected components of pre-images of open sets of Z form a basis for the topology of Y.
A point z € Z which is evenly covered by g is called an ordinary point. The set of ordinary
points will be denoted Z, (which is clearly an open subset of Z). The points which are not
ordinary are called singular points. If X C Y is locally connected and f = g|x, then we will

say that g : Y — Z is an extension of the spread f: X — Z.

Remark 4.1.2. If we wish to emphasize that the ordinary points Z, above are ordinary

with respect to the map f, we will write Z/ for the set of ordinary points under a spread

f:Yy—=2

We note that in Fox’s original paper (4) he assumes that the space Z above is locally

connected, however, as the author in (1) points out, this assumption is unnecessary.
Example 4.1.3. (a) Any covering space is a spread

(b) If X is a stratified pseudomanifold and v is the data associated to a covering of X,

then F(v) — X is a spread.

Definition 4.1.4. A spread g : Y — Z is said to be complete if and only if for every point
z € Z, the following condition is satisfied: If to every open neighborhood W of z there is
a selected component V' of ¢g7'(W) in such a way that V' C V' whenever W C W', then
Ny V' is non-empty (and consequently a point because Y is locally connected and T}). If the
condition above is satisfied for a particular point zg € Z we say that g is complete over zy.

Thus, a spread is complete if it is complete over every point zy € Z.
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Remark 4.1.5. In the above definition the condition of being complete over a point 2y € Z
may be trivially satisfied. That is, if there is no way to form a collection of connected
components V of g~1(W) so that V' C V' whenever W C W', then the condition that every

intersection Ny V' is non-empty is vacuously true.

Definition 4.1.6. An extension g : Y — Z of aspread f : X — Z will be called a completion

of f if g is complete and X is dense and locally connected in Y.

Example 4.1.7. If X is a stratified pseudomanifold, then its normalization n : XV — X
is the completion of X,., — X. To see that X" — X is a complete spread we proceed by
induction on the depth of X. If depth(X) = 0, then X is a manifold and the normalization is
given by the identity map idx : X — X which is clearly a complete spread. If depth(X) > 0,

we recall the construction of normalizations (16, Definition 2.2).

6A space X is locally connected in Y if there is a basis V of Y such that V N X is connected for every
basic open set V € V
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There Padilla considers a family of normalizations of links {ny : LY — L} of some fixed

atlas of X which satisfies the commutative diagram

(L)Y xR 2% o x R
where

V C X isopen and ¢ : V — cL x R’ is a chart

(cL)N = [I; cK; where Ky, ..., K, are the connected components of LY

e !V is a homeomorphism

e ny([p,r];,u) = ([nL(p),r],w) where [p,r]; € cK;.

By induction on depth, the maps n; : LY — L are complete spreads. Moreover, by a
similar proof as in Lemma 4.3.1 we have that (cL)Y x R? — cL x R is a complete spread.
Thus, n|y-1(vy : n7'(V) — V is a complete spread. Since the open sets V' form a basis of
X we have that n : X — X will also be a complete spread. Thus, by Proposition 4.1.8

normalizations may be seen as the unique completion of X,., — X.

Fox (4) shows that every spread has a completion and that it is unique up to an appropri-
ate equivalence. As pointed out in (1), the original assumption that Z be locally connected
is unnecessary. Existence and uniqueness is also shown in (1, Theorem 6.2, Corollary 7.4).

We state this as a proposition below.
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Proposition 4.1.8. Let f : X — Z be a spread. Then f has a completion g : Y — Z.
Moreover, the completion is unique in the following sense. If ¢' : Y' — Z is any other
completion of f : X — Z, then there exists a homeomorphism ¢ : Y — Y’ such that ¢/¢ = g

and ¢|x = idx.

We will also need an extension result for maps between spreads and their completions.

The proof may be found in (1, Theorem 7.2).

Proposition 4.1.9. Let g; : Y; — Z; be completions of spreads f; : X; — Z;, i = 1,2. Let
h: Xy — Xs and (: Z1 — Zy be maps such that fooh = /Lo fi;. Then h extends uniquely to

a map k :Yy — Yy such that ggok = {0 ¢g;.

4.2 Branched covers as completions of pre-branched covers

In this subsection we show how branched coverings may be formulated in the language of
spreads. We first define the term unbranched cover below. We have borrowed this language
from Fox’s use of the term in his paper (4) (although he is not the first to use the phrase

either).

Definition 4.2.1. A surjective spread f : X — Z with Z connected is called an unbranched
covering if X is connected and there are no singular points (Z = Z,). In other words,

f: X — Zis just a covering in the usual sense.
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Definition 4.2.2. We define a pre-branched covering to be a spread f : X — Z with X

connected and such that f(X) satisfies the following properties.

(b) Z, is connected, dense, and locally connected in Z

Notice from the definition above that a pre-branched cover f : X — Z factors as X —
Z, — Z with X — Z, an unbranched cover. We have incorporated pre-branched covers into
our treatment because we wish to emphasize that the completion of a spread f : X — 7 is
sensitive to the target space Z.

Next, we give the definition of a branched cover. The definition is due to Fox (4, Section
5). Although Fox does not use the phrase pre-branched in his definition of a branched cover
as we do, the definition is exactly the same. As mentioned above, we have chosen to use
the term pre-branched cover merely to emphasize the codomain under which the completion

takes place.

Definition 4.2.3. Let g : Y — Z be a spread. Let Z, denote the set of ordinary points and

let X =g 1(Z,). Wesay g:Y — Z is a branched covering if

(i) Z, is connected, dense, and locally connected in Z

(ii) X is connected

(iii) g is the completion of the associated pre-branched covering g|x : X — Z

The following proposition motivates the terminology “pre-branched covering”. Notice

the difference between this proposition and the definition of a branched covering is that the
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definition of a branched covering required the completion of a specific pre-branched covering.

This proposition says the completion of any pre-branched covering is a branched covering.

Proposition 4.2.4. Let g : Y — Z be the completion of a pre-branched covering f : X — Z.

Then g : Y — Z is a branched covering.

Proof. Recall that Z/ C Z denotes the set of ordinary points with respect to the map
f: X — Z, and Z9 the set of ordinary points with respect to the map ¢ : ¥ — Z. Since g
is an extension of f it is evident that Z/ C Z9.

Because ZJ C Z9 and Z7 is dense, connected, and locally connected in Z we have that
79 is also dense, connected, and locally connected in Z (1, Lemma 9.5). Thus, condition (i)
of Definition 4.2.3 is satisfied.

Next, let X' = g7(Zy). Then because X C X’ C Y and X is dense, connected, and
locally connected in Y we have that X' is also dense, connected, and locally connected in Y
(1, Lemma 9.5). In particular, condition (ii) of Definition 4.2.3 is satisfied.

Thus, we have shown that g|y : X’ — Z is a pre-branched covering. Lastly, we need to
show that ¢ : Y — Z is the completion of the pre-branched covering g|x : X' — Z. We
have already shown that X’ is dense and locally connected in Y and the map g : Y — Z is

complete by assumption. Thus, g : Y — Z is a branched covering. O]

We will use the following result in the proof of our main theorem for this section. We

refer the reader to (1, Theorem 10.4) for a proof.
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Proposition 4.2.5. Let g : Y — Z be a branched covering. Let W be a connected open
set of Z and let C be a connected component of g~*(W). Then g : C — W is a branched

COVETINngG.

The next definition is given in (4, Section 5).

Definition 4.2.6. Let g : Y — Z be a branched covering associated to an unbranched
covering g|x : X — Zp and let y € Y. Let z = g(y) and W be a connected open set
containing the point z such that Wy, = W N Z; is also connected. Let V' be the connected
component of g~1(W) containing the point y and let U = V N X. Then gy : V — W is
the branched covering associated to the unbranched covering g|y : U — W, by the above
proposition. Let j(y, W) denote the index of the unbranched covering g|y : U — Wy (that
is the cardinality of a fiber which is well defined by connectedness of U and Wj). Notice

Jly, W) < j(y, W) if W C W’. This may be seen from the commutative diagram

glu

=

W

U/ g’U/ WI
from which we can see that (g]y)~'({z}) C (glvr)"*({z}. We then define j(y) to be the
minimum of these numbers (if the cardinality of a fiber is always infinite we define j(y) = o0)

and say j(y) is the index of branching of the point y. A branched cover g : Y — Z such that

for every y € Y, j(y) < oo is called a finitely branched covering.
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4.3 Branched covers of stratified pseudomanifolds

The next lemma will provide the inductive step in the proof of our main theorem of this

section.

Lemma 4.3.1. Assume Y and Z are compact spaces. If g 1Y — Z is a branched covering,

then cg : cY — c¢Z is a branched covering.

Proof. We first verify that cg : ¢Y — ¢Z is a spread. It suffices to show that the connected
components of pre-images of a basis of ¢Z gives a basis for ¢Y. Specifically, we will consider
open sets of the form V' x (a,b) where V' C Z is open and 0 < a < b < 1 along with open
sets of the form ¢.Z = Z x [0,€)/ ~.

Let V' C Z be open and consider V,, = V x (a,b) where 0 < a < b < 1. Then
(cg)*(Vap) = g (V) x (a,b). Thus, a connected component of g~!(V,;) will have the form
C x (a,b) where C' is a connected component of g='(V). Conversely, if C' is a connected
component of g71(V) for some open V, then C' x (a,b) will be a connected component of
(cg)™(Vap). Thus, because the connected components of pre-images of open sets of Y give
a basis of Y and the collection of open sets of the form (a, b) is a basis of (0, 1), we see that
the connected components of pre-images of open sets of the form V x (a,b) gives a basis of
Y x (0,1).

Next, consider an open set of the form ¢.Z. Then (cg)~*(c.Z) = ¢.Y, which is connected.
Thus, as € varies we see that connected components of pre-images of open sets of the form
c.Z are cofinal among open sets containing the cone vertex of ¢Y (compactness of Y is used
here). This, combined with our work above proves that connected components of pre-images

of open sets of ¢Z provides a basis for the topology of ¢Y. Hence, cg : ¢Y — ¢Z is a spread.
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Let Y = g7 %(Z,) and let ¢ = g|y». We will show that ¢’ x id : Y’ x (0,1) — ¢Z is
a pre-branched covering. Now im(g’ x id) = Z, x (0,1) C (¢Z)?9*4. On the other hand,
(cZ)9*4 C im(g x id) since any element that is evenly covered by ¢’ x id is necessarily
in the image of g x id. Thus, we have im(¢' x id) = (¢Z)9* so that condition (a) of
Definition 4.2.2 is satisfied. To see condition (b), we have from the equality (cZ)9 >4 =
Zy x (0,1) that (cZ)9*4 is a dense subset of ¢Z since Z, is dense in Z by our assumption
that g : Y — Z is a branched covering. We also have that Z, x (0, 1) is connected and locally
connected in ¢Z since Z, is connected and locally connected in Z. Hence, we have shown
that ¢’ xid : Y’ x (0,1) — ¢Z is a pre-branched covering.

By Proposition 4.2.4 if we can show that ¢’ x id : Y’ x (0,1) — ¢Z is a pre-branched
covering, and that cg : ¢Y — ¢X is its completion, we will be done. By our assumption
that ¢ : Y — Z is a branched covering we have that Y’ is dense, connected, and locally
connected. Thus, Y’ x (0,1) is connected and dense and locally connected in ¢Y'.

The only item left to verify in Definition 4.2.3. is that the map cg : ¢Y — ¢Z is a
complete spread. The map cg : ¢Y — ¢Z is complete over each z € ¢Z — {v} where v is
the cone vertex because the map g x id : Y x (0,1) — Z x (0,1) is complete. To see that
gxid:Y x(0,1) = Z x (0,1) is complete, let (z,7) € Z x (0,1) and assume that for every
open set W 3 (z,7) we have selected a connected component V' of (g x id)™'(W) in such a
way that V' C V' whenever W C W’. Consider open sets of the form U x (—e + r,r + ¢)
where U C Z is open. Then (g x id)™ (U x (—e +r,7r +¢)) = g7 (U) X (—e + 1,7 + ¢€)
so that the selected connected component of (g x id)™*(U x (—¢ + 7,7 + €)) must have the

form C' x (—e+ 7,7+ €) where C is a connected component of g~'(U). Moreover, C' C C" if

U c U'. Thus, since g is a complete spread we have that NyC # (). Now open sets of the
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form U x (—e + 7,7 + €) are cofinal among open sets of (z,7) so we have that

ﬂV: ﬂ Cx(—e+rr+e)

which is nonempty.

The only point left to consider is then the cone vertex. Now for € > 0 the collection
of open sets ¢.Z is cofinal among open sets containing v. What’s more, we have that
(cg)Y(ceZ) = cY which is connected. Thus, for each c¢.Z there is only one connected

component of (cg)~!(c.Z) to choose and we have that

ﬂ cY ={w}

>0
where w is the cone vertex of ¢Y. Thus, cg : ¢Y — ¢Z is complete. Hence, we have
shown that cg : ¢Y — ¢Z is the completion of a pre-branched cover so that it is a branched

cover. n

Proposition 4.3.2. Let Z be a connected normal stratified pseudomanifold and let v denote
the data associated to an unbranched covering of Z,., (so E(v) is connected). Then E(v) —

Z is a pre-branched covering, and therefore, its completion is a branched covering.
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Proof. We have that E(v) is connected by assumption. The only non-trivial item to verify is
condition (b) of Definition 4.2.2. We have that Z,., is connected and locally connected in Z
because Z is normal and connected and Z,., is dense by definition of stratified pseudoman-
ifolds. Thus, E(v) — Z is a pre-branched covering and by Proposition 4.2.4. its completion

is a branched covering. O

Finally, we arrive at the main theorem of this section. The theorem says that in the
situation of Proposition 4.3.2, if the branched covering g : Y — Z is a finitely branched

covering, then Y is also a connected normal stratified pseudomanifold.

Theorem 4.3.3. Let Z be a connected normal stratified n-dimensional pseudomanifold and
let v be the data associated to an unbranched covering of Zyeq. Let g 1Y — Z be the branched
covering associated to the pre-branched covering E(v) — Z. If g : Y — Z is a finitely
branched covering, then Y is a connected normal stratified n-dimensional pseudomanifold
with stratification induced by the filtration Y = g=Y(Z%) where Z is the filtration inducing

the stratification of Z.

Proof. Y is connected because it contains the dense connected subspace E(v). Moreover, Y
is Hausdorff by (1, Corollary 2.8). We proceed by an induction on depth(Z). If depth(Z) =0
we are done because Z is a manifold and there are no singular points so that Y = E(v) is a
manifold with trivial stratification. So assume depth(Z) > 0 and the theorem holds for all

normal connected stratified pseudomanifolds with depth less than depth(Z).
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Let

Zrozvt=7v25... 572 >727t =

be the filtration inducing the stratification of the stratified pseudomanifold Z. Recall we use
the notation Z, = Z¥ — Z*~1. We will show that the filtration on Y given by Y* = g=1(Z*)
gives Y the structure of a stratified pseudomanifold. First, notice that Y"—Y" 2 = g~ !1(Z"—
Z"%) = g7 (Z,ey) = E(v) which is dense because g : Y — Z is the completion of the pre-
branched cover E(v) — Z.

Assume that y € Yy and let 2z = ¢g(y). Then z € Z; so that there exists an open
neighborhood U > z and a filtration preserving homeomorphism v : U — ¢L x R¥ such that
¥(z) = (v,0) where v denotes the cone vertex and where L is a connected compact stratified
(n — k — 1)-dimensional pseudomanifold.

Let W = cL x R* and let C' denote the connected component of g~!(W) containing the
point y. Then by Proposition 4.2.5, ¢ o g|c : C' — W is a branched covering. Note that
Y,eqNC' is connected, dense in C, and locally connected in C' because C'is an open connected
set and because Y, is dense and locally connected in Y (1, Lemma 7.1 and Lemma 7.5).
Thus, 1) o g|c; €' — W is the completion of the pre-branched cover ¢ o gly,.,nc : Yreg N C —
cL x R*. However, by standard covering space theory the associated unbranched covering

Y0 gly,eync : Yeeg NC = Liey % (0,1) x R* fits into the commutative diagram
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pog

K‘eg nC

Yy N C Lyeg % (0,1) x R”

o~

q %X id

Lyeg % (0,1) x R” Lyeg % (0,1) x R”

—

for some unbranched covering map ¢ : Lycg — Ly, Notice that I:;, is connected because
Y,eq N C is connected. Because Z is normal, we have that L is also a connected normal

stratified pseudomanifold. Let ¢ : L — L denote the branched covering map associated to

the pre-branched covering map L,., — L guaranteed to exist by Proposition 4.2.4.

By the assumption that g : Y — Z is a finitely branched cover, we can assume without
loss of generality that g|c : C' — W has an associated unbranched covering that is finitely
fibered. In particular, by our diagram above this means that q : L—Lisa finitely branched
covering. Now, depth(L) < depth(Z) which means by our inductive hypothesis that Lisa
connected normal stratified (n — k — 1)-dimensional pseudomanifold with stratification in-
duced by the filtration ¢~!(L*). What’s more, because q : L — L has associated unbranched
cover that is finitely fibered and because L is compact, we have that L is also compact.

By Lemma 4.3.1 we have that cq : cL — cL is a branched covering. Moreover, the map is
filtration preserving by the equalities (cq)~'((cL)?) = (cq)~*(cL*~1) = ¢L*~! = (c¢L)'. Thus,
the map cgxid : cLxRF — ¢LxRF is also a filtration preserving branched covering. However,
by uniqueness of completions we have that there is a homeomorphism ¢ : cL x R¥ — C' such

that 1 o g|c o ¢ = cq x id.
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Next, we show that the map ¢ is filtration preserving. This follows from the equalities

pH(CNY) =9 (CNg (2"
= ¢ ((gle) " (UNZY)
= ¢ ((gle) (@7 (LT x RY)))
= (Wogleod) (L™ xRY)
= (cq x id) "} (L7 x RY)

= cL7F < RE,

Thus, we have shown that Y is a connected stratified pseudomanifold. Moreover, it is
normal because the links L above were connected so that each point in Y has a connected
link which is enough to guarantee that any link in Y is connected (5, Remark 2.68).

]

Branched covers for stratified normal pseudomanifolds which are not necessarily con-

nected extend in the obvious way by reducing to connected components.

Proposition 4.3.4. Let Z be a normal connected stratified pseudomanifold with v a locally
finite unbranched reqular cover. Let g :' Y — Z be the completion of the pre-branched cover

E(v) — Z. If S is a stratum of Z and y1,y> € g~1(5), then j(y1) = j(y2).

Proof. First we show that if 2 € Z and y1,92 € g '({z}), then j(y;) = j(y2). Choose an
connected open subset W C Z such that the y; connected component of g=*(W), call it C,

does not intersect the y, connected component of g='(W), call it Cy. This may be done
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because connected components of pre images of open sets form a basis for Y and Y is a
pseudomanifold, in particular Hausdorff, by Theorem 4.3.3. Then C; N g~ (Wyey) — Wiy
are unbranched covers of W, so that if 2/ € W, there exists v} € C;N g™ (W), i = 1,2,
such that ¢g(y;) = 2. Since v is a regular cover of Z,,, there exists a deck transformation
¢ : E(v) = E(v) such that ¢(y}) = y5. Because ¢ is a homeomorphism and Cy N W, is
connected, we must have ¢(C1Ng 1 (Wey)) = CoNg™H(W,e,y). In particular, this means that
J(y1, W) = j(y2, W) for all W so that j(y1) = j(y2).

Thus, for 2z € Z, we define j(z) = j(y) where y € g~*({z}). By above this is well defined.

Next, let us show that j(z1) = j(2q) for any 21,29 € S where S is a stratum of Z. Fix
2o € S and let W C Z be an open set such that zo € W and j(zo) = j(z0, W) (such a choice
may be made by the well-ordering principle and because we assumed all branching indexes
were finite). By perhaps shrinking W we may assume without loss of generality that W is
stratified homeomorphic to c¢L x R? for some compact connected stratified pseudomanifold
L. Let C denote a connected component of g~*(WW). From the proof of Theorem 4.3.3 we

have the commutative diagram below.

cq % id

cL x R cL x R

where ¢ and 27; are stratified homeomorphisms with ¥ (z9) = (v,0) and ¢ : L — L is

the branched cover that is the completion of an unbranched cover I//,:g — L. Note that
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J(20) = |7 ({u})| for any u € L,e,. Next, assume 2z’ € W N S. Let W’ C Z be an open set
such that j(2') = j(2/, W’). Now from the proof of (5, Lemma 2.39) there exists € > 0 and an
open disk D C R? such that ¢.L x D' C (W NW’). Let V. = v~ (c.L x D*). Then V, C W’
so that we must have j(2',V.) = j(2/,W’) = j(2'). We will show that j(2',V.) = j(z) as
well.

Now an easy computation shows that ¢ (7*(V.) N C) = ¢.L x D'. In particular, since 1
is a homeomorphism, g~*(V.) N C is connected. Moreover, because g~(V;) C g~ (W), we
have that ¢~'(V,) N C is a connected component of g~!(V,). Restricting to Y;¢, then yields

the commutative diagram below.

g (V) NC N Yo (Ve)reg

(8 (8

~ ‘ id x id
Lyeg % (0,€) x D' ¢xexl

Lyeg % (0,€) x D

For the sake of brevity we have omitted the notation that we are restricting the maps from
the previous commutative diagram. So we see that j(z/,V.) = |¢ ' (u)| for any u € Ly,
which means from our previous remarks that we have j(2/, V.) = j(z0). Hence, j(20) = j(2')
for any 2/ € W N S. Thus, we have shown that the branching index j defines a locally
constant function on the stratum S so that from connectedness of S we have j is constant

on S. This is what we wanted to show. O]
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Remark 4.3.5. Our proof above may be modified to say a bit more. If 2 € Z and W
is any distinguished neighborhood of z and if V is an open set containing z such that
j(z) = j(z,V), then by our arguments above there is an open set W’ C V such that
J(z, W) = j(2,V). However, since W C V we have that j(z) < j(z, W) < j(z, V) = j(2).

Thus, j(z) = j(z, W).

Corollary 4.3.6. If Z is a compact connected normal stratified pseudomanifold and g :
Y — Z is finitely branched regular covering, that is, gly,., : Yreqg = Zyeg is a regular ordinary

covering, then {j(z) : z € Z} is a finite set.

Proof. By Proposition 4.3.4 j is constant along the strata of Z, but if Z is compact then Z

has finitely many strata (5, Lemma 2.37). O

4.4 Equivalence of intersection homology of finitely branched cov-
erings with intersection homology for coverings of the regular
stratum

In this subsection we show that if g : Y — Z is a finitely branched covering of a stratified
pseudomanifold, then the intersection homology of the normal stratified pseudomanifold Y
is isomorphic to the intersection homology for the associated unbranched cover g|;-1(Z4) :

G N (Zreg) = Zyey that we defined in Section 1.1.

Definition 4.4.1. For a branched cover g : Y — Z, we define the group of branched deck

transformations to be the group of homeomorphisms v : Y — Y such that gv = g.
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We begin by proving a lemma that the group of branched deck transformations of a
branched cover is isomorphic to the group of deck transformations of the associated un-

branched cover.

Lemma 4.4.2. Let Z be a connected normal stratified pseudomanifold and let v denote the
data associated to a connected cover of Z,, such that E(v) — Z is finitely branched. Let

g:Y — Z denote the induced branched cover. We let

e 7 denote the group of branched deck transformations v :Y —'Y such that goy = g,

e 7 denote the group of deck transformations v : E(v) — E(v) such that glgpw) oy =

9lEw)-
Then ™ = 7.

Proof. Consider the map ¢ : m — 7 given by ¢(y) = 7 where ¥ : Y — Y is the unique
extension of v : F(v) — E(v) which exists by Proposition 4.1.9. This is a homomorphism
because we have that 7; 672 = 9; o0 95 by uniqueness of extensions of lifts. The map is

injective because if 7 = 72, then v1 = 71|gw) = V2|Bw) = 72- Finally, the map is surjective

because if v : Y — Y is a deck transformation, and v|g(,) is the extension of v|g( to a lift

of g, then v|g) = v by uniqueness of lifts. Hence, ¢ : # — 7 is an isomorphism. O

If p is a perversity defined on the the strata of X and g : Y — X is a finitely branched
covering we will abuse notation and also use p to denote a perversity defined on Y in the

following way. If S is a stratum of X and S’ C g71(9) is a stratum of Y we let p(S’) = p(S).
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Theorem 4.4.3. Let R be a commutative ring with unity. Let Z be a connected normal
stratified pseudomanifold with perversity p < t and let v denote the data associated to a
connected cover of Z,e, such that E(v) — Z is finitely branched. Let g : Y — Z denote the
induced branched cover. For an open set W C Z we use the notation W= gt (W).

Let V. C U C Z be open sets. Then we have chain isomorphisms IT’S*(&, 17; R) =
IPSY(U,V; R). Moreover, this is an isomorphism of R[n]-modules (we identify T with m via

the isomorphism in Lemma 4.4.2).

Proof. We first consider the case V = (). Let Sf(ﬁ ; R) denote the submodule generated by
p-allowable singular simplices and let PS”(U; R) C S¥(U; R) denote the submodule generated
by p-allowable simplices.

Consider the map PP : Sf(ﬁ; R) — PSY(U; R) given by 7+ (7|;-1(v,.,),9 © 7) and ex-
tended linearly. This map is well-defined because 7|,-1(y,.,) = T|(gor)-1(X,e,) : (90T) " (Zreg) =
E(v) which is evidently a lift of g o 7|(gor)-1(2,0,) : (90 T) " (Zreg) = Zreg- We also need to
verify that (7|,-1(y,.,),g o 7) is p-allowable whenever 7 is p-allowable for the map to be well-
defined. To see this notice we can write g~!(S) = U,S!, where S/, is a stratum of Y. Then

we have that

(gor) ' (S) =77 (g7'(9))
= T_l(UaSzlx)
= UaT_l(S:x)

C Uq(k — codim(S) 4 B(S,) skeleton of A¥)
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However, from our proof that g : Y — Z being a finitely branched covering implies Y is a
stratified pseudomanifold we see that codim(S!)) = codim(S) and we have that p(S.) = p(5)

by definition. Hence, we see that

(go1)"H(S) C k — codim(S) + p(S) skeleton of A*

so that ®(7) is p-allowable.

To see the map ®P is injective suppose ®P(7) = ®P(7'). Then 7|.1(y,.,) = T'|+-1(vie,)-
However, because D < t we have that 771(Y,,) D int(A*) and 7/71(Y,¢,) D int(A*) which
means 7 and 7/ agree on the dense subset int(A*), and hence, 7 = 7/ by continuity.

Next, we show ®P is also surjective. Consider a p-allowable extended k-simplex (7, 0)
where o : U_l(ZTeg) — Y,egisalift of o : A* — Z and o is p-allowable. Because p < t we have
that 071 (X,.,) D int(A*). Notice that the spread 07!(X,.,) — A" has a unique completion
to id : A¥ — A* because 071(Z,¢,) D int(AF). Thus, we may apply Proposition 4.1.9 with
Vi=A" Yy =Y, X1 =0 Y Zey), Xo = Zyeg, h =7, and £ = 0. Thus, & extends uniquely
to a map 7, : A¥ — Y which is a lift of o. If we can show 7, is p-allowable we will be done
as in this case we obviously have ®(7,) = (d,0). To this end, let S’ be a stratum of ¥~ and

let S be the stratum of X such that S’ C g~!(S). Then we have
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C k — codim(S) + p(S) skeleton of A*

= k — codim(S") + p(S’) skeleton of A*

where the third line follows because 7, is a lift of o, the fourth line follows because o is
p-allowable, and the last line follows as before from our proof of Theorem 4.3.3. Thus, we
have shown ®” induces a bijection between groups of p-allowable simplices, and therefore, is
an isomorphism.

In a similar fashion if we let §k(l7 ; R) denote the submodule generated by k-simplices
7+ A¥ — U such that 771 (Y,ey) D int(A*), then we have an isomorphism of R-modules

~ o~

® : S (U; R) — SY(U; R). Consider the diagram below

U
SY(U; R) — "S{(U; R)

0 0

BN d -
«(U; R) — S{(U; R).

n

An easy verification as in previous proofs we made shows the diagram commutes. Thus
Lemma 2.2.10 implies ®P restricts to an isomorphism of chain complexes : ITJS*(ﬁ iR) —

1PSY(U; R).
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Next, we show that ®? is an isomorphism of R[r]-modules. Let v € m, £ € IES*(ﬁ; R),
and write { = ). r;7; where 1, € R. Recall that v-& := 7 - £ where 7 is the extension of
~v.We also note that because 7 is an extension of v and a lift of g we have that 7 is filtration
preserving, and therefore, (Yo7;) ™ (Vo) = 7, " (71 (Veg)) = 7 L (7 (Yoeg)) = (773) 7 (Vi)

Moreover, if € (y7) 71 (Y;eq), then (¥ o 73)(z) = F(7i(x)). But 7(x) € Y,ey, which means

that 7(7;(z)) = v(m(x)) because 7 is an extension of v. Thus, we have shown that

CER
- Z 7’1(37 o Ti|(§OTi)*1(Yreg)7 go 77/ © Ti)
= Z r1(7 o Ti|('yo7—i)_1(y'reg)7 go Ti)

— Z riy - (TZ'|7_1_—1(YT69), g o Ti)

=7 9P(¢)

where the third to last line follows because 7 is a deck transformation so that go~v = g.
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Finally, if V' # () we have that ]ﬁS*(ﬁ, v R) = IPSY(U,V; R) because

IPS.(U,V:R) = I?S,(U; R)/I?S.(V; R)
= QP(I7S,(U; R)) /PP (I"S.(V; R))
— IPSY(U; R)/I?S,(V; R)

= IPS"(U,V;R).

5 Fundamental classes with twisted coefficients

In this section we show how to construct fundamental classes with twisted coefficients. Our
result generalizes (11, Theorem 5.8) to cases when the regular set of a stratified pseudoman-

ifold is possibly non-orientable.

5.1 Intersection homology with coefficients twisted by the orien-
tation character

For ordinary manifolds there are two equivalent approaches to defining twisted homology.
One approach is to use the chain complex R* ®pg|x S*(ZT/[/ ; R) where R is commutative ring
with unity, M is the universal cover of the manifold M , m=m(M), and R" is the left
R[m]-module induced by the orientation character w : @ — Aut(Z). Another approach is to

use the orientation double cover M — M and the chain complex R™ @pg(z,) S*(]\/Z ; R) where
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R™ is the right R[Zs]-module induced by the isomorphism 7 : Zy — Aut(Z). We also use
7 to denote the non-trivial deck transformation involution M — M. One may then show
these two chain complexes are isomorphic (14, Examples 3H.2, 3H.3). We opt to generalize
the latter approach to pseudomanifolds.

Let o denote the data corresponding to the orientation cover of X,.,. We denote the
p-intersection chains of R” ®pgz,) S2(X; R) by I7S.(X; R™). We will also be concerned with
open subsets U C X. The p-intersection chains in IPS,(X; R™) which have base support
in U correspond to p-intersection chains of R™ ®g(z,) S7°(U; R). However, for an open
set U we have that i*0o = oy, where oy is the orientation covering of U,eqy = X, N U.
This is true because any two sheeted covering of a manifold with orientation reversing deck
transformation is equivalent to the orientation cover. Hence, p-intersection chains of R™® gz,
ST°(U; R) are p-intersection chains of R” ® gz, S (U; R). Thus, our notation is well-defined
upon restriction to open subsets.

The benefit of working with I75,(X; R7) is that this makes sense even whenever X, is
not connected, whereas we only defined twisted coefficients whenever X, is connected (one
could extend the definition of our algebraic construction of twisted coefficients for intersection
homology, but we opt to avoid the notational headache). We also note that when X,., is

connected, we have the equality

IPS,(X:R7) = IPS°(X: R").
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We next show that I7S5,(X; R™) = IPS.(X; 0o(X; R)) where o(X; R) is the R-orientation
local coefficient system defined by o(X; R) := R” Xz, E(0) which we recall is R x E(o)

modded out by the relations (r,Z) ~ (r-7,7-Z) for all T € E(0) and all r € R".
Proposition 5.1.1. For every stratified pseudomanifold X, I?S,.(X; R™) = I?S,.(X;0(X; R)).

Proof. The proof follows just as in Theorem 2.2.11. Define a map ® : R ®p §f(X; R) —
5.(X:0(X;R)) by ®(r @ (5,0)) = [(r,5)]o where [(r,5)] : 0 Y Xyeg) — 0(X; R) is the map
defined by [(r,7)](z) = [(r,o(x))] for all x € 07(X,e,). Just as in Theorem 2.2.11 we have
that (R ®r S°(X: R)) /ker(®) = R™ ®,, 5°(X; R). So we have an injective map ® : R” @,
5°(X: R) — S,.(X;0(X:R)) and similarly we have an injective map ® : R™ ®z, 5°(X: R) —
S, (X;0(X; R)). We then have that the boundary map commutes with these isomorphisms

and the image of a p-allowable chain is p-allowable. Hence, just as in Theorem 2.2.11 we

have IPS,(X; R™) = IPS,(X;0(X; R)). O

Remark 5.1.2. For an inclusion ¢ : U — X of an open set and a local coefficient system
p : &€ — X, one has that the local coefficient systems *£ — & and p~'(U) — U are
equivalent. Applying this to o(X; R) — X we have that i*o(X; R) = R” Xz, E(i*0). However,
i*o = oy where oy is the orientation cover of U,.,. Thus, i*o(X; R) = o(U; R). Combining

this with the previous proposition we therefore have the commutative diagram

IPS.(U; R)=1PS,(U; 0(U; R))

IPS.(X; R)=17S.(X; 0(X; R))
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The next corollary follows by the previous proposition, the above remark, and the same
arguments use to prove Proposition 2.3.3, Proposition 2.3.4, Corollary 2.4.5, and Corol-
lary 2.4.3. Notice without the previous proposition this would not follow immediately from
the results of Section 2. This is because we only proved versions of Proposition 2.3.3 and
Proposition 2.3.4 for twisted coefficients defined using connected regular covers.

We will also consider relative homology IPH,.(X,U; R™). This is defined as

H, (I?S.(X; R")/I7S,(U; R")) .

However, we need to be careful because twisted coefficients is defined using tensor prod-
ucts so we need to verify that the map I?S,(U; R™) — IPS,(X; R") is an injection. How-
ever, PS% (U; R) and PS2*(X; R) are free R[Zs]-modules. Thus, the exact sequence 0 —
PSU(U; R) — PS°*(X;R) (recall oy = i*0x) remains exact after applying the functor

RT®R[Z2] . Thus,

0 — R @Rjz,] PSU(U;R) — R” ®R(Z2] PSX(X; R)

is exact. Therefore, we have the commutative diagram
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0 R ®R[Zg] T)S:U(U; R) — ES:X (X; R)
0 IPS,.(U; R") I’S.(X;R")
0 0

where the vertical arrows are exact because I7S,(U; R™) and IPS,(X; R") are by definition
submodules of R™ ®p(z,1 7SV (U; R) and PS9X (X; R); respectively. Therefore, commutativity
of the diagram and exactness of the top row and the left column imply the bottom row must
also be exact.

Thus, our definition of IPH,(X,U; R") is justified and what’s more we have the short

exact sequence

0— IPS,(U; R7) = IPS,(X,U; R7) — IPS,(X,U; R7) — 0

which induces a long exact sequence on homology. This is part 5. of the corollary below.
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Corollary 5.1.3. Let X be any (n — 1)-dimensional stratified pseudomanifold, let U,V be

open subsets of X, and let C' C U be a closed subspace.

1. Cone Formula:

) 0 if j >n—1-5({v})
IPH;(cX; R") =

PHyX;R7) if j<n—1-p({v})

where v 1s the cone vertex and the isomorphism in the second case 1s induced by the

nclusion X — c¢X.

2. The inclusion X x {0} — X x R™ induces an isomorphism

IPH(X x R™ R™) = IPH,(X; R")

3. Excision holds. That s,

PH.(U,U — C;R") = IPH,(X,U; R")

4. There is a Mayer-Vietoris long exact sequence.

IPH,(U NV RY) — IPH,(U; B") ® PHy(Vi R) — PH{(U UV R") — [PH;_y(U N V; RY)

5. There is a long exact sequence of the pair (X,U)

IPH,(U: R™) — IPH;(X:R") — IPH;(X,U; R") — I’H,_,(U; R")
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We end the subsection with a lemma we will need for defining the twisted cap product.

Lemma 5.1.4. Let X be a stratified pseudomanifold and let F' be a field with char(F') # 2.
Let U C V C X be open subsets. Then the map F™ @piz,) IPS2(U,V; F) — IPS,(U,V; FT)

1S a quasi-isomorphism.

Proof. We begin with the case V = (). We will apply Theorem 2.4.7 to the functors defined
on open subsets W C U by F,. (W) = H.(F" ®pz,) IPS{(W; F)) and G, (W) = IPH (W F7).
Notice that for z € IPS(W; F), 1 ® z is a p-intersection chain according to the definition of
IPS,(W; F7). This gives a natural transformation F, — G..

By Maschke’s theorem (Theorem 6.2.3) we have that F'[Z,] is semi-simple since char(F) #
2 by assumption. Therefore, by (18, Theorem 4.2.2) every module over F'[Z,] is projective;
and therefore flat. Thus, we may apply the universal coefficient theorem (18, Theorem 3.6.1)

so that we have the natural short exact sequence

0= FT@py [PHA(W; F) = H, (FT ®piz, IPS2(W; F)) — Tor, “) (IPHX(W; F), FT) — 0.

However, once again applying Maschke’s theorem and (18, Theorem 4.2.2) we have that
IPH! (W F) is a projective F'[Zs]-module, hence, a flat F'[Zs]-module. Thus,
Torf[ZQ] (IPH:(W; F), F7) = 0. So from naturality and exactness of the short exact sequence
above we have a natural isomorphism F™ @p(z,] IPH!(W; F) = H, (F™ @z, IPS2(W; F)) .
These natural isomorphisms and tensoring the long exact sequence in Corollary 2.4.5 over
F7 (which remains exact by Theorem 6.2.3 and (18, Theorem 4.2.2)) induce Mayer-Vietoris
long exact sequences for the functor F,. By Corollary 5.1.3 there is a Mayer-Vietoris long
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exact sequence for the functor G,. The natural transformation F, — G, then induces a
diagram of Mayer-Vietoris sequences. The only non-trivial spot to check the commutativity

of this diagram is at the boundary position

1® 0,

F7 ®F[Z2] [ﬁH;(Wl U Wz, F) F ®F[Z2] IﬁH;_l(Wl N WQ, F)

0.

IPH; (W, UWy; F7) IPH; o (Wy 0 Wy FT)

where W; C U are open for i = 1,2. By bilinearity of tensor products every element
of F™ ®pz, IPH;(W1 U Wy F) may be written as a sum of elements of the form 1 ® x
where x € IPHS(W, U Wy; F). Therefore, it suffices to show the diagram commutes for
elements of the form 1 ® z. Going across vertically, 1 ® x maps to 1 ® d,x. Recall from
the “zig-zag” construction of Mayer-Vietoris long exact sequences that J,x is defined to
be Ox; where x is homologous to x; + x5 for z; € IT’S;(Wi;F). We then map down to
1 ® Oy, but considered as an element of IPH;_;(W; N Wy; F7). Going around the diagram
the other way, we first consider 1 ® = as an element of IPH;(W; U Wa; F7) and then map to
0,(1®x). However, because x is homologous to x1 + x2, we have that 1 ® z is homologous to
1®(z14x9) = 1®x1+1®x9. Thus, by the zig-zag argument for Mayer-Vietoris sequences we
may represent 0,(1®z) by (1®z1) = 1® dx;. So we see the boundary position commutes

for the diagram of Mayer-Vietoris sequences induced by the transformation F, — G,.
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Now assume W C U, is homeomorphic to Euclidean space. Then I[PS(W;F) =
S2(W; F) so that F,(W) — G.(W) is the identity map which of course is an isomorphism.
EW=0F.(W)=0=G.W)so F.(W) = G.(W) is obviously an isomorphism.

Next, assume {W, }aecy) is a collection of open subsets of U totally ordered by inclusion
and such that F,(W,) — G.(W,) is an isomorphism for each o € J. We must show that

F.(UaesWo) = Gi(UaesW,) is an isomorphism. We have

F" @pi2) P52 UncsWai F) = F7 @pizy lim 782 (Wi F)
>~ liH}FT QF|[Zs] IﬁSZ(WaQ F)
ac
~ T p - FT
= gemJ] S(Wy; FT)

= IT)S*(UQEJWa; FT)

where the first and last isomorphisms are because chains have compact support and because
{W,} is totally ordered by inclusion, the second is because direct limits preserve tensor
products, and third isomorphism is because the direct limit of quasi-isomorphisms is a quasi-
isomorphism. Hence, the entire composition above is a quasi-isomorphism which is what we
wanted to show.

Next, assume W C U is open and stratum-preserving homeomorphic to c¢L x R* where L
is a (k — 1)-dimensional compact stratified pseudomanifold and that F,((cL — {v}) x R?) —
G.((cL — {v}) x R") is an isomorphism where v is the cone vertex of cL. We must show
that F.(cL x R") — G,(cL x R?) is also an isomorphism. For j >k —1—p({v}) we have by
Corollary 5.1.3 G;(cL x R") = 0.
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Combining Corollary 2.4.5, Proposition 2.3.4, and our above work, we have F;(cL x R") =
FT@pz, IPH? (cL xR F) = 0. Hence, F;(cLxR’) = G;(cLxR’) is trivially an isomorphism
whenever j > k — 1 — p({v}). Next, consider the case j < k — 1 — p({v}). We have the

commutative diagram

F" @pizy IPH((cL — {v}) x R F) — IPH.((cL — {v}) x R F7)

F™ @pizy IPH (cL x RY; F) IPH,(cL x R, F7)

where the vertical maps are induced by inclusion. The left vertical map is an isomorphism
in this dimension range by Corollary 2.4.5, Proposition 2.3.4, and because the inclusion
map is equivariant over the action by 7. The right vertical map is an isomorphism in this
dimension range by Corollary 5.1.3. The top map is an isomorphism by assumption so that
commutativity of the diagram gives the bottom map must also be an isomorphism which is
what we wanted to show. Therefore, by Theorem 2.4.7 we have that F.(U) — G.(U) is an
isomorphism.

For the case V is possibly nonempty we have the commutative diagram of short exact

sequences

0 0

FT ®pizy) IPSY(V F) — F7 @pizy) IPS (U F) — F7 Qpizy IPS(U,V; F)

7S, (V; F7) IPS,(U; F7) IPS,(U,V; F7)
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The top row is exact by Theorem 6.2.3 and (18, Theorem 4.2.2). The commutative diagram
of short exact sequences above induces a commutative diagram of long exact sequences on
homology. By the previous case above and the five lemma, the lemma is then also true for

the pair (U, V). O

5.2 Branched orientation covers

Using the results of the last section we can show that every pseudomanifold has a branched
covering space that is an orientable pseudomanifold. In general, not every pseudomanifold
has an orientation covering space that evenly covers the entire pseudomanifold. For example,
the orientation cover SS? — {n, s} — SRP? — {n, s} cannot be extended to an even cover of
the entire space SRP? (where n and s are north and south poles). However, SS? — SRP? is
a branched cover and SS? is an orientable pseudomanifold (in fact a non-trivially stratified

manifold in this case).

The branched orientation cover

Let X be a connected normal stratified pseudomanifold and let o denote the data associ-
ated to the orientation cover of X,.,. Assume X,., is non-orientable. Then E(0) — X,
is a connected 2-sheeted cover, and therefore, we may apply Theorem 4.3.3 to extend the
orientation cover to a branched cover X — X with X a connected normal stratified pseu-
domanifold. Because E(0) is orientable we have that X is an orientable pseudomanifold.
Moreover, the non-trivial orientation-reversing deck transformation involution E(o) — E(o)

extends uniquely to an involution 7 : XX by Proposition 4.1.9.
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If X,., is orientable, then E(0) — X, is equivalent to the cover X, ¢, [[ Xyeg = Xyey which
we may clearly extend to X - X with X = X [TX. We still clearly have an orientation-
reversing involution X=X given by mapping one disjoint copy of X to the other.

Finally, we also note that the map p : X > Xisa proper map. To see this note in our
proof of Theorem 4.3.3 we actually also showed a finitely branched cover Y — Z of normal
pseudomanifolds Y and Z is an open map. Thus, p : X — X is an open map. To see it
is proper, let K C X be compact. Let U,, @ € J be an open cover of p~!(K). For each
r € K, choose a single lift 7 € p~}(K) of x Then, for each 7 € p~*(K), choose an open set
U,, 2 7. Set Vz = U,_. Define similarly V,z. Notice that the V5 together with the V.5 cover
p Y(K). Then, p(V3) is an open set and covers K. However, K is compact so there is a
finite subcover, say, p(V%,),...,p(Vz,). Similarly, p(V;z) is an open cover of K and so there
is a finite subcover say p(Vr3,),...,p(Vzg, ). But then, V..., V5, Vig,..., Vg, is a finite
subcover of p~'(K).

We summarize the above remarks as a proposition below.

Proposition 5.2.1. Let X be a connected normal stratified pseudomanifold. Then there is a
unique branched cover X=X extending the orientation cover of X,., with X an orientable
normal stratified pseudomanifold. Moreover, the map X > Xisa proper map and there is

an orientation-reversing branched deck transformation involution 7 : X — X.

Remark 5.2.2. The space X has a tautological orientation coming from the construction
of orientation covers. Recall that for a manifold M™, the orientation cover M may be
constructed to be the set of ordered pairs (x,0,) where z € M and o, € H,(M, M —{z};7Z)

is a generator. Let B C M be an open set homeomorphic to an open ball and let op €
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H,(M,M — B;Z) represent a generator. Recall M is given the topology generated by the
basis U(op) where U(op) is the set of all (x,0,) such that x € B and op + 0, under the
natural map H,(M,M — B;Z) — H,(M;M — {x};Z). Then each (x,0,) has a canonical
local orientation given by the element 0(;,,) € Hn(]/\J\ ; M — {(z,0:)};Z) corresponding to
(x, 0,) under the isomorphisms Hn(]\/i, A/Z—{(x, 0:)};Z) = H,(Uop),U(op)—{(x,0,) }; Z) =
H,(B,B—{z};7).

We will call this the tautological orientation or canonical orientation of an orientation

cover. For more on orientation covers of manifolds we refer the reader to (14, Section 3.3).

We extend orientation branched covers in an obvious way to non-connected normal pseu-

domanifolds in the following definition.

Definition 5.2.3. If X is a normal stratified pseudomanifold, but not necessarily connected,
we may write X = [, X; where each X; is a normal and connected stratified pseudomani-
fold. Then using the above proposition we have a unique branched cover 5(\1 — X, and an
orientation-reversing deck transformation involution 7; : 5(\, — 5(\, Let X = ]_LZ We
define the branched orientation cover of X to be X = 1L 3(\1 — ][, Xi = X and we have an
orientation reversing branched deck transformation 7 : X — X given by 7(z) = 7;(z) for the

unique ¢ such that x € 5(\1
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The following proposition mirrors the construction of (14, Example 3.H.3) and will allow

us to show the existence and uniqueness of twisted fundamental classes.

Proposition 5.2.4. Let R be a commutative ring with unity and also assume % € R. Let
X be a stratified normal pseudomanifold with branched orientation cover X — X and let

U C X be open. Let p <t be a perversity on X.Then there exists a long exact sequence

—— IPH;(X,U; R") — I"H;(X,U; R) — I"H;(X,U; R) — IPH; (X, U; R")

Proof. We first consider the case that X is connected and normal. We first show we have

an exact sequence of R-modules

¢

0 SP(U;RT) - SP(U; R) 2+ S7(U; R)

where p : X — X is the branched covering map and p, is the map induced by p.

The map ¢ in the sequence above is defined to be ¢(1 ® (7,7)) = 75 — 775, where
v: AP 5 U, 5y (Usey) = E(0), and 75 : A¥ — U is the extension of ~. We then extend
¢ linearly. To verify the map ¢ is well-defined one easily checks that 1® (7,7) = —1®7(7,7)
map to the same element under ¢.

To show the sequence above is exact we begin by proving the map ¢ is injective. For
each p-allowable simplex o : A* — U choose a single lift ¢ : 071 (U,ey) — E(0). Then the

elements (7, o) generate a basis for SL(U; R7) as a free R-module.
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Let & denote the unique extension of & : A¥ — FE(0) to a map o : AF — U guaranteed
to exist by Proposition 4.1.9. Then the simplices o generate a basis for Sf(ﬁ ; R) as a free
R[Zs]-module.

Now assume z € S?(U; R7) and that ¢(z) = 0. We may write 2 uniquely asz =), ;(1®
(0i,04)). Since ¢(x) = 0 this means that ) . r;(6; —70;) = 0. Hence, >, r;6; —> . riTa; = 0.
By linear independence we therefore have that r; = 0 for all 7 so that x = 0. Thus, ¢ is
injective.

Next, we show that im(¢) = ker(p,). Suppose z € SP(U; R™) and write x = >, n;(1 ®
(03, 0i)). Then p.o(z) = p. (32, ni(0: — 703)) = >, nilpo; — proy) = 3, ni(os — 03) = 0.
Thus, im(¢) C ker(p,). Conversely, assume = € ker(p.). Write x = >, n;0; + >, m;70;.
Then, 0 = p,x = > ,(n; +m;)o;. By linear independence, this means that m; = —n,. Hence,
x =Y, ni(6; —7;). Then, ¢(>_, ni(1 ® (0;,0;)) = x. Thus, im(¢) = ker(p,).

The same argument above shows that we also have an exact sequence of R-modules

S.(U;R") 2 5.(U; R) 2+ 8.(U; R).

Next, we show the exact sequences above restrict to an exact sequence of chain complexes

¢

0 7S,(U; R") % 175,(U; R) 2% 1PS.(U; R) —— 0.
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We need to verify that each map is well-defined with respect to p-intersection chains. To
this end, it suffices to show each map is a chain map. The map p, is obviously a chain map
so we focus our attention on ¢. Let x € IPS,(U; R") so that z,0x € SP(U; R™). Notice that
because ¢(z) € SP(U: R) we have that d¢(z) € S.(U; R). Write z = Yo ri(l ® (0, 04)).

Then,

dp(x) = 0 (Z (G — @))

i

- ZZ(—U%(@ ©0; — 76 00))
_ZZ r1¢1®( 00j,0;00;))
=¢ (ZZ 7”1 1 ® 01702))>

= ¢(0z).

Hence, because Oz is p-allowable we have that ¢(dz) is p-allowable so that d¢(x) is p-
allowable. Hence, ¢(x) is a p-intersection chain. Thus, we have simultaneously shown that
¢ is well-defined and a chain map.

Now, because we are restricting the exact sequences above, we clearly still have that
¢ is injective and that im(¢) C ker(p,) upon restriction to p-intersection chains. We next
verify that ker(p,) C im(¢) upon restriction to p-intersection chains. So assume that z €
175, (U; R) and p,z = 0. Then there exists y € SP(U; R™) such that ¢(y) = . We will show

that dy € SP(U; R").
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Now p.(0x) = Op.x = 0 so that there exists z € SP(U; R™) such that ¢(z) = 0x. However,
we have that ¢(0y) = 0¢(y) = dx. Hence, because ¢ is injective we have that dy = z so
that dy € SP(U; R").

To complete the proof that the sequence of p-intersection chain complexes is exact, we
show that I7S,(U; R) 2% IPS,(U;R) is surjective. Consider the map ¥ : S,(U;R) —
S.(U:R) given by U(o) = +(@ 4+ 70) and extended linearly. Notice W restricts to U :

SP(U; R) — Sf(ﬁ; R). Let x € I"S,(U; R) and write x = ). r;0;. Then,

OU(z) = 9 (Z %(a + Ta-))
= Z Z aza +76:0;)
= Z Z ala +70,0)
= ;;(—1)%&(@@)
- (ZZ Ir,0:0 )

= U (0z).

where the third line follows from the observation that if &; and 76, are the two lifts of o,
then 7;0; and 76,0, are the two lifts of 0;0;. Thus, because Jz is p-allowable we have that
OV (x) is p-allowable since W preserves p-allowability. Hence, we have that ¥ : IPS,(U; R) —
178, (U; R) is a chain map and p,¥ = id so that p, : I7S,(U: R) — I7S,(U; R) is surjective

as desired.
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Thus, we have shown that the sequence

¢

0 7S,(U; R") % 175,(U; R) % 1PS.(U; R) —— 0.

is exact. Finally, to prove the theorem for the pair (X, U), we have short exact sequence

below which is shown to be exact in the lemma proceeding this proposition.

PS.(X,U R -2 8. (R.0:R) 2> Psu(X,U - R)

0 0

Thus, the short exact sequence above induces the desired long exact sequence for the pair
(X,U). The case X is normal, but not necessarily connected follows by breaking up X into

its connected components and observing that a direct sum of exact sequences is exact.
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Lemma 5.2.5. Under the assumptions of Proposition 5.2.4, the commutative diagram below

has exact rows and exact columns.

0 0 0
0 PS.(X U R) 2o 175.(%.0.R) 25 178.(X, U R) — 0
q; qz qs
0 P8 (X R — e PS(RR) —Le 178.(X: R) —— 0
i i is
0 PS.(U; R —2e 178,(0, R) —Pv 1P8,(U; R) —— 0
0 0 0

where the q; are quotient maps and each i; is induced by topological inclusion.

Proof. The bottom two rows are exact from the case already proven in Proposition 5.2.4.
The rightmost column is exact by ordinary intersection homology, the middle column is
exact by Proposition 2.1.5, and the leftmost column is exact by Corollary 5.1.3.

It remains to show the top row is exact. We first show ¢ is exact. Assume z €
I’S(X,U;R") and ¢(x) = 0. Then by exactness of the leftmost column there exists
y € IPS,(X;R") such that ¢;(y) = =.

By commutativity of the diagram we have that

@(6(y)) = ¢(x) = 0. Thus, by exactness of the middle row there exists z € I7S,(U; R)
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such that is(z) = ¢(y). By commutativity of the diagram we have that isp.z = p.¢(y) = 0.
Hence, by exactness of the bottom row there exists a unique u € IPS,(U; R™) such that
¢(u) = z. By commutativity of the diagram, we have that ¢(i1(u)) = iep(u) = is(2) =
ia(z) = ¢(y). However, by exactness of the second row, this means that i;(u) = y. Thus,
r = q(y) = q1(i1(v)) = 0 by exactness of the leftmost column. Thus, the topmost ¢ is
injective.

Next, we show in the top row that im(¢) = ker(p.). To see im(¢) C ker(p.), let = €
IPS,(X,U; R"). We will show p,¢(x) = 0. By exactness of the left column, there exists
y € IPS,(X; R™) such that ¢;(y) = z. By commutativity of the diagram we then have that
pd(r) = q@sp«0(y) = q3(0) = 0 where we have used exactness of the middle row. Next,
we will show that ker(p,) C im(¢). So assume that z € I7S,(X,U; R) and that p,(z) = 0.
Then by exactness of the middle column there exists y € I75,(X; R) such that ¢2(y) = . By
commutativity of the diagram we then have that g3p.(y) = p.(z) = 0. Thus, by exactness
of the rightmost column, there exists z € IP(U; R) such that i3(z) = p.(y). By exactness
of the bottom row there exists w € I7S,(U; R) such that p,(w) = z. By commutativity of
the diagram we then have that p.is(w) = igp.(w) = i3(2) = p«(y). In particular, we have
that p.(y — i2(w)) = 0. Thus, by exactness of the middle row, we have that there exists
v € IPS,(X; R™) such that ¢(v) = y — iz(w). Let p = ¢1(v). Then by commutativity of the
diagram, we have that ¢(p) = @¢(v) = q2(y — ia(w)) = ¢(y) — @iz(w) = x — 0 = = where
we have used the definition of y and that the middle column is exact. Thus, we have shown

ker(p,) C im(9).
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Finally, we show that the map p, in the top row is surjective. Let z € IPS,(X,U; R). Then
by exactness of the rightmost column there exists © € I7S.(X; R) such that ¢3(z) = z. By
exactness of the middle row there exists y € I7.5,(X; R) such that p,(y) = z. Let u = g(y).
Then by commutativity of the diagram we have that p,(u) = ¢3p«(y) = ¢3(x) = z. So the
map p, in the top row is surjective. Hence, we have shown the top row is a short exact

sequence. ]

5.3 Twisted fundamental classes for normal stratified pseudoman-

ifolds

Using the long exact sequence in the previous proposition we can now show the existence
of twisted fundamental classes along with other properties of twisted intersection homology

for normal stratified pseudomanifolds.
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Theorem 5.3.1. Let X be a normal stratified n-dimensional pseudomanifold with orienta-
tion branched cover p : X = X. Let p <t be a perversity on X. Let R be a commutative
ring with unity and assume % € R. For a subspace A C X, let A= pYA) and let K C X

be compact.
1. IPH(X,X — K;R™) =0 fori>n.

2. There exists a unique 'y € IPH,(X,X — K;R") such that T'x +— T'p in the ezact
sequence of Proposition 5.2.4, where ' is the fundamental class over K (see (11,
Definition 5.9) for the definition of fundamental classes over a compact set in the

orientable case) with X given the tautological orientation (Remark 5.2.2).

3. If L C K is compact, then T'x maps to T'y under the map IPH,(X,X — K;R") —

IPH,(X,X — L; R").

Proof. Now X is orientable by Proposition 5.2.1. So by (11, Remark 5.1.3, Proposition 5.1.4.)
we have that [ ﬁHi()? , X-K : R) =0 for i > n since K is compact from the observation that
p is a proper map (Proposition 5.2.1). We also have that the map p. : IT’Hz-()/(\', X - IA(; R) —
IPH;(X, X — K; R) is surjective. This may be seen from the proof of Proposition 5.2.4 where
we constructed the chain map W : I7S,(X;R) — I?S,(X;R) which is natural for open
sets U C X and satisfies p,¥ = id. Thus, ¥ induces a map ¥ : I?S,(X, X — K;R) —
I7S,(X,X — K;R) given by U([z]) = [¥(x)] where where the brackets [ -] denote the
appropriate equivalence classes. This is well defined chain map since W is a chain map over
both X and X — K. We also have that p,¥([z]) = p.[¥(z)] = [p.¥ ()] = [z]. Altogether,
this shows that ¥ induces a map ¥ : I[PH, (X, X — K; R) — [ﬁH*()A(,)A( - IA(;R) such that
p.¥ = id as maps on intersection homology. Hence, p, : IT)H*()?, X-K; R) —» IPH (X, X —
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K; R) is surjective. In particular, for ¢ > n this means that IPH;(X, X — K; R) = 0 since
IT’Hi()?,)A( ~ K; R) = 0 for i« > n (11, Theorem 5.11). Now take ¢ > n and consider the

portion of the exact sequence from Proposition 5.2.2. below

IPH; (X, X — K;R) — I’H{(X,X — K;R") — I"H;(X,X — K: R).

By our above results we have that IPH;, (X, X — K; R) = 0 and IPH;(X,X — K; R) = 0.
Hence, by exactness IPH;(X, X — K; R™) = 0. This proves 1.
Next, to prove part 2. consider the portion of the exact sequence from Proposition 5.2.5.

below

00— IPH,(X,X — K;R") — IPH,(X,X — K;R) 2 IPH,(X,X — K:R)

where the 0 comes from the equality I H,,.1(X, X — K; R) = 0. Now, pT = p since 7 is a deck
transformation. Hence, p,(7(I'z)) = p«(I'z). On the other hand, 7 is an orientation reversing
involution. Thus, 7(I';) = —I'% so that p.(I'z) = p.(7(I')) = —p«(I'z). Hence, 2p,(I'z) =
0 and by multiplying both sides by 1 we have that p,(I'z) = 0. So we see that I'p € ker(p,).
By exactness of the sequence above, there exists 'y € IPH,(X,X — K;R") mapping to
I'>. Moreover, I'k is unique since the map I?H, (X, X — K;R") — [T’Hn()?,)? — [A(; R) is

injective as can be seen from the exact sequence above.
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Finally, to prove part 3. observe we have the commutative diagram below

IPH,(X,X — K;R") — I"H,(X,X — K;R)

IPH,(X,X — L;R") — I’H,(X,X — L; R)

where the horizontal maps are the ones coming from Proposition 5.2.5. and the vertical
maps are induced by subspace inclusion. Because the diagram commutes and I'z maps down
vertically to I'; (11, Remark 5.10) we have that the image of I'g in IPH,, (X, X — L; R™) will
map across horizontally to I'z. Thus, by uniqueness of part 2. this means that the image of
'k in IPH,(X,X — L; R™) must be T'.

O

Definition 5.3.2. We call T'x € IPH,(X,X — K;R") from Theorem 5.3.1 the twisted
fundamental class over K. In the special case R = F' is a field and char(F) = 2, then
IPS(X; X —K;F) =IPS. (X, X — K; F) and we will define the twisted fundamental class

'k to be the fundamental class guaranteed to exist by (11, Theorem 5.8).
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Theorem 5.3.3. Let R be a commutative ring with unity and % € R. Let X be a compact

n-dimensional stratified normal pseudomanifold.
1. IP"H;(X;R™) =0 fori>n.

2. The natural map

P rru.(z;rR7) — IPH,(X; R")
Z

is an isomorphism, where the sum is taken over the reqular strata of X.

3. If Z is a regular stratum of X, then IPH,(Z; R") is the free R-module generated by the

fundamental class of Z.

Proof. Part 1. follows immediately from Theorem 5.3.1 by taking K = X.

To prove 2, notice that because X is normal we have that X =[] Z? where the disjoint
union is over the regular strata of X. Thus, 2. follows our arguments at the end of the proof
of Proposition 5.2.5.

Finally, we prove 3. Because X is normal, we have that if Z is a regular stratum of X,
then Z is a connected normal pseudomanifold as an easy induction on depth shows. Thus,
we assume without loss of generality that X is connected.

Consider the exact sequence below from our proof of part 2. of Theorem 5.3.1 with

K =X.

0 —— IPH,(X:R") — I’H,(X;R) — I’H,(X;R) 0
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First assume X is non-orientable so that X is a connected orientable normal pseudomanifold.
Then IPH,(X;R) = R and is generated by the fundamental class I'¢ (11, Theorem 5.11).

However, the map

IPH,(X:R") — I’H,(X; R)

is injective with I'y mapping to I'g. Since I'¢ is a generator, this means the map is also
surjective, hence, an isomorphism. This proves 3. in the case X is non-orientable. So assume

now that X is orientable so that X = X [[ X and I?H,(X: R) = R (11, Theorem 5.11). So

the exact sequence above has the form

D

0——— IPH,(X;R") — R® R R 0

with p.(r1 @ ry) = r1+r2. One easily sees that ker(p,) is the ideal generated by 1@ —1 which
is isomorphic to R. Thus, by exactness of the sequence we have that IPH,(X; R") = R and

is generated by I'x.
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5.4 Twisted fundamental classes for general pseudomanifolds

Next, we prove the results of the previous subsection hold for general pseudomanifolds,
that is, not necessarily normal as we assumed in the previous section. To do so we must
first define twisted fundamental classes over compact sets for general pseudomanifolds. Our
definition follows the same spirit of (11, Definition 5.7) in that we make our definition via
the normalization of the given pseudomanifold. First we prove a proposition which justifies
our definition of twisted fundamental classes over compact sets for pseudomanifolds that are

not necessarily connected.

Proposition 5.4.1. Let R be a commutative ring with unity and % € R. Let X be an
n-dimensional pseudomanifold and let K C X be compact. Assume n : XV — X is the
normalization of X. Then n, : IPH,(XV; XN —n Y K); R") — IPH,(X,X — K;R") is an

isomorphism. Moreover, n is a proper map so that n='(K) is compact and Fa-1(k) exists.

Proof. Note that the normalization of X — K is given by the restriction of X — X to
X — K and that n!(K) because n is a proper map (see (16, Proposition 2.5, Theorem
2.6)). Then, the fact that n, : IPH,(XY; XY —n"Y(K);R") — IPH,(X,X — K;R") is
an isomorphism follows by the obvious adaptation of Proposition 5.1.1 to the relative case
and because normalizations preserve intersection homology with local coefficients. Moreover,

by our remark above we have that n™*(K) is compact which means that I'y-1 (k) exists by

Theorem 5.3.1. O

Definition 5.4.2. Let X be an n-dimensional pseudomanifold and let K C X be compact.
Assume n : XV — X is the normalization of X. By the previous proposition, ['n-1(x) exists.
We define ' := n,I'y-1(k).
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Remark 5.4.3. Our definition of twisted fundamental classes is consistent when X is normal

since in this case n is the identity map.

Theorem 5.4.4. Let X be a stratified n-dimensional pseudomanifold. Let R be a commu-

tative ring with unity and assume % € R. Let K C X be a compact subspace.
1. IPH;(X, X — K;R") =0 fori>n.

2. If L C K is compact, then T'x maps to I'y, under the map IPH,(X,X — K;R") —

IPH,(X,X — L: R").

Proof. Let n : XV — X be the normalization of X. Part 1. follows by Theorem 5.3.1 and
the isomorphism IPH,(XV, XY —n Y(K); R") ® IPH,(X,X — K; R").

Part 2. follows by Theorem 5.3.1 and the commutative diagram below.

PHL (XY, XY — 0" (K); R7) =+ IPH,(X, X — K; R")

PH,(XY, XY —n (L) R") = IPH,(X, X — L; R")
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Theorem 5.4.5. Let X be a compact n-dimensional stratified pseudomanifold.
1. IPH,(X;R™) =0 fori > n.

2. The natural map

B rra.(Z;R7) — IPH,(X; R")
Z

1 an isomorphism, where the sum is taken over the reqular strata of X.

3. If Z is a regular stratum of X, then IPH,(Z; R") is the free R-module generated by the

fundamental class of Z.

Proof. Part 1. follows by Theorem 5.4.4 upon taking K = X. To see 2. let n : XV — X
be the normalization of X. Let Z be a regular stratum of X and let cl(n™'(Z)) denote the
closure of n™'(Z) in X*. Then n restricts to a normalization n|gm-1(z)) : cl(n=(2Z)) = Z

of the stratified pseudomanifold Z. Moreover, X" = [[,cl(n™1(Z)). Thus, we have the

commutative diagram below where the horizontal maps are the obvious maps.

P rH.(An(2)); R7) = IPH, (XY, R")

~

n* — n*
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The top horizontal map is clearly an isomorphism since it is just the connected component
direct sum decomposition, and the vertical maps are isomorphisms by invariance of intersec-
tion homology with twisted coefficients under normalization. Hence, the bottom horizontal
map is an isomorphism by commutativity of the diagram.

Finally, to prove 3. notice that if X,¢, is connected, then X% is a connected normal
stratified pseudomanifold so that R = IPH,(X~:R") = IPH,(X:R") where the arrow is

the normalization map. Since ['yx is by definition n,I'y~ this case follows by the above

composition of isomorphisms and Theorem 5.3.3. O

5.5 Cross products of fundamental classes

Let X be a stratified pseudomanifold and M be an oriented manifold with compact subsets
K, € X and Ky C M. Our goal this subsection is to show ', X I'g, = 'k, xx,. However,
we have not defined a cross product for twisted coefficients as Theorem 3.4.1 only applied
to untwisted intersection homology for coverings of the regular stratum. To begin we show
the cross product we defined in Section 3 may be extended to coefficients twisted by the
orientation character.

Notice that an orientation on M implies that the orientation cover of X x M may be
identified with ox x idy; where ox is the orientation cover of X. We give PS(X; F) Qp
S«(M; F) the structure of a left F[Zs]-module by defining 7(x ® y) = 72 ® y for z €

PSY(X; F) ®p S.(M; F) and extending linearly.
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Thus, we have the equalities below

S X FT) @p So(M; F) = (F7 ®@pjz,) PSU(X; F)) @p Su(M; F)

= F" @iz (PSUX; F) @p So(M; F)) .

where the first equality is by definition while the second follows by our above definition.
The cross product induces a map x : S (X; F) @p S,(M; F) — Sex>idm(X x M; F).

Moreover, if x € SX(X; F) and y € S,(M; F) we have 7(z xy) = (7z) X y as may be verified

directly from the definition of the cross product. Thus, the cross product induces a map of

left F'[Z,]-modules. Hence, applying the functor F"®pz,, the cross product induces a map

F™ @ppzy (PSUX; F) @p So(M; F)) = F7 ®piz,) PSTYX x M; F)

The same arguments used in Section 3 show that upon restricting the cross product
we have a map X : IPS,(X;F7) ®p S.(M;F) — IPS.(X x M;F7). More generally, if
UC X and V C M are open we have a map x : IPS,(X,U; F") Qr S,(M,V;F) —

IPS (X x M, (X xV)U(U x M); F).
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The next proposition says that in the case char(F) # 2, this cross product map is a

quasi-isomorphism.
Proposition 5.5.1. Let F' be a field with char(F') # 2. Let X be a stratified pseudomanifold
with perversity p < t and let U C X be open. Let M be an oriented manifold and V- C M be
open. Then the cross product induces a quasi-isomorphism

IPS (X, U; FT) @p So(M,V; F) — IPS,(X x M, (X x V)U (U x M); F7)

Proof. Consider the commutative diagram below.

FT @pizy) IPS2(X,U; F) @ S.(M, V' F) IPS.(X,U;F7) @p S.(M,V: F)
1® x X

FT ®@pizy) IPS7YX x M, (X x V)U (U x M); F) — IPS,(X x M,(X x V)U (U x M); F7)

The diagram commutes because the right cross product is by definition a restriction of the
left cross product map 1 ® x (and using that F[Zs] is semi-simple whenever char(F) # 2).
The top horizontal map is quasi-isomorphism by Lemma 5.1.4 and the algebraic Kiinneth

theorem, the bottom horizontal map is a quasi-isomorphism by Lemma 5.1.4.
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Finally, if we can show the left vertical map is a quasi-isomorphism we will be done. To see
that the left vertical map is a quasi-isomorphism we have that the map x : IPS?(X,U; F)®p
S.(M,V; F) is a quasi-isomorphism by Theorem 3.4.2. What’s more, the cross product is a
map of F[Zs]-modules as we saw from our comments preceding this proposition. But notice
that F'[Z,] is semi-simple by Theorem 6.2.3 so that every module over F[Z,] is flat. Thus,
by the universal coefficient theorem (18, Theorem 3.6.1) we have the commutative diagram

whose rows are exact

0 FT @pizy He (IPS2(X,U; F) @5 So(M,V; F)) H, (F™ ®pz,) IPSN(X,U; F) @p S (M, V; F)) 0
1® x 1® x
0 FT ®pzy ITHYX x M, (X,U) x (M,V); F) — H, (F” ®p(z,) I"STX x M, (X,U) x (M,V); F)) 0

and where the righthand 0's come from the fact once again that F'[Z,] is semi-simple so that
torsion groups vanish. The left vertical map is an isomorphism because the functor F'"® gz,
preserves isomorphisms of F'[Z]-modules. Thus, the right vertical map is a isomorphism as

was to be shown. O
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Proposition 5.5.2. Let X be a stratified pseudomanifold and let K C X be a compact
subset. Let M be an oriented manifold with compact subset Ko C M. Then I'y, X ', =

FKl XKQ .

Proof. If char(F') = 2, then I?S,(X; F™) = IPS,(X; F) and the proposition follows by (11,
Proposition 5.18).

For the case char(F') # 2, we first assume X is normal. Consider the diagram

dR1

IPS,(X, X — Ki; F7) @p S.(M, M — Ky; F) I7S,(X, X = K; F) @p So(M, M — Ky; F)

IPS,(X % M, (X, X — Ky) x (M, M — K, F7) — e PS.(X % M,(%, X — ) x (M, M — K>); F)

where each map ¢ is the map defined in Proposition 5.2.4. We first verify the diagram
commutes. Starting in the top right we verify the diagram commutes for elements of the
form x ®y which suffices since these elements are generators. So let x € IPS, (X, X — Ky; F7)
and let y € S.(M, M —Ky; F). Writex = 3, f;(1®(0y,0:)) andy =}, g;7; where fi, g; € F
and o; : A* — X, 7y : a;l(XTeg) — E(o) is a lift of 0;, and y; : A* — M. Let 7i5, : AF — X

denote the unique extension of 7;. We recall that by the definition of ¢ in Proposition 5.2.4

that ¢(x) = >_,(fi0is, + fiT0is,).

149



Going around the diagram clockwise, we have that x ® y maps to

P(r) X y = (Z(fzo/—\zcﬂ + fzﬂ?@&;)> X (Z 93'%‘)

)

= Z(figjf/f\ia X v+ fi9;TTig X ;)

Z7j

where the last equality follows from bilinearity of the cross product. On the other hand,

going around the diagram counter-clock wise, we have that x ® y maps to

Pz xy)=¢ (Z(figj(@m) X %))

1,J

However, notice that ;5 x 7, is the extension of 7; x ;. Thus, by definition of ¢ we have

¢ (Z(figj(@, 0;) X %)) =Y (fi9,0i5. % 7 + [i9;7(Ti, X 7))

i,9 2]

= Z(figjé\i&} X 95 + fi95(TTiz,) X ;)

i’j

so that ¢(x) ® y = ¢(x X y) as was to be shown.
Because 'z x 'k, = I'iz ., (11, Proposition 5.18) commutativity of this diagram and

uniqueness of Theorem 5.3.1 proves the proposition in the case X is normal.
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If X is not normal, we first note that if n : X — X is the normalization of X, then
n xid: XY x M — X x M is the normalization of X x M. Let K = n~1(K}). Then we

have

I'k

1 X FKQ = n*(FK{V) X FK2

= (n, X id)(l‘K{v x I'k,)
= (n, X id)(rK{VXKg)

= FKl XK2

where the second to last equality follows by the previous case and the last equality follows
by the definition (Definition 5.4.2) of fundamental classes for possibly non-normal pseudo-

manifolds. O
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6 Technical preliminaries

In this section we prove some technical preliminaries we will need in order to define the
algebraic diagonal map for the next section. For a covering space v we will let © denote the

group of deck transformations.

6.1 Subdivisions and chain homotopy equivalences over the group
ring of deck transformations

If U is a collection of open sets in X, then we let I},S”(X; R) be the subcomplex of p-
intersection chains which have base support in some open set that is an element of U (see

(8, Section 2.5)).

Theorem 6.1.1. Let R be a commutative ring with unity. Let U be a locally finite open
cover for a stratified pseudomanifold X with X,., connected and with perversity p < t. Let

v be any connected covering for X,.,.

(i) There exists a subdivision map T : IPSY(X; R) — ISY(X; R) equivariant over R[]

which is an inverse to I5SY(X; R) < IPSY(X; R) up to chain homotopy equivalence.

(i) For open U C X, there exists a R[r]-equivariant map Ty : IPSY(X; R) — IPSY(U; R)

which 1s a splitting for the inclusion.

Proof. The first claim of the theorem follows by (8, Proposition 2.9) and applying Theo-
rem 2.2.11. The second claim of the theorem follows by applying the modification given in
(5, Lemma 7.6) to our situation. Instead of reproducing these results in their entirety, we

sketch out the main idea while filling in only some details.
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We will use the notation S¥(X) to denote the subchain-complex of S,(X) generated by
singular simplices which have support in some U € U. Let ® : IPSY(X; R) — IPS,.(X; &) be
the isomorphism of chain complexes given by Corollary 2.2.14. Also, let ®;; be the restriction
of ® to I},S¥(X; R) which gives an isomorphism of chain complexes onto I7,S,(X;&). In
(8, Proposition 2.9) Friedman shows we have have a subdivision map T : I7S,(X;E) —
I75,(X:E). Thus, we let T = ®;'T®. Also let i : I1S,(X;E) — IPS,(X;&) and ¢ :
Iggfk’ (X;R) — IPSY(X;R). Then, T and ¢ are inverses up to chain homotopy equivalence
because ®;; and ¢ are isomorphisms of chain complexes, hence, preserve chain homotopies

and because the following diagram commutes.

7,S"(X; R) — I"S"(X; R)

Dy o

-~

8,(X; &)~ IPS,(X; ).

The subdivision map T is equivariant over R[r| by the construction of T. More specifi-
cally, in (8) the map 7' is constructed from a subdivision map 7" : S,(X) — SY(X) (which
must satisfy certain properties) in the following way. If £ € IPS,(X;€) and € = >, €'o; with
o; » A" — X and €' a lift of J;I(Xmg) and T"(0;) = Zj o; o T;; where the 7;; : A" — A"

give a subdivision of A", then T'(£) = > (€ o Tij)oiTij.
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Because T' = &;,'T'®, we have that if € € IPSY(X; R) with £ = > 1ri(0i,0;) and r; € R, then

T(&) = Z” 1ri(0; 0 Tij, 04 0 T;5). Therefore, if o € m we have

Zri(a 0, 0 Tij,0i © Tij)

ij

=a- (Z ri(0; 0 Tij, 04 0 Tij))

ij

= o T()

Thus, T is equivariant over R[r] as claimed.

Finally to prove 2., if Y = {U, X}, we wish to show that we can construct Ty :
IPSY(X;R) — IPSY(U; R) which is a splitting for the inclusion map ¢ : I?PSY(U; R) —
IPSY(X; R). However, in (5, Lemma 7.6), the author shows that for an ordered covering
of the form {U, X} with ordering given by U < X, we can alter 7" : S,(X) — SY(X) to
be such that 7"(c) = ¢ whenever |¢| C U and in such a way that the properties listed
in (8, Proposition 2.9) are still satisfied. Thus, from the proof of (8, Proposition 2.9) the
induced map T will still be a subdivision map for p-intersection chains. If ¢ : U — X
is the inclusion map, then from the construction of T, we can write 7' = TU + TX where

Ty : IPS(X; E) — IPS,(U;i*E) and Tx : IPS,(X; E) — I?S,(X; E) are subdivision maps.
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Because we ordered U < X we have as in (5, Lemma 7.6) that for £ € IPS,(U;i*E), T(£) =
Ty (&) = €. Thus, Ty gives a splitting for the inclusion i : IPS, (U;#*E) — I?S,(X; E). That

is, T% = id. But if we set Ty = @&ITUCIJ as we did before, then we have

O Tyidy = O;;tiddy,

CD&ITU(I)L =1id because (®;; = Pe.

Thus, the computation above gives us Tyt = id so that Ty is a splitting as desired. The
map Ty is equivariant over R[rn] just as the map 7" was above from the construction of Ty

because it only depends on the base support of an extended simplex.

O

Because for a right R[r]-module A, the functor A® g~ preserves chain homotopy equiv-

alences over R|r|, the previous theorem implies the following corollary.

Corollary 6.1.2. The map A ® gz IZS:(X; R) = A®pgn IPSY(X; R) induced by the inclu-

sion Iggjf(X; R) — IPSY(X; R) is a chain homotopy equivalence.

Let U be an open covering for a stratified pseudomanifold X with perversity p. Let C
be the category of finite intersections of sets in U with inclusion maps as morphisms. Let
iw : W — X be the inclusion of an open set W. In (10, Proposition 6.3) the authors prove

there is an isomorphism

lim I7S,(V,V N W; R) — I5S.(X,W; R).
vec
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However, the proof does not rely on R being a constant system of local coefficients. In
fact, the same result holds if we replace R with a local coefficient system of R-modules, say

&, defined on X,.,. That is, the canonical map gives us an isomorphism

liiné IPS,(V,VNW;i,E) — I5S.(X,W;E).
Ve

This allows us to prove the following proposition.

Proposition 6.1.3. Let X be a stratified pseudomanifold with perversity p < t. Let v be

any covering for X,.,. The canonical map induces an isomorphism

lim [7SY(V,V N W; R) = ILSY(X,W; R).
vec

Proof. Let &, be the system of local coefficients associated to the cover v such that for each
open V' we have natural isomorphisms I7S¥(V; R) = 7S, (V;i,€,). Thus, we also have

PSY(V,VNW;R) 2 IPS(V,VNW;i},E,). Thus, we have the commutative diagram below.

lim I7SY(V,VNW; R) — I5SY(X,W; R)
vec

lim IS (V,V N W;E,) — ILS.(X,W;E,).
vec

The bottom horizontal map is an isomorphism by the comments preceding the proposition
and the two vertical maps are isomorphisms since direct limits preserve isomorphisms. By

commutativity of the diagram this implies the top horizontal map is an isomorphism. O]

156



Combining Theorem 6.1.1 with Proposition 6.1.3 gives us the following corollary

Corollary 6.1.4. Let R be a commutative ring with unity. Let X be a stratified pseudoman-

ifold with X,., connected and assume v is a connected cover. The canonical map

lim I7S*(V,V A W; R) — IPS”(X, W; R)
vee

is a chain homotopy equivalence over R|m].

6.2 Intersection homology computations for finitely branched cov-

ers

The next definition describes the coverings of X,., to which our universal duality theorem
will apply. We also note that whenever X is normal and connected, the completion of the
associated pre-branched cover to a locally finite unbranched cover will be a finitely branched

cover.

Definition 6.2.1. Let X be a stratified normal pseudomanifold. If v is the data associated
to a covering space of X,., with the property that for every x € X there is a connected open
set U > z such that the connected components of i;;v are finitely fibered coverings of U,

(which is connected since X is normal), then we call v a locally finite unbranched cover of

X.
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If X is a stratified pseudomanifold with X,., connected and n : X N 5 X is the normal-
ization of X. Then v is a cover of (X™),e; = X,e, and we will say that v is locally finite

unbranched cover of X if it is a locally finite unbranched cover of X%V 7.

Remark 6.2.2. The definition above is evidently equivalent to the condition that the com-

pletion of the unbranched cover v be a finitely branched covering.

Our definition of locally finite unbranched covers will allow us to apply useful algebraic
theorems. For a finite group G and a field F' with char(F) { |G|, the group algebra F'[G| has
nice properties. In particular, it is a semisimple ring. A semisimple ring is a ring R such
that every module over R is projective (18, Theorem 4.2.2). We state the theorem, but we

will not prove it. A proof may be found in (15, Chapter XVIII, Theorem 1.2).

Theorem 6.2.3 (Maschke). Let G be a finite group and let F' be a field whose characteristic

does not divide the order of G. Then the group ring F[G] is semi-simple.

Let U C X be a connected open subset of a normal stratified pseudomanifold X such
that the connected components of v|; are finite coverings where v is a regular cover (we take
a regular cover to also mean a connected cover) of X,.,. Fix a connected component v/ of
v. Let ©’ C 7 denote the subgroup of the group of deck transformations of v which map v/
to itself. More explicitly, 7’ = {g € 7 : g(E(V')) = E(v')}. Then v/ is a regular covering of
U and 7’ is isomorphic to the deck transformation group of v'. To see the latter statement
let G(v') denote the group of deck transformations of v/ and consider the map 7" — G(v/)

given by g — g|g@y. This map is injective since deck transformations of connected covers

"We could have made a similar definition of finitely unbranched cover for non-normal pseudomanifolds as
we did in the normal case, but since U,.., may be non-connected whenever U is connected there is difficulty
in defining a branching index which we need in Definition 6.2.4.
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are determined by where a single point maps. Moreover, it is surjective because if h € G(1/)
and zg € E(') then by regularity of v there exists g € 7 such that g(z¢) = h(zo) and since
h(zo) € E(V') and E(1') is connected we must have that g(E(v')) = E(V/). Thus, g € 7’ so
we have shown 7" = G (). The fact that v/ is regular now follows because v is regular.
The next definition provides the fields to which the main theorem of the present paper

applies.

Definition 6.2.4. Let X be a normal connected stratified pseudomanifold and with v a
locally finite unbranched cover of X,.,. We call a field I" a v — good field if the characteristic
of F does not divide j(z) for all z € X. We recall j(z) is the branching index of the point

x and is defined in this context by Proposition 4.3.4.

Remark 6.2.5. Although the condition that the characteristic of F' not divide j(z) for
every © € X appears excessive, by Corollary 4.3.6 there will only be a finite list which the
characteristic of F' cannot divide whenever X is compact. We also note that this condition

is always satisfied if char(F) = 0.

Remark 6.2.6. Note that if z € X and U > z is chosen so that a fiber of v/ has j(x) < co
elements, then because |7'| is in bijective correspondence with a fiber of v/ (it’s regular), we
have that a v-good field F' will be such that char(F’) does not divide |7'|. Hence, F[r'] will

be semi-simple by Theorem 6.2.3.
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Lemma 6.2.7. Let U,v/', 7" be as above and let V. C W C U be open. Assume that ©' is
finite and that char(F') does not divide |7'|. Let A be any right F[r]-module. Then A also
restricts to a F|r'|-module structure and the inclusion map ¢ : V' — v induces F-vector space

1somorphisms of chain complexes

PS5 (W, V; A) 225 [PSY(W,V; A)

and

A@pe IPSY (W, V; F) 22% A@piy IPSY (W, V; F).

Proof. We first prove the second isomorphism and first consider the case V' = (). For this
case, we first show that A® g SV (Wi F) — AQpir SY(W: F) is an isomorphism of F-vector
spaces.

For each singular simplex o : A* — X with int(A*) € o7(W,., choose a single lift
0:0 Y X,eq) = E(V). These lifts provide a basis for SV (W: F) as an F[x/]-module. What’s
more, because v is regular they also provide a basis for §,’j (W, F) as an F|r|-module. In
particular, this implies the map A ®prn §:'(W; F) = A®pm §;’(W; F)) is surjective.

Next, we show the map A @ §:'(W; F) = A®pq §>’:(W, F)) is injective. To this end,
define a map ® : AQp(y §;’(W; F) = AQpm §:'(W; F) in the following way. We first define
the map for elements of the form a® (7, ), where a € A and (7,7) is an v-extended simplex,
and then we extend linearly. By regularity there is a unique o € 7 such that a-(v,v) = (7, 0)
where (7,0) is a /-extended simplex which is a generator of our chosen basis from above.

Then define ®(a ® (7,7)) = (a - a) ® (7,0). To see this map is well-defined, consider
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(a-871®(B-(7,7)). Then o = Sa € 7 is the unique element such that 3-(7,v) = o+ (7, 7).
Thus, by definition of ® we have ® ((a-57 ") ® (8- (F,7)) = ((a-7Y) - (8- a)) ® (7,0).
However, (a-57') - (8 -a)=a- (87 Ba) = a-«a. Thus, we see that @ is well-defined.

Let us show that ®(1®:) = id. By bilinearity it suffices to show this identity for elements
of the form a ® (7,7) where a € A and (7,7) is an /-extended simplex. By regularity of v/
there exists o € 7’ such that (7,7) = a - (¢,0) where (7, 0) is an v/-extended simplex which

is a generator from our chosen basis above. Then we have that

P(1®¢) (a®r (7,7) =21 ®1) (a @ppy - (7,0))
= ®(a @pp - (0,0))
=a-aQpp (0,0)
=aQ@pm a-(0,0)

=a ®F[7r/] (%77 7)

where the third equality follows by definition of ® since (7,0) is an /-extended simplex
coming from the chosen basis above and the third equality follows because o € n’ and the
tensor product is over F[n']. Thus, 1 ® ¢ is injective and so we have shown that A ®@ppm

§:/(W; F) 1844 ® Fla] §:(W; F') is an isomorphism of F-vector spaces.
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Consider the following commutative diagram.

A®pw) 7PSY (W F) — AQpq IPSY (W F)

A@piey SV (W F) 2 AQp SY(W; F)

The left vertical map is injective because F'[n'] is semi-simple by Theorem 6.2.3. and therefore
the functor A® gy is exact. Thus, by a simple diagram chase we see that the top horizontal
map must also be injective. It remains to show it is surjective. Solet £ € A®p [PSY (W F)
be of the form £ = a® gz where z € IPSY(W; F) and a € A. To prove surjectivity it suffices
to show our map is surjective onto generating elements of this form. Now by Proposition 2.1.6
we can write z = ), z; where z; is a p-intersection chain and is in a connected component

of V’U-

162



But by regularity there exists g; € 7 such that g; - z; € IPSY (W; F). Let a; = a - g; ' Then,

£ =aQF 2

= a4 QFIr] (Z Z,)

= Z a ®F[ﬂ—} Zi
= Z a Qpx 9; ' Gi - %

:ZG'QZI@JF[W}%'%

= Z a; QF(x] Ji * Zi

Thus, the above computation shows (Z:z a; QFjx) i - zi) € A®p( IPSY (W3 F) maps to &.
So the horizontal map in the diagram above is surjective, and therefore, an isomorphism as
was to be shown. Moreover, A ®@pp IPSY (W F) — A ®@ppm IPSY(W; F) is clearly a chain
map so that the map is an isomorphism of chain complexes.

Now consider the case V' is possibly non-empty. We have the commutative diagram

0

A@pin IPSY (V3 F) — A@pppn IPSY (W3 F) — A ®ppan IPSY (W, V; F)

0

AQpp IPSL(V; F) — AQpin IPSY(W; F) — A®ppr IPSL(W,V; F)
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The top row is exact because F[r'] is semi-simple while the bottom row is exact because
the functor A®p(, is right exact and the left two vertical maps are isomorphisms by our
argument above. Thus, a simple diagram chase completes the proof to show the right vertical
map is also an isomorphism.

Finally, we show the first isomorphism. For this part of the proof F' may be any field.
From our argument above we showed that A &g SY(W:F) = A ® Pl SY(W;F). The

same proof shows also that A ®pp ﬁSjj/(W; F) =2 A®p PSY(W; F). Moreover, we have

the commutative diagram

1®¢ N
A®F[ﬂ Sy (W, F)

A®pp SY (W F)

0 0

— 1® _
A@p 'S (W3 F) A Qpm ST (W3 F).

Thus, by Lemma 2.2.10 we have that 175" (W; A) = IPS”(W; A),and therefore, we also have

the relative version. O

Corollary 6.2.8. Let X be a stratified pseudomanifold with X,., connected and let V C U C
X be open sets. Let v be a locally finite unbranched regular cover of X,eq. If F' is a v-good

field, then IPSY(U,V'; F) is chain homotopy equivalent to a chain complex of non-negatively

graded flat F[r]-modules.

Proof. We first consider the case X is normal. Let x € X and W C X be an connected open
subset of = such that the connected components of v|y, are finite coverings with fibers having

j(x) elements. Fix a connected component v/ of v|y and denote the deck transformation
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group of v/ by 7. We first show that IPSY(W, W NV; F) is a flat F[r]-module. For an exact

sequence of F[r]-modules, say 0 — A — B, this follows from the commutative diagram

0 A @ppp IPSY (W, W NV F) — B ®ppen IPSY (W,W NV, F)

0

AQp IPSY(W,W NV F) — B ®pp IPSL(W,W NV, F)

The top row is exact because F'[r'] is semi-simple. The two vertical maps are isomorphisms
by Lemma 6.2.7 so the bottom row must also be exact. Hence, IPSY(W, W NV F) is a flat
F[r]-module.

Hence, we may choose an open covering U of X so that for each W € U, IPSY(W, W N

Vi F) is a flat F[r]-module. By Corollary 6.1.4 then,

lim I7S* (W, W NV F) = I’S"(U,UNV; F)
vee

is a chain homotopy equivalence over F[r]. Because a direct limit of flat modules is flat (18,
Corollary 2.6.17), we have that I?SY(U,UNV; F) is chain homotopy equivalent to a complex
of flat F'[r]-modules.

For the case X is not normal let X" — X be the normalization of X. The isomorphism
PSY(UN, UNNVN:F) = [PSY(U,UNV; F) is clearly equivariant over F'[r]. However, by
our previous case IPSY(UYN;UN NV, F) is chain homotopy equivalent to a chain complex
of flat F[r]-modules. Hence, I?PSY(U,UNV; F) is also chain homotopy equivalent to a chain

complex of flat F'[r]-modules. O
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Lemma 6.2.9. Let X be a stratified pseudomanifold with X,., connected and let v be a
locally finite unbranched reqular cover and F' be a v-good field. Suppose L C X is a connected
(k — 1)-dimensional link such the connected components of v|;, are finite coverings. Assume

A is any right F|r]-module. Then we have a cone formula

0 ifi>k—1-p({v})
Hl(A ®F[ﬂ-} [ﬁS:(CL; F)) >~

Hi(A@pm IPSY(L; F)) if t <k —1-Dp({v})

where v 1s the cone vertex of cL.

Proof. Let V' be a connected component of v|; with deck transformation group #’. By
Remark 4.3.5 and because F' is a v-good field we have that F[r'] is semi-simple.

From standard covering space theory we have that a connected component of v|. is
isomorphic to ¢v/. Because F[r'] is semi-simple (so every module is flat over F[7']) we have

the following commutative diagram of short exact sequences by (18, Theorem 3.6.1)

0 A @iy IPHE (s F) —» Hy(A @p) IS (cL; F)) —= Tor{ " (IPH) (cL; F), A) 0
id ® ¢, (id ® 1), Tor (1, id)
0 A@ppy PHY (L; F) — Hy(A ®pi) I78Y (L; ) — Tory " (IPHY (L; F), A) 0

However, because F[7'] is semi-simple the torsion groups vanish so that AQ pp IPHS (cL; F) —
Hi(A ®ppp IPS (cL; F)) and A ®@ppp IPHY (L; F) — Hij(A ®ppey IPSY (L; F)) are isomor-

phisms.
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Now by the cone formula we have for i > k — 1 — p({v}), that IPH®* (cL; F) = 0. Thus,
Hi(A®ppx IPS (¢cL; F)) = A ® Fir] IPH (¢L; F) = 0 and so by Lemma 6.2.7 we also have
Hi(A®ppm IPSY(cL; F)) =0 for i > k — 1 — p({v}).

For i < k—1—p({v}) we have that the inclusion map ¢ : L < ¢L induces an isomorphism
of F[r'] modules ¢, : IPHY (L; F) — IPH® (cL; F). Thus, for this dimension range the left
vertical map in the diagram above is an isomorphism. Hence, the middle map in the diagram
above is an isomorphism as by above it is a composition of isomorphisms. We then have the

commutative diagram

H;i(A @ppp) 175 (L; F)) — Hi(A @pp) PS5 (L; F))

Hy(A®ppm) IPSY (L F)) —— Hi(A ®p(n I7SY(cL; F))

The vertical maps are induced by the inclusions ¢/ < v and ¢’ < cv and the horizontal
maps are induced by the inclusion L < cL. The two vertical maps are isomorphisms by
Lemma 6.2.7. while the top horizontal map is an isomorphism in this dimension range by
above. Thus, the bottom horizontal map is also an isomorphism in this dimension range by

commutativity of the diagram. O
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Lemma 6.2.10. Let X be a stratified pseudomanifold with X,., connected and with v a

covering of X,eq4. Let A be a right F[n]-module. Then we have the isomorphism

H.(A®pm IS (X x RS F)) 2 H(A ®ppm IPS2(X; F)).

Proof. This is immediate from the observations that X x R’ is stratified homotopy equivalent
to X via straight line homotopy. Moreover, the lift of this homotopy is evidently equivariant
over the deck transformation action «(Z,r) = (a- 7,7) for ¥ € E(v), r € R?, and a € 7.

vxid

Thus, there is a chain homotopy equivalence of IPS¥(X; F') and IPS,  ® (X xR% F) as F[r]-

vXid,

modules. This implies ids ® i, : Hy(AQpp IPSY(X; F)) = H (AQpp IPS: ¥ (X xR: F))
is an isomorphism where 7 : X X {0} < X x R’ is the inclusion map.

]

Before proceeding, we recall for the reader that [ ﬁgj (X; A) refers to a twisted intersection
chain complex, that is, it is the complex of p-intersection chains of A ®p( SY(X; A).

The next proposition should be thought of as the analogue of (10, Proposition 6.1.3).
Loosely speaking, this proposition says one is allowed to “pull out” the I? symbol from the
chain complex A ®ppr IPSY(U,V; F') and the result will have isomorphic homology. Notice
that this will by no means be an isomorphism of chain complexes. The chain complex
Iﬁgfj(U, V; A) consists of p-intersection chains of A ®pj- SY(U,V; F) which may increase
p-allowability of boundaries because of increased amounts of cancellations due to twisted

coeflicients. Nonetheless, we have the proposition below.
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Proposition 6.2.11. Let X be a stratified pseudomanifold with X,., connected. Let V C
U C X be open. Let v be a locally finite unbranched regular cover of X,, and let m denote
the deck transformation group. Let F' be a v-good field and A be a right F[r]-module. Then

the natural map

A®pim IPSY(U,V; F) — IPSY(U,V; A)
induces a quasi-isomorphsm

Proof. We first consider the case X is normal and V = ().
We proceed by induction on the depth of X. First consider the case depth(X) = 0so X

is a manifold. Let iy : U < X be the inclusion map. In this case we have equality

— [PSY(U; A).

Now assume the statement of the theorem holds for all regular coverings of spaces with
depth less than N and N > 0. To finish the theorem we will apply Theorem 2.4.7 to the
functor F, defined on open subsets of U by F,(W) = H,(AQp(- IPSY(W; F')) and the functor
G.(W) = Iﬁ]:v],’j(W; A). The natural transformation F, — G, is the obvious map.

First assume that W C U,, is homeomorphic to euclidean space. Then depth(IV) = 0

so by the base case above we again have equality.
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Next, assume that {U,} is a totally ordered increasing sequence of open subsets such that
each F.(U,) — G.(U,) is an isomorphism. However, because chains have compact support
and {U,} is a totally ordered increasing sequence, we have the commutative diagram below

whose vertical maps are isomorphisms.

F.(UaU,) — G.(UnUy)

ImF,.(U,) — lim G, (U,)

The bottom horizontal map is then an isomorphism since a direct limit of isomorphisms is
an isomorphism. Thus, the top horizontal map is also an isomorphism.

Next, we need to show that if R’ x cL*~! is stratified homeomorphic to an open subset
of U, and the theorem holds for R* x (cL — {v}), then it also holds for R* x cL. Since X
is currently assumed to be normal notice we have that L is a connected normal stratified
pseudomanifold and therefore has a single regular stratum (5, Lemma 2.69). Thus, applying
Lemma 6.2.9 and Lemma 6.2.10 we have that whenever j > k — 1 —p({v}) (where v is the

cone vertex)

H;(A ®pr IPSY(R' x cL; F)) = H;i(A®pm IPSY(cL; F))

12
e
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On the other hand, by Proposition 2.3.1 we have that G;(R* x ¢L) = 0 whenever j >
k—1-p({v}).

If j < k—1—-p({v}), then we have the commutative diagram below (the outer vertical
maps are the same map) where v/ denotes a connected component of v|giy.;, and so is a
connected regular cover of (R* X ¢L),cy = R’ X L,y x (0,1).

TPHY (R % (cL — {v}); A) «— Hj(A@ppu) IPSY (R x (cL — {v}): F)) — H;(A ®pi) IPSY(R x (cL — {v}): F)) — ITHY(R" x (cL — {v}); A) ~— ITHY (R x (cL — {v}); A)

IPHY (R x cL; A)

Hi(A®@pp IPSY (R x cL; F))

H(A @pia IPSY (R % cL; F))

IPHY(R' x cL; A) IPHY (R x cL; A)

The vertical maps are isomorphisms by Lemma 6.2.9, Lemma 6.2.10, Proposition 2.3.1, and
Proposition 2.3.2. The top and bottom horizontal maps in the square to the right of the
leftmost square are isomorphisms by Lemma 6.2.7. The top leftmost horizontal map is an
isomorphism by the inductive hypothesis since 1/ is a connected cover and depth(R* x (cL —
{v})) < depth(X). So by commutativity of the diagram the bottom left horizontal map is
also an isomorphism. The two rightmost horizontal maps are isomorphisms by Lemma 6.2.7.
Thus, by commutativity of the diagram, top and bottom horizontal maps in the square to the
left of the rightmost square will also be isomorphisms. In particular the bottom horizontal
map is an isomorphism so that F,(R’ x c¢L) — G, (R’ x cL) is an isomorphism as was to be
shown.

Finally, for open sets Uy, Uy C U consider the short-exact sequence

0 — IPS*(Uy N Usy F) = IPSY(Uy; F) @ IPS” (Us; F) — IPSY(Uy; F) + IPSY(Us; F)) — 0.
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The sequence will remain exact upon tensoring with A over F[r| because the map
IPSY (UL N Uy F) — IPSY(Uy; F) @ IPSY(Us; F') splits over F[n] by Theorem 6.1.1. So we
have an exact sequence

0= A®p(x IPSY (U1 N Uz F) — (A ®F[x] IFSZ(UUF)) ® (A ®F[x] IFS:(UQ?F)) — A®p(n (IFSZ(UU F) + Iisi(Uz;F)) — 0.

Moreover, this short exact sequence fits into the commutative diagram of short exact se-

quences below.

0 0

A@pm IPSY (Ui NUsp F) — (A Qppm IPSY (U F)) @ (A ®ppm 1780 (Us; F)) — A®ppy (IPSY (U F) + IPSY (Uy; F))

PSUU N Uy A) ————— P57 (U A) @ IPSY (Up; A) ———— IS (Uy; A) + IPSY (Uy; A) ————— 0

where the vertical maps are the obvious ones inducing the natural transformation F, —
G.. Thus, the commutative diagram above induces a commutative diagram of long exact
sequences on homology. To finish the proof that we have a commutative diagram of Mayer-

Vietoris long exact sequences we just point out that the diagram below obviously commutes

A@pp (IPSY(Us; F) + P52 (Uy; F)) — I°S2(Uy; A) + IPSY (Up; A)

A®ppm IPSY(Uy UUy; F) 1757 (Uy U Us; A)
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where the horizontal maps are the obvious ones inducing the natural transformation F, —
G,, the left vertical map is a quasi-isomorphism by Corollary 6.1.2, and the right vertical
map is a quasi-isomorphism by combining Proposition 2.4.1 and Corollary 2.2.14.

Hence, F.(U) — G.(U) is an isomorphism by Theorem 2.4.7.

Next, we consider the case that U NV is possibly nonempty. Because the map I7SY(U N
Vi, F) — IPSY(U; F) splits over F[r] by Theorem 6.1.1 we have that the top row in the

diagram below is exact.

0

AQpp IPSYUNVF) — AQpp IPSY(U; F) — AQpi IPSY(U,UNV; F) 0

IPSY(UNV; A) IP57(U; A) IPSY(U,UNV;A)
Hence, the diagram above induces a commutative diagram of long exact sequences on ho-
mology so that the case U NV is possibly non-empty follows by the five lemma.

Finally, for the general case that X is possibly not normal let n : X~ — X be the

normalization of X. Then we have the commutative diagram

A®pp IPSL(UN, UN N VN; F) — Sy (U™, UV n VY, A)

A@p IPS/(U,UNV,F) PSP (U, UNV; A)

where the vertical maps are induced by n : XV — X. The left vertical map is a quasi-
isomorphism by Proposition 2.1.8 and because n preserves the action by 7. The right vertical

map is a quasi-isomorphism by combining Corollary 2.2.14 and the fact that normalization
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preserves intersection homology with local coefficients. Thus, since the top horizontal map
is a quasi-isomorphism by the case already proven, commutativity of the diagram implies

the bottom horizontal map is also a quasi-isomorphism.

For the next proposition we let F'[r| act via the diagonal action.

Proposition 6.2.12. Let X be a stratified pseudomanifold with X, connected and with v
a locally finite unbranched cover of X,., with deck transformation group m and let F' be a
v-good field. Let U C X be open and let V and W be open subsets of U. Let A be a right

Flr]-module. The cross product induces a quasi-isomorphism

ARpi (IPSY(U,V F) @p 1SV (U, W F)) = AQp(x (IQS,’ZX”(U x U, (UxW)U(V xU);F)).

Proof. Unmarked tensor products are assumed to be over F. Denote IPSY(U,V; F) Qp
I9SY(U,W; F) by C and I9SV"(U x U, (U x W)U (V x U); F) by D. By Theorem 3.4.2 the
cross product induces a quasi-isomorphism x : C' — D. Moreover, via the diagonal action
of 7, this is a quasi-isomorphism as F'[r]-modules as the formula a- (§ X £') = (- &) X (a- &)
is readily verified from the definition of the cross product. By Corollary 6.2.8 we have there
exists a chain complex, which we denote by D', which is a flat F'[r x 7] = F[r]® F[n]-module
and chain homotopy D. By Corollary 6.2.8 there exists a chain complexes K and L which are
flat F'[r]-modules and are chain homotopy equivalent to IPSY(U,V; F) and IPS,(U,W; F);
respectively. Thus, K ® L is chain homotopy equivalent to C'. Let us verify that K ® L is a
flat F[r] ® F[r]-module.
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Suppose 0 -+ A — B is an exact sequence of F[r] ® F[r]-modules. Give A the structure
of a right F'[r]-module by defining -« := - (a®1) for all z € A and a € 7. Similarly give

B the analogous right F'[r]-module structure. Thus,

O—)A@F[W]K—)B(XJF[W}K

is exact since K is a flat F'[r]-module. Now give A ®py K the structure of a right F'[r]-
module by definition (z®y)-a:=(z-(1®a))@yforallz € A,y € K, and a € 7. The
equality (@ 1)(1® ) = (a® ) = (1 ® B)(a ® 1) shows this is well-defined. We similarly

give B®pp- K the structure of a right F'[r]-module. We then have the commutative diagram

0

(A®rpp K) @px L — (B @pm K) @ppm L

>~ >~

where the vertical maps are the obvious maps. The top row is exact because L is a flat F[r]-
module. Hence, the bottom row must also be exact. Thus, K® L is a flat F'[r|® F[r]-module.

Let C’ denote K ® L.
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We next show that C" and D’ are flat F[r]-modules under the diagonal action of 7. Let
0 — A — B be an exact sequence of F[r]-modules. Now F[r] ® F[n] is free over F[r] under
the diagonal action (with basis given by elements of the form o ® 1 where o € 7), hence it

is a flat F'[r]-module. Thus,

0—>A®F[7r} F[r] ® F[n] — B ®Fn Flr] ® F[r]

is exact. By above (" is a flat F[r] ® F[r]-module so that we have

0 = (A®pm Flr] @ Fln]) @pmsrm C' — (B Qpm Flr] © Flr]) ®pmisrm C

is exact. However, we have natural isomorphisms (A Qpm Flr]®@ F [7‘(’]) Rrrerm ¢ =

A ®pi C" and (B Q) Fr] ® Fl7]) @pimjerqx C' = B Qppy C'. Thus,

00— A ®F[7r] C'— B ®F[7r} o4

is exact so that C” is a flat F'[r]-module. The same argument shows D’ is a flat F/[r]-module.
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Next, we have the composition

' -CSD—D

with each map a quasi-isomorphism of F[r]-modules. Hence, because C' — D’ is a quasi-

isomorphism of flat F'[r] modules we have by (18, Theorem 5.6.4) that

A QFr C'—= A QFn] D’
is a quasi-isomorphism.
Finally, consider the composition
A ®F[7r} "= A ®F[7r] Cc— A ®F[7r] D— A ®F[7r] D

The maps A @pix C' = A Qpr C and A @pir D — A ®@pjm D' are quasi-isomorphism
because the functor ®pp- preserves chain homotopy equivalences over F[r]. Hence, the
entire composition above is a quasi-isomorphism, so we conclude that A®p(-C — AQpy D

must also be a quasi-isomorphism which is what we wanted to show.
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6.3 Universal cohomology and oriented coverings

In this subsection we develop the version of cohomology we will need to generalize universal
Poincaré duality for ordinary (co)homology. We continue to assume that X is a stratified

pseudomanifold with X, connected and that v is a locally finite unbranched regular cover.

Definition 6.3.1. We define the universal intersection cochain complex by

I;S,(X; F) := Hompp (IPSY(X; F), F[r])

and denote the homology of this chain complex by IH,(X; F).

Remark 6.3.2. We will use a different sign convention from the standard one for the
coboundary map: For a cochain a, we define da(z) = —(—1)*a(dx). This is the Koszul

sign convention (for a detailed discussion see (3, Section VI.10)).
We aim to give a version of the cone-formula for cohomology, but first we prove a lemma.

Lemma 6.3.3. Let X be a stratified pseudomanifold with X,., connected and let v be a
reqular cover of X,cqy. Let V- C X be open and let W C U be open sets with U connected. Let
V' be a connected component of ij;v with deck transformation group ©'. Then the restriction

map gives an isomorphism

Homp (IPSy (W, W NV; F), F[r]) G Homp[ﬂf]([ﬁS:/(M/, WnV;,F), Fln]).
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Proof. To see (* is injective suppose t*f = 0. Let x € IPSY(W, W NV; F), then x can be writ-
ten as a sum of intersection chains each having relative extended support (Definition 2.1.2)
in a connected component of . We assume a chain representative for x has relative extended
support in a single connected component, and then our argument can be extended linearly
for general intersection chains. With this assumption, regularity of m guarantees there exists
g € wsuch that g -z € IPSY(W,W N V;F). Thus, 0 = (*f)(g-2) = f(g-x) = g- f(z) so
that ¢ - f(z) = 0. Multiplying both sides by g (the inverse of ¢ in 7) we see that f(z) = 0.
Hence, f must be the zero function.

To see the restriction map is surjective, let f € Hompp(IPSY (W, W NV; F), F[x]). To
define f, let x € IPSY(W,W NV;F). Once again we assume x is in a single connected
component of v and then we will be able to extend linearly. By regularity there exists g € 7
and 2’ € IPSY(W,W NV F) such that ¢ - 2/ = z. Define f(z) = ¢ - f(2'). Once we verify
fis well-defined we will be done since L*f = f. So suppose we choose another h € 7 and
y € IPSY (W, W NV;F) such that h -3y = 2. Then, g-2' = h-y. So hg -2’ =1 which
means the automorphism hg must send ¢/ to v/ and therefore we have hg € n’. Thus,
fy) = f(hg-2') = hg - f(z) so that h - f(y') = ¢ - f(2'). Hence, our construction is

well-defined. We need only show that f € Homp- (IPSY (W, W NV F), Fr)).
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Let a € mand let z € IPSY(W, W NV, F) and write = ) . x; with z; in a single connected
component of v. Then as above we can find z; € IPSY (W, W NV; F) and g; € 7 such that

gi - % = x;. Therefore, - x =), ag;z; so that by definition of fwe have

flazx) = Z agi f(z)

Thus, f € Hom g (IPSY (W, W NV F), Fr]) and we see that ¢* is an isomorphism.

]

Proposition 6.3.4. Let X be a normal connected stratified pseudomanifold. Let v be a
locally finite unbranched regular cover of X,y and let F' be a v-good field. Also, let L be a

(n — 1)-dimensional link of X. Then,

, 0, ifi>n—1-p{v}),

LH,(cL; F) =
LH,(L;F), ifi<n—1-p({v})
Proof. Let v/ denote a connected component of v|;, with deck transformation group 7’. Re-
call we also have that a connected component of v|.r, is isomorphic to ¢v’. By Lemma 6.3.3 we

have that Hom i (I7SY (cL; F), F[r]) & Hompp (IPS¢ (cL; F), Fr]) and Hom g (IPSY(L; F), F[r]) &

Hompp (IPSY (L; F), F[r)).
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However, 7’ is finite which means F[r'] is semi-simple by Theorem 6.2.3. Hence, combining

(18, Theorem 3.6.1) and (18, Theorem 4.2.2) we have the isomorphisms

H*(Hom e (IPS (cL; F), Fln))) 2 Homppp (H. (I7SS (cL; F)), Flz])

and

H*(Hom e (IPSY (L; F), F[x])) = Hompp (H.(IPSY (L; F)), Flx)).

Combining this with our above work we therefore have that

H*(Hompiy (1755 (cL; F), Flx])) & Homppe) (H. (IS (cL; F)), F[x))

and

H* (Hom g (IPSY (L; F), F[n'])) = Homppe (HL(IPSY (L; F)), Flr]).

Thus, for i > n—1-p({v}) we have H'(Homp (IPS (cL; F), F[r])) = 0 because I[PH{ (cL; F) =

0 by Proposition 2.3.3. For i <n — 1 —p({v}), we have the commutative diagram

LH, (cL; F) — Hompp (IPH (cL; F), Flr))
LH,(L; F) —» Homp (IPH! (L; F), F[r))

where the vertical maps are induced by the inclusion L < ¢L. We know the horizontal maps
are isomorphisms by our work above. The right vertical map is an isomorphism because

in this dimension range IPH® (cL; F) = IPHY' (L; F) by Proposition 2.3.3 and so the pull
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back is also an isomorphism since the isomorphism is equivariant over F[r’]. Thus, by
commutativity of the diagram the left vertical map is also an isomorphism in this dimension

range as was to be shown.

There is also a relative version of the cone formula.

Proposition 6.3.5. Let X be a connected normal stratified pseudomanifold. Let v be a
locally finite unbranched reqular cover of X,., and let F' be a v-good field. Also, let L be an

(n — 1)-dimensional link of X. Then,

. LH, (L F), if i > n - p({v}),
LH,(cL,L;F) =

0, ifi <n—p({v})

Proof. Let /' be a connected component of v|;, with deck transformation group 7’. Consider

the diagram below

0 IPSY (L, F) — IPS® (¢L; F) — IPS%'(cL, L; F) 0

Note that the functor Hompp(—, F[n]) is exact because modules over the semi-simple ring
F[n'] are injective by (18, Theorem 4.2.2). Thus, applying the functor Hompp(—, F[r]) to

the short exact sequence above we obtain the short exact sequence

0

Hom () (I7SY (L; F), F[r]) ~— Homp(p(I7S (cL; F), F[r]) ~— Homp((I7S (cL, L; F), Fr])
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which fits into the commutative diagram

0 Hom () (I7SY (L; F), F[r]) ~— Hom g (I7S (cL; F), F[r]) ~— Homp(p(IPS (cL, L; F), F[r])

0 0

Homppn (IPSY(L; F), Flr]) «~— Homppy (175 (cL; F), F(n]) «— Hompn(IPSS (cL, L; F), F[n])

with the left two vertical arrows isomorphisms by Lemma 6.3.3. Hence, the bottom row must
also be exact which induces a long exact sequence of cohomology. Consider the case that
i > n—p({v}). Then by the cone formula in Proposition 6.3.4 we have that ]ﬁﬁi(cL; F)=0
and IT,FZ_I(CL; F) = 0 in this dimension range. Thus, from the long exact sequence on

homology we have the exact sequence

0= LA, (I;F) S LH (L, L;F) = 0

which gives us the desired isomorphism for i > n — p({v}). For the case i = n — 1 —

zn—2-p({v}) "

p({v}), we have by Proposition 6.3.4 that I; H, (cL;F) 5 LH _2_?({U})(L; F) is an

14

—n—1-p

isomorphism and also that I;H ({v})(cL; F) = 0. So from the long exact sequence on

v

cohomology we have the exact sequence

L 7Y enm)y S oY ) S pE T T Y er, L F) 0.

p p
Hence, by exactness Iﬁﬁn_l_ﬁ({v})(cL, L; F) = 0. Finally, for i < n—1—p({v}) the cone
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formula in Proposition 6.3.4 gives us that If,ﬁf,(cL; F) N Ipﬁi(L; F) and Iﬁﬁf;l(c[/; F) S
Ipﬁi_l(L; F') are isomorphisms in this dimension range. Thus, from the long exact sequence

on cohomology we have the exact sequence

LA, (cL;F) S LH, (L:F) % LH,(cL, L; F) % LA, (cL; F) = LA, (L; F).

So by exactness we have Iﬁﬁi(cL, L; F) = 0 for this dimension range. Thus, we have shown

the desired cone formula.

]

Next, we define oriented coverings for which our duality theorem will apply. A treatment

of manifolds may be found in (17, Section 4.5).

Definition 6.3.6. For a pseudomanifold X with X,., connected, we will say v is an oriented
covering if v is a connected regular cover and factors through the orientation cover o of X,.,.

That is, we have a commutative diagram

X’reg

where each map is a covering map (technically we mean in the generalized sense of covering
map as we do not require the map E(r) — E(0) to be surjective in the case F(o0) is not

connected). In this situation we have an induced map 7, : @ — Zy — Aut(Z) where
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an orientation preserving deck transformation maps to 1 and an orientation reversing deck

transformation maps to —1. We define the 7,-twisted involution on F|r| by

Pl = Pl o= Eongg o= S nnlala

gem geT
The T,-twisted involution gives I;S, (U, V; F) the structure of a left F[x] module by
defining (o - f)(z) = f(z)-@ for f € I;S,(U,V;F), « € 7 and x € I?S*(U,V; F).

The next remark will be used in our definition of the twisted algebraic diagonal map.
Remark 6.3.7. Let v be a locally finite unbranched orientable (thus connected) cover of
Xyeg, I be a v-good field, and X,., be non-orientable. Let V' C U be open, then we have
that the map F(v) — F(o0) induces an isomorphism

F™ @pin PSY(U; F) = F7 @pizy) PSI(U; F)

(see (14, Example 3H.2) for the ordinary homology case, since p < t the argument here is

completely analogous).
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Similarly, we have the isomorphism below and commutative diagram involving boundary

maps

F™ @pin PSY(U; F) — F7 @iz, PSO(U; F)

0 0

[

F™ ®pim SU(U; F) — F” @ppz,) S2(U; F).

Thus, by Lemma 2.2.10 this implies that I?SY(U; F™) — IPS,(U; F") is an isomorphism of
chain complexes. Thus, we also have that IPSY(U,V; F™) — IPS,(U,V; F7)
Combining the above isomorphism with Proposition 6.2.11 we have the composition below

is a quasi-isomorphism.

F™ @piy IPSY(U,V; F) = IPSY(U,V; F™) — IPS*(U,V; F7).

If we take X to be orientable, then the orientable cover v of X,., factors as E(v) —
E(o) = X,¢y. However, E(0) is the trivial 2-sheeted cover of X,., so that E(v) (which
is connected) maps onto one of these sheets. This induces a preferred identification of
IPS, (U, V; F7) with IPS,(U,V; F). Moreover, the induced map m — Zs is the trivial map so

that F'™= has the trivial F'[r]-module structure. So we have the commutative diagram
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F ®F[7r] IﬁS:(Ua V’ F) - IT)S*(Uv V7 FT)

~

[PS¥(U,V; F™) IPS.(U,V; F).

The bottom horizontal map is an quasi-isomorphism by applying the same argument above
and the left vertical map is a quasi-isomorphism by Proposition 6.2.11 so that the top
horizontal map must also be a quasi-isomorphism.

So in either case, we have a quasi-isomorphism

F™ @ppm IPSL(U,V; F) — IPS,(U,V; F7).
We have the following algebraic lemma we will need in the proof of our main theorem.

Lemma 6.3.8. Let X be a pseudomanifold with X,., connected and let v be a reqular covering
of Xyeg. Let U C X be a connected open subset and let V- C U also be open. Let v' be a
connected component of v|y with deck transformation group 7'. Let J denote a set consisting

of a choice of a coset representatives from the set of left cosets m/n'. Then,

1. Flr] is a free left F[r']-module with a basis J = {a : a € J} (recall @ is the twisted

involution of ).
2. IPSY(U, Vi F) 2@, IPS” (U V; F) as F-vector space chain complexes

—%

3. I;S, (U, V; F) = D.c; 155, (U V; F) as F-vector space chain complezes.
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Proof. 1. To prove part 1 it suffices to show every z € F[r] can be written uniquely as
=3 ,c;ha@ where h, € F[r']. We first note that .J consists of a choice of a single
element from each right coset by standard group theory. Now let € F[r| and write
r = dew fqg where f, € F'. For each g € m we have that g = hgoz;1 for some unique

ay € J and unique h, € 7’ so that g = 7;(ay)hy0y. Thus,

:E:ngg

gem

=3 > 7(a)fyhga

acedJ 9
ag=a

= Z Z Tr(a) fohy | @

acd 9:
ag=a

The second sum is by just by the proof of Lagrange’s theorem from group theory and
our computation above. However, (Zagg;a (@) fghy) € Fn'] so x can be written as
=) ,c;hat for some hy € F[r']. To complete the proof of part 1 we need to show
the h, are unique. Suppose > ., hoa =Y ., hi@ for hy, h,, € F[r']. Then we have

Y acs(ha — )@ = 0. Writing hy = >, fuh where f, € F' and similarly writing

h,, = > hen frh we have that

D (ha—hi)a=>"> (fu—fr)ha

aeJ acJ hen!

which means that > ;> ... (fn—fr)h@ = 0. However, we have that hat = 7(a)ha™!
so by above we have that Y ;> 7(a)(fr — f7)ha™" = 0. However, because the

1

sum is over unique coset representatives, each term ha™" in this sum is a unique basis
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element of F[r|. Hence, we must have that 7.(c)(fn, — f;,) = 0 which means f, = f}

and this means also that h, = h,.

2. To prove 2. we first note that if for ay,as € 7, a;7’ = aun’, then ay'a; € 7. Hence,
oyt (E(V)) = E(V) so that oy (E(V)) = ay(E(r')) which means a; and a, send
E(V") to the same connected component of E(v|y). What’s more, by regularity of v,
the action of m on connected components of v|y is transitive. Thus, the set of left
cosets is in bijective correspondence with the connected components of v|;. From this

observation and Proposition 2.1.6 this proves 2.

3. We have the composition of isomorphisms:

I;S,(U,V; F) = Hompp (IPSY (U, V; F), Fr])
=~ Hom i, (IPSY (U, V; F), Fr])

= Hompp (I7SY (U, V F), P Fl'])

aed

=~ P Hom () (IPSY' (U, V; F), Flx']).

aed

The first isomorphism is by Lemma 6.3.3, the second is by part 1. above, and the third

is elementary.
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7 Poincaré duality theorems

7.1 Universal algebraic diagonal map and cap product

Recall ((5, Definition 3.5)) the dual of a perversity p is denoted Dp and defined by

We also recall that if perversities p, g, and 7 satisfy D7 > Dp + Dg, then the diagonal map
induces a map on intersection chains (11, Proposition 4.2)
d:I"S. (X, UUV;F) = I915,(X x X, (U x X)U (X xV); F).

Similarly, in our setting we have a diagonal map

d:I"SY(X,UUV;F) = [918""(X x X, (U x X)U (X x V); F).

Following the ideas of J. McClure and G. Friedman in (10) and (11), we will utilize the
diagonal map above to define an algebraic diagonal map which enables us to extend the cap

product to our setting.
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Definition 7.1.1. Suppose that D7 > Dp + Dg. Let U,V be open subsets of a stratified
pseudomanifold X with X, connected, v a locally finite unbranched oriented regular cover,

and F' a v-good field. We define the twisted-algebraic diagonal map

d: I'H(X,UUV;F7) = H((I"SY(X,U; F)) @ppm 17SY(X,V; F))

to be the composition

I'H(X,UUV;F") 2H,(F™ Qpim I'SY(X,UUV; F))
L H(F™ @ppy 1997577 (X x X, (U x X) U (X x V); F))

The first isomorphism is from Remark 6.3.7, the second is by Proposition 6.2.12, and the
third is elementary. Here (IPSY(X,U;F))" is the right F[r] module structure induced by

the 7,-twisted involution. More explicitly, for z € IPSY(X,U;F)" and g € 7, we define
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Using the twisted algebraic diagonal map we may now define the cap product.
Definition 7.1.2. Under the same assumptions of Definition 7.1.1, let o € I7H,, (X,U; F)
and x € I"H,(X,UUV; F7). We define a Nz € IPHY,_ (X,V;F) by

anz:=(1® a)(d(x)).

That is, if we write d(z) = Y, y; ® z; where y; € (IPSY(X,U; F))" and z € I7SY(X,V; F),

then

ana =Y ()"l

%

where « evaluates to 0 for |z;| # m.
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Proposition 7.1.3. Assume that DT > Dp + Dq. Leti: (X;U V') — (X;U,V) be an
inclusion of triads with each set open in X. Let o € [qﬁi(X, Vi;F) and z € ITHY (X', U' U

V', F7). Then aNiwx =i (i*anNx) € IPHY (X, U; F).

Proof. We will use () to denote (55. First we note we have the commutative diagram

I'sY(X', U' UV, F) L I'SY(X,UUV;F)
d d
198X x X' (U x X')U (X' x V'), F) e X1 198X x X, (U x X)U (X x V), F)
X X
iy ® 1y

PSY(X'\ U F)@ IISY(X', V', F) IPSY(X,U; F)® I9SY(X,V; F)

The top square commutes on the level of spaces and the bottom square commutes by natu-
rality of the cross product. Commutativity of this diagram combined with the fact that the
diagonal map preserves the diagonal action of the deck transformation group 7 implies that

d(i.z) = (1. ®14)(d(z)). Moreover, we have the equality (1 ® a)(i, ® i) = ix @ aiy = i, Q1"
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where the last equality follows by definition of pullbacks. Combining all of this we have

aNia =(1® a)(d(i.(z)))
—(1® a)(i, ®,)(d(x))
= (i ® ") (d(x))
=i, ((1 ® i*a)(g(iv)))

=i,(i*aNx)
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The above applies to inclusions of spaces, we also have a similar computation for inclu-

sions of coverings.

Proposition 7.1.4. Assume that D7 > Dp+Dgq. Let U C X be a connected open subset and
let V' be a connected component of if;v with deck transformation group «'. Let W,V C U
also be open. Let a € IH, (U, V:F) and let & € I;H,(U,V;F) be the extension of a

(Lemma 6.53.3). Let x € I"H . (UW UV, F7). Let v : vV < v be the inclusion map. Then

wlanNz)=anz

where the left hand cap product uses the algebraic diagonal map

ITH,(U,W UV F7) — H,((IPS” (U,W; F))! @ppz 1787 (U, V; F))

and the right hand cap product uses the algebraic diagonal map
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Proof. Denote the algebraic diagonal map

I'H,(U,WUV;FT) = H((IPS{(UW; F))' Qppm IS, (U, V; F))

by d, and similarly define d,y. We also denote Qpg by Q. We have the commutative

diagram

I7SY (U, W UV; F) b I'S*(U,W UV, F)
d d
1957 (U x U,(W x U)U (U x V); F) 225 1057 (X x X, (W x X)U (X x V); F)
X X
L @ Ly

IPSY(UW;,F)® I1SY(U,V; F) IPSY(X,W;F)® I1S"(X,V; F)

The top square commutes on the level of spaces and the bottom square commutes by nat-
urality of the cross product or direct computation. By commutativity of the diagram and
because the diagonal map respects the diagonal action by F[r| and F[r'] we have that

dy, = (1 ® ty)d,. As in Proposition 7.1.3 we have (1 ® a)(tx ® t4) = 14 @ .. We also note

that because a is the extension of «, we have that at, = a.
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Thus,

Nz =(1®a)d,(z))

= (1®a)(ts @ ti)(dy(x))

= (L* ® &L*)(du’(x»

= (e ® @) (dy (2))

=0, <(1 ® a)(@(z)))

= (anN).

]

We also have a naturally result for cap products involving normalizations which we will
need to carry over our main theorem from normal pseudomanifolds to pseudomanifolds which
are not necessarily normal. The proof is exactly the same as Proposition 7.1.3 upon replacing

7 by n.

Proposition 7.1.5. Assume that D¥ > Dp + Dg. Let (X;U, V) be a triad with U,V
open in X. Letn : XN — X be the normalization of X. Let a € IqﬁZ(X;V; F) and

re I"THY( XN UNUVN,F7). Then aNn.x =n,(n*anz) € IPHY(X,U; F).
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Proposition 7.1.6. Assume that DT > Dp+ Dq. Let V C X be open. Let o € Igﬁi(\/; F)
and that x € I"'HY(X,V; F7). Then (6a) Nx = — (=1, (a N Ox) where § and O are the

connecting homomorphisms.

Proof.

(60) N =(1® da)(d(w))
_ (_1)|a\(1 ®a)(l® 0)(67@))
— — ()1 @ a)(i. ® 1)(d(0x))

= — (=D (an o)

O

Remark 7.1.7. We we will also need a version of the cohomology cross product in the proof
of our main theorem. Specifically, we let X be a psuedomanifold with X,., connected, v
be a locally finite unbranched regular cover of X,., with deck transformation group 7, and
F be a v-good field. Let U C X be a distinguished neighborhood so that the connected

components of v|y are finitely fibered.
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Let v/ be a connected component of v|y with deck transformation group 7/. We also let
K, be any closed ball in R and K, be any compact subset of U. Set A = R* — K; and
B = U — K,. We define the cohomology cross product in this special situation to be the

composition of isomorphisms

H*(R', A; F) @p ,H,(U,B; F) =2 H* (R, A; F) @p H*(Homppn (I7SY (U, B; F), F[r]))
=~ Homp(H.(R', A; F), F) @ Hompy(IPHY (U, B; F), F[x])
=~ Hom i (H.(R', A; F) @ IPHY (U, B; F), F[r])

id XV’(

>~ Hompp(IPH, " (R' x UR' x BUA x X; F), F[r])

idRi xv'

=~ H*(Hompp (IS ™" (R x U,R" x BUA x X; F), F[r]))
~ [ Hy,(REx UR x BUAX X; F)

The first and last isomorphisms are by Lemma 6.3.3 the second and second to last iso-
morphisms follow from the universal coefficients theorem (18, Theorem 3.6.5) and the fact
that F[r’] is semi-simple, the third isomorphism (note this uses the Koszul sign convention)
follows because H, (R, A; F) is finitely generated (compare (11, Remark 4.20)). Finally, the
fourth isomorphism follows from Theorem 3.4.2 and the compatibility of the cross product
with the deck transformation actions. What’s more, a simple verification shows that the

above isomorphism is an isomorphism of left F'[r]-modules.
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More explicitly, let a« € H*(R", A; F), B € ITJFZ(U, B;F), a € S,(R", A; F), and b €

IPS. (X, B; F). Then, (a x B)(a x b) = (=1)/#ala(a)B(b).

The following well known relationship between cross products and cap products for or-

dinary homology and cohomology extends to our setting.

Proposition 7.1.8. Suppose that D¥ > Dp + Dg. Let K, C R? be a closed ball and
let K9 C X be compact. Let U C X be a distinguished neightborhood so that the connected

components of v|y are finitely fibered (so that the cohomology cross product above is defined).
Leta € H*(RL,R'—K; F), B € IFFZ(U, U-KyF),z€ H(RER'—K; F),y € I"H, (U, U~

Ky, F7). Then,

(ax B)N(zxy)= (D anz) x (Bny)
as elements of IPHL™ ™" (Ri x U; F)

Proof. For convenience set A = R — K;, B =X — Ky, and C = R* x X — K; x K, and
we will also use id to mean idg:;. We have the following commutative diagram where field

coefficients are assumed and the unmarked tensor products are over F.

ded

H(S.(R), A) ® I7S,(X, B; F7)) H.(S.(R") ® S.(R', A)) ® H,(IPSY(X)! @pim [7S7(X, B))
%y « @ % -
H(S.(R x R R x A) @ (FT @pps 1957 (X x X, X x B))) H, ((sg(Rf) ® PS7(X))' @i (S.(R, A) © [1S7(X, B)))
X X ® X
IOV (R X xR x X, R x X x C; F7)
- d - .
THY (R x X,C; F7) H, (PSR x X)' @ppm ISP (R x X, C))
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The unmarked middle vertical arrow is the composition of the cross product and the
coordinate swap map ¢ : R* X (R x X) x X — R" x (X x R’) x X.

The top and bottom portions of the diagram commutes by the definition of c?, the
left side commutes by looking at the chain level shuffle-product and the observation that
dpixx = to (dgi X dx) where t is the coordinate swap map above and dx, dgi, drixx denote
the appropriate diagonal maps, and finally the right side commutes by associativity (The-
orem 3.5.2) and commutativity (Theorem 3.5.1) of the cross product (note the top right
isomorphism uses the Koszul sign convention).

Now let’s show why this diagram proves our desired identity. Let ® denote the isomor-
phism in the upper right corner of the diagram. Write d(z) = >, ai @ b; where a; € S,.(RY),
b; € S, (R, A) and write d(y) = > i ¢ @pix dj where ¢; € (IPS*(X))" and d; € I7S*(X, B),.
Notice that |z| = |a;| + |b;| and |y| = |¢;| + |d;| for each 4, j. Then by commutativity of the

outside of the diagram above we have that
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(ax B)N(zxy)=(1&(axp))dzxy))

= (1@ (a x #)) ((x ® x)®(d(z) @ d(y))

— (18 (@ x B))(x Opp X) ((Z @ bi> o <Z o e dj>)

(2

J

=(1® (ax B))(X pp x)P (Z(a@- ® b;) ® (¢j @F(x) dj))

i?j

= (1® (@ x B))(X ®pp X) (Z(—l)'bi"%'(ai ® ¢;) @ppr) (b ® dj)>

i?j

= (1@ (axp)) (Z(—l)bi""”(ai X ¢;) @pia (bi X dj))

i?j

— Z<_1)|bi|'|cj|(_1)|0€X5“|ai®cj|(a X B)(b; X dj)a; X ¢;.
1,J

Recall from the cohomology cross product (Remark 7.1.7) that (ax )(b; xd;) = (—1)1PMbla(b;)B(d;).

What’s more, we have that a and 3 evaluate to zero unless |a| = |b;| and || = |d;|and be-

cause a(b;) € F, we have a(b;) = a(b;). Thus, we have
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(ax B)N (& x y) = S (1)l (— e PHeeel i BB, x dya x ¢

— Z Ib | Ic] )(Ial+\6|)l~(\ail+\0j|)(_1)\B|-\bi\a(bi)5(dj)ai X ¢

_Z p)lbibtel (1)l 18D el Hlesl) (1 )80 BEY albr)as X
_Z p)loib el (1)l 18Dl Hles (1) BEY a(by)as X ¢

_Z 1)loib el (1)l 1BD sl el ()80l g, 3¢ (eu(bi)B(d )e)

where we have used that «(b;) € F' and the action of 7 on idgi X v.
Looking at the sign term above we see have —1 to the power |b;| - |¢;| + |af - |ai| + |af -
lcj| + 18] - |ai| + 18] - |¢;| +15] - |b:]. However, using that |a| = |b;| this means that
1i] - lejl + e - la| + laf - lej| + 18] - lail + 18] - ;] + 6] - |bi)

is the same as

o - las] +2[bi] - les| + 18] - les| + 18] - (Jaa] + |oi])

and then using that |a;| + |b;| = |x| this is

ol - las] + 2063 - le| + 18] - le + 18] - [].
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Reducing modulo 2 we have

ol - fas| + 18] - ;| + 18] - [].

Thus, we have shown

(axB)N(zxy)= Z(_1)\BI-\r|+|a|-|ail+IB\-ICj\ai x (a(b)B(d))cy).

0]

Next, we consider the righthand side of our identity.

(~1)Hl (@ n2) x (BNy) = (1) (1@ a)(d@) x (12 B)(dy))
= (-l ((1 @)Y ae bi)> x ((1 @B ® dj)>

= (—1)l8ll (Z(—M'“"“i'@m) % ((_1)|ﬁ|-|0jlmcj>

)

= 3 (—1)lPHelHaledt e (a(bi)ai) y (5(dj)cj>

— Z(—l)w"'z‘*'a""“‘+|5|'|Cf|(a(bi)ai) x (B(d;)c;)

— Z(_l)|B\~Ir\+|al~|ai\+|BI~ICj|aZ. x (a(b;)B(d;)e;)

where we have used bilinearity of the cross product and again used that a(b;) € F. Thus,

we see this agrees with the lefthand side we computed above. ]
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7.2 Universal Poincaré duality

Let K C X be compact. Let 'y € IH,(X,X — K; F7) be the twisted fundamental class

over K defined in Definition 5.4.2 . We define %y : ]5ﬁi(X, X —-K;F)— IPH! (X;F) by

Dk (o) = (=1)"aNnTk.

We note this is consistent if we let K vary. More precisely, let K C K’ and let j :
(X, X — K') = (X, X — K) be the inclusion map (so j|x : X — X is the identity map) of
pairs. By uniqueness of fundamental classes we must have that j,(I'x/) = T'x. So we have

the following computation

D (5*(@)) =(~1)""j*(a) N T
—(~D)"a (D)
=(—1)ll"a N T

We define universal cohomology with compact supports to be the limit over compact

subsets K ¢ X

ISH (X F) = lim H, (X, X = K; F).
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The computation above implies we have a well-defined map & : IgﬁZ(X F)— IPHY (X F)
given by

2 = lim Yk
—}

We now arrive at our main theorem. Observe that the theorem always holds over Q
and for compact pseudomanifolds will hold over any field as long as the characteristic of
the field does not divide branching indices of the branched cover which will be a finite set

(Corollary 4.3.6).

Theorem 7.2.1. Let X be a stratified pseudomanifold with X,., connected and with per-
versity 0 < p < t and dual perversity q. Let v be locally finite unbranched oriented reqular

connected cover of X,e, with deck transformation group . Let F' be a v-good field. Then,

2 :ILH,(X;F) = I"H/(X; F)
is an isomorphism of F[r]-modules.

Proof. We proceed by induction on depth(X). If depth(X) = 0, then X is a manifold and the
theorem follows by standard Universal Poincaré duality for manifolds (17, Theorem 4.65).
We will apply Theorem 2.4.7 to prove the theorem.

First assume X is normal. Let F, be a functor defined on open sets of X by F,(U) =
Igﬁ*(U; F) and define a functor G, by G.(U) = I“H?(U; F'). Consider the natural trans-

formation F, — G, induced by Z.

206



Consider the case U C X is open and homeomorphic to Euclidean space. Then U is
evenly covered and F,(U) — G.(U) is an isomorphism of F[r]-moduels by (17, Theorem
4.65).

Next, assume that {U,} is a totally ordered set of open subsets of X. Then because {U,}
is totally ordered and because the direct limit in the definition of cohomology with compact
supports is over compact subsets, we have that the natural map lim F.(U,) — F.(UU,)

«

is an isomorphism. What’s more, we clearly have that lim G.(Us) — Gi(UsUs) is an
isomorphism. Thus, the second condition of Theorem 2.4.7 is met.

Now assume the theorem holds for a link L C X of dimension k£ — 1. We will show that
the theorem holds for ¢ C X. To prove it for cL we choose cofinal compact sets of the form

K =7¢,.L where ¢, L is the image of [0,7] x L in ¢L = [0,1) x L/ ~ and where 0 < r < 1. For

a moment fix r. We claim that

Dy - IPH,(cL,cL — ¢, L; F) — ITHY (cL; F)

is already an isomorphism. Let b € (r,1) and let j : L — cL take = to (x,b). Because j
gives a stratified homotopy equivalence cL — ¢, L. ~ L we have that j induces an isomorphism
I"HY(cL,cL — ¢, L; F) = I"HY(cL, L; F) for any perversity T with 0 <7 < 7. Let v denote

the cone vertex.

207



For i« < k — p({v}) the domain and range of Z..; are both zero by Proposition 6.3.4 and
Proposition 2.3.3. So the isomorphism is trivial in this dimension range. So take i >

k —p({v}). We have the following commutative diagram

. )k
—=i—1

-1 (5 —
L (cL,cL — ¢,L; F) LH, (L — e, L; F) 2+ LH, (L, F)

v

inclusion -

IHY (cL; F) IH; (cL — ¢, L; F) % IH; (L; F)

The right square commutes by Proposition 7.1.3 and the left square commutes up to sign
by Proposition 7.1.6 and noting that j,I'; = dI'c . The boundary map ¢ is an isomorphism
by Proposition 6.3.5 and the map labelled inclusion is an isomorphism from the cone formula
Proposition 2.3.3 and the fact that L — cL — ¢, L is a stratified homotopy equivalence. We
need to show that the right vertical map is an isomorphism. Because X is normal we have
that L is a connected normal compact pseudomanifold so that L,., is connected. Fix a
connected component of v|; and call this /. Notice that v/ is a locally finite unbranched
oriented regular connected cover of L,.,. Also notice that by Proposition 4.3.4 we have that
because F' is a v-good field, it is also v/-good field. Let " C 7 be the subgroup of 7 of deck
transformations of /. Let J be a set containing a single choice of element from each left
coset in 7 /7.

By Lemma 6.3.8 we have the isomorphisms of F-vector spaces
IS, (L; F) 2 @, Hompppn (IPSY (L; F), Fr']) and 19SY(L; F) = @, [7SY (L; F'). What’s

more, by taking the cap product with T', we have a map NI', : [,H,,(L; F) — (ITHY' (L; F)*).
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By induction on depth, these maps are isomorphisms of F[r]-modules. Therefore, to com-

plete our argument we show that the following diagram commutes

LH,(L; F) — @D L, (L; F)

acJ

NIy, EBHFL

I"HY(L; F) — @D IHY (L; F).

acJ

Taking the cap product with I';, from the left vertical arrow we use the algebraic diagonal map
I°H,(L; F7) — H.((ISY(L; F))! @ IPSY(L; F)) while the direct sum of cap products on
the right use the algebraic diagonal map I°H,(L; F7) — H,((I9SY (L; F))!®ppn 7SV (L; F)).
Let f € ]Igﬁ;(L; F). By the top isomorphism we can write f =" _; aﬁ where a € J and
fo € Hompp (IPS¥(L; F), F[7']) is the extension of f, € Hompip(I7SY (L; F), Fx']). Going
around the square right, down, and then left, f maps to > ;o t.((faNT'z)). On the other
hand, f maps down to ) ., «- (fo NT1) which is the same as Yoaes - tL((faNTL)) by
Proposition 7.1.4. Thus, the diagram commutes so the left vertical map is an isomorphism of
F-vector spaces (what’s more F'[r]-modules since the map is easily seen to be a map of F[r]-
modules). Thus, in the previous diagram the leftmost vertical map is also an isomorphism

of F[r|-modules.

209



Next, we show the theorem holds for open sets of the form Y = R? x cL. Note compacts
sets of the form K; x K, are co-final among compact subsets of R? x cL. Moreover, we can
take K to be closed balls and K5 to be closed cones. We have the commutative diagram up

to sign below by Proposition 7.1.8.

*

— X . . —x
LHY,Y — (K, x [u); F) < H*(R,R — Ky F) @p LH (L, cL — Ky; F)
ﬂ(l"Kl X FKQ) ﬂFKl X ﬂFK2
[THY(Y; F) . H.(R%: F) @ [TH”(cL; F)

The top horizontal map is the cohomology cross product which is an isomorphism by
Remark 7.1.7, the lower horizontal map is an isomorphism by Theorem 3.4.1, and the right
vertical map is an isomorphism upon passage to the direct limit. Therefore, by commuta-
tivity the left vertical map is also an isomorphism upon passage to the direct limit by the
case above already considered. However, 'k, xx, = 'k, X 'k, by Proposition 5.5.2 so that
we have the desired isomorphism in this case. What’s more, the left vertical map is easily
seen to be a map of F[r]-modules so that it’s actually an isomorphism of F[r]-modules.

Finally, we have the following diagram of Mayer-Vietoris sequences. We prove commu-

tativity of this diagram up to sign in the next subsection ®.

——> H.(UNV;F) —— I;H (U;F) @ IzHL(V;F) —— IzH,(UUV;F) — IH, S (UNV;F) —>
2 26 -2 l@ \@ (1)

— I9HY_(UNV;F) — ITHY_,(U;F)®I'HY_,(V;F) — IHY_,(UUV;F)) — ITH,_, (UNV;F) —

81t is enough for diagram (1) to commute up to sign as the proof of Theorem 2.4.7 uses Mayer-Vietoris
long exact sequences to make a Zorn’s lemma argument using the five lemma that two of the maps are
isomorphisms. Since multiplying by —1 has no effect on whether the maps are isomorphisms, we can still
apply Theorem 2.4.7 in this setting.
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This completes the proof in the case X is normal by Theorem 2.4.7. Now consider the
case X, is connected, but X is possibly not normal. Let n : X — X be the normalization
of X. Notice that because X,., is connected we have that X N'is a connected normal
pseudomanifold. Let K C X be compact and let K = n™!(K') which is compact since n is

proper. We have the commutative diagram below.

LH(XY, XN - KNy & LH (X, X — K)

RIS Nl

n,

gy (x™) I7HY(X)

The diagram commutes by Proposition 7.1.5 and because 'y = n, '~ by definition. The
horizontal maps are isomorphisms since they are isomorphisms on the level of chain com-
plexes by applying Proposition 2.1.8 and because n obviously preserves deck transformation
actions. The left vertical map is an isomorphism upon passage to direct limits since X% is
normal and by definition F' is v-good on X (Definition 6.2.4).

. Thus, the right vertical map is also an isomorphism upon passage to the direct limit

which is what we wanted to show.
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7.3 Commutativity of Diagram (1)

In this subsection we prove commutativity of Diagram (1) in the preceding theorem. The
proofs of our results in this subsection follow those in (11, Section 6.1). We will suppress
field coefficients from the notation. The proof of commutativity of Diagram (1) follows

immediately from the lemma below.

212



Lemma 7.3.1. Let X =U UV be an open cover of X and let K and L be compact subsets

of U and V'; respectively. The following diagrams commute

(a)
LH (X, X —KnNL) LH,(X,X - K)® LH,(X,X - L)
LH(UNV,UNV —KNL) LH,(UU—-K)® LH,(V,V — L)
mFKﬂL ﬂFK@—ﬁFL
I"HY (UNV) I"HY_(U) @ I"HY_, (V)
(b)
LH (X, X —K)® LH,(X,X —L)— LH,(X,X - KUL)
LH,(UU—-K)® LH,(V,V - L) Txur
' @ —-I'p
IH,_(U) & ITHy (V) ITHy_(X)
(c)
— 0 —k+1 =kl
LH,(X,X -KUL)— L;H, (X,X-KNL)— L;H, (UNV,UNV —KNL)
exrc
FKUL I‘KﬁL
_ 0 _
I'H) ((X) IHY . (UNV)
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Proof. To prove part (a) it suffices to work one summand at a time. Let us consider the first

summand. Commutativity here follows by the diagram

LAN(X,X - KNL) LAN(X, X — K)

LHE(UNV,UNV —KNL) ~— LA(U,U—-KNL) — LHL(U,U — K)

NL'knL D NIk

[T (UNYV) [THY (V)

Each of the maps not labelled are inclusion maps. The upper half obviously commutes
since they are inclusion maps. The lower half commutes by Proposition 7.1.3 and since the
inclusion map (U, U —-KNL) — (U,U—K) maps 'k to I'gnr by Theorem 5.4.4. The second
summand is similar.

To prove part (b) we can similarly proceed one summand at a time. Consider the following

commutative diagram

LH, (X, X —K)— LiH,(X,X - KUL))

) »

LH, (U U-K) & kot
'k

I"Hy_.(U) ITHy_(X)
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Each triangle again commutes by Proposition 7.1.3 and the fact that the inclusion map
(X, X —KUL) — (X, X — K) takes ', to I' by Theorem 5.4.4. Commutativity for the
second summand follows similarly.

Finally, to prove part (c) we first need a lemma which we prove at the end of the sub-

section.

Lemma 7.3.2. Let X = U UV be an open cover of X and let K and L be compact subsets

of U and V'; respectively. There exist chains

Bu_r, € (IPSY(U — L)) @ 1957(U — L,U — K U L)
Buav € (IPSX(UNV)) @pim 19SX(UNV,UNV — KU L)

Bv_x € (I"SY(V — K))! @ppm 1957 (V — K,V — KU L)

Such that Bu_r + Punv + Bv—k represents d(I'kgur) € H ((IPSY (X)) @ppm 1957 (X, X —

KUL))

Assuming the lemma for now we complete the proof of part (c) of Lemma 7.3.1. The proof
follows (11) which in turn follows as in (14). First note that the inclusion (X, X — KUL) —
(X, X — KN L) maps I'gyr to Cgnr. This means that the image of By_1 + Sy + Bv_x in
H, ((IPSY(X)) ®pjx I957(X, X — K N L)) represents the image of d(T'xnr). But this is just
Bunv since the other terms map to 0 in (IPSY (X)) ®pj 1957 (X, X — K N L). Thus, Buny

represents the class d(I'xnr) in H ((IPSY(UNV)) @p 19S2(UNV,UNV — KN L))
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Now we let ¢ € IPS, (X, X — KUL). We calculate the image of [¢] for the two ways going
around the diagram in part (c). Let A and B denote X — K and X — L; respectively. Thus,
¢ € IPS (X, AN B). Now from the zig-zag construction of the connecting homomorphism
we have that d[¢] = [0p4] where p = p4 — g with p4 € IPS, (X, A) and pp € IPS, (X, B).
Moving on to I7H?_, (UNV) we obtain [(1 ® d¢a)(Bunv)]. However, this is the same in

homology as (—1)F*[(1 ® ¢4)(8Bunv)] by the equation

(1 ® pa)(Boav)) = (1@ 604)(Burv) + (—1)F(1 @ 4)(0Buav ).

To see the above identity holds write Syny = > ;Yj ® zj. Then we have

(1@ @A) (@Burav) =D (1@ ) ((y;) ® 2 + (~1)Mly; @ 92)))
J

= 3 ()0 Ry + (1) (1),

J

= > (1001 8 pa)ys © 25) + () (=TF Fpa) (1) )

J

= (-1)*9(1 ® ¢a) (Zyy®zj> (1® dpa) (Z?JJ@’ZJ)

= (=1)"(1 @ pa)(Boav) — (—=1)*(1 @ d0)(Burv)

where on the third equality we have the Koszul sign convention for coboundary maps. The

desired identity then follows by multiplying both sides by (—1)* and rearranging terms.
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Now we go around the diagram in part (c) the other way. Let 5 = fy_r + Bunv +
Pv_rk. Then [p] first maps to [(1 ® ¢)(5)]. From the zig-zag construction of the connecting

homomorphism 0 we write (1 ® ¢)(8) as the sum of a chain in U and a chain in V

(1@e)B)=102¢)(Bv-L) + (1@ ¢)(Buav) + (1@ ¢)(Bv-K))

and then we take the boundary of the first term above obtaining [0(1 ® ¢)(By-r)]. To see

this is the same as (—1)"[(1 ® p4)(0Byny)] we have the following computation

(1@ ¢)(Bu-r) = (-1) (1 © )(8by-1) since dp = 0
= (1) (1 @ a)(0fu-L)  since (1® ¢p)(dBy-L) =0

because pp vanishes on chains in B =X — L

= (1) (1 ® v4)(9Bunv)

The last equality follows from the equation 08y _;, = 08 — 0Byny — 0Bv_xk = —0Bunv —

0Py _k and because ¢, vanishes on chains in A = X — K.
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Proof of Lemma 7.53.2: Let C denote the category with objects U — L, U NV, V — K and

their intersections and inclusion maps as morphisms. To prove the lemma it suffices to show

d(T'kyyr) is in the image of

2 T (1757 (W) @ g 72 (W, W — K U L) = (I7SY(X))! @) (X, X — KU L)
wecC

Let Y € X x X denote the subspace

(U-L)xU—-L)u{UnV)xUnV)HU(V-K)x(V-K))

and notice that d(X — (K UL)) CY — (X x (K UL)).

1®d

H,(F™ @ppa 1°S7(X, X — K UL))

H(F™ @pim 1977877 (X x X, X x (X — KUL)))

H.((IPSY(X)) @ 178%(X, X — (K U L))

H.(F™ @pp 197877 (Y,Y — (X x (K UL)))) K

H.(lim F™ @iy 197577 (W x W,W x (W = K U L)) <= H.(lim (1787 (W) @1 757 (W, W — K U L))

Notice glv(F kur) is the image of 'k, going across the top row. The map A is an isomor-
phism by Corollary 6.1.4 and by the fact that F''"®p(, preserves chain homotopy equiva-

lences over F[r]|. If we can show that u is an isomorphism, then this will show d(T'ky1) is

in the image of .
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Let Wy, Wy, W3 denote U — L,UNV,V — K; respectively. Let C’ denote the subcategory
of C with objects Wi, W5, and Wi N W,. Let C” be the subcategory of C with objects
Wi n Wi, Wy N Wy, and W7 N Wy N W3. Note that for any functor D from C to chain
complexes we have that

lim D(WW)
H
wec

is the pushout of the diagram

lim D(W) D(Ws)
wec”

lim D(W)
iy
wec’
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We note that

lim D(W) and lim D(W)
— —

wec’ wec”

are also pushouts of the following respective diagrams

D(W, N W) D(Wh)

D(I1,)

and

D(W; N Wy N Ws)

D(W; NWs)

D (W, N Ws)
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For any pushout diagram of chain complexes

C D

we have that if A — B @& C is injective, then there is a short exact sequence 0 — A —

B & C — D — 0 so there is a Mayer-Vietoris long exact sequence

The maps for our push out diagrams will be injective by part (ii) of Theorem 6.1.1
and because C” is a subcategory of C’. Using this long exact sequence it follows from

Proposition 6.2.12 and the five lemma that

lim F™ @ ppm I7SY(W) @ TSV (W, W — K U L) — lim F™™ @pm 199752 (W x W, W x (W — K U L))
wec’ wec’

and

lim F™ @pig IPSY(W) @ I°SY (W, W = K U L) = lim F™ @pp I99787(W x W, W x (W — K U L))
wec” wec!

are quasi-isomorphisms.
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Using the above isomorphisms, and Proposition 6.2.12 once more, we apply the Mayer-

Vietoris sequence to the pushout diagram above for

lim D(WW)
H
wec

and the five lemma to see that

V%HZF ®ppm IPSY(W) @ 1957 (W, W — K U L) — Vl%mcF R i 19778 (W x W, W x (W — K U L))
€ €

is a quasi-isomorphism as desired. O

7.4 Poincaré duality for finitely branched coefficient systems

For our final subsection we show how our proof of universal Poincaré duality for intersection
homology may be modified to obtain a (non-universal) duality theorem for twisted coefficients
defined using a locally finite unbranched regular cover v. We begin by defining cohomology

with twisted coefficients.

Definition 7.4.1. Let F' be a field. Let X be a stratified pseudomanifold with X,., con-
nected, v be a regular cover of X,., with deck transformation group m, and A be a right
F[r]-module. We recall that if A is a right F[r] module, then we define A’ to be the left
F[r]-module induced by the 7,-twisted involution. Specifically, for a € A and g € 7, we

define g - a := ag.
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We define the intersection cochain complex with twisted coefficients by

LS5 (X; AY) := Hompp (IPSY(X; F), AY)
and denote the cohomology by Iﬁﬁ;‘(X ; AY).

We note the proofs of Lemma 6.3.3, Proposition 6.3.4, and Proposition 6.3.5 remain valid
for general intersection cohomology with twisted coefficients.

Next, we extend the cap product to our current setting.

Definition 7.4.2. Let X be a stratified pseudomanifold with X,., connected and with
perversities p,q, and 7 such that D¥ > Dp + Dg. Let U,V C X be open, let v be a
locally finite unbranched oriented regular cover of X,.4, and let I’ be a v-good field. Let
a € Igﬁ[,"(X, U; A" and € I"H,(X,U UV;F7). Write d(z) = > Yi ® z; where y; €

(IPSY(X,U; F)) and 2z € I7587(X,V; F). Then we define

anx:= Z(—l)mwi'a(zi) XY € ]T)ﬁryn—n(Xa Vi A)

where a evaluates to 0 for |z;| # m. We note that this is actually an element of IPHY,_ (X, V: A)

by the natural map A ®ppr IPSY (X, V; F) — Iﬁgj(X, V; A). Moreover, this is well defined
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because if g; € 7, then >, y; - ¢; ® gtz = > 0 ® g; 'z and we have

> ()"lalg =) @ gy = Z( D"vlgt - a(z) @ gy
= Z D™z g7 @ i
= Z 1™ a(z) (@) © Giys
= Z Dla(z) © g gy

= Z 1™l (z) @ y;

We have analogous results to Proposition 7.1.3, Proposition 7.1.4, and Proposition 7.1.6.
Moreover, we have a cohomology cross product for intersection cohomology with twisted
coefficients in the same special case as well as the analogous result to Proposition 7.1.8.

Next, we define the map which will yield the duality for twisted coefficients. Let K C X
be compact and let I'y € IPH, (X, X — K; F7) be the twisted fundamental class over K. Let
D Ipﬁi(X,X — K;AY) - I H, (X;A) be defined by Zx(a) = (-1)"aNTk.

As in Section 7.2, we define twisted intersection cohomology with compact supports to

be the direct limit over compact subsets K C X. That is,

ISH(X; AY) = lim (X, X — K AY)

and just as in Section 7.2 we may define 7 : Igﬁ;j(X; AY) = IPHY(X; A) by

2 = lim .@K
—
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Theorem 7.4.3. Let X be a stratified n-dimensional pseudomanifold with X,., connected
and let v be a connected locally finite unbranched oriented regular cover of X,., with deck

transformation group m. Let F' be a v-good field and A be a right F[r]-module. Then

D ITfH:(X;At) — [THY(X; A)
1s an isomorphism of F-vector spaces where p and q are dual perversities.

Proof. First assume X is a connected normal pseudomanifold. As in Theorem 7.2.1 we
induct on depth(X) and apply Theorem 2.4.7. If depth(X) = 0, the theorem follows from
manifold theory:.

In the case U C X,¢y is homeomorphic to Euclidean space we have that U is evenly
covered by v so that the theorem in this case also follows from manifold theory.

Next, we need to show that if the theorem holds for a (k — 1)-dimensional connected
normal link L, then it also holds for ¢L. The proof follows exactly as in Theorem 7.2.1.
We only note that in the case i > k — p({v}), where v is the cone vertex, we have the

commutative diagram

LH;(L; A') — I;H, (L; AY)
NIy NIy
I7H”(L; A) ~— ITH” (L: A)

where the left cap product uses the algebraic diagonal map involving v and the right cap

product uses the algebraic diagonal map involving a connected component ' of v|;. The
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diagram commutes by the corresponding result to Proposition 7.1.4. The top horizontal
map is an isomorphism of F-vector spaces by the analogous result of Lemma 6.3.3 and the
bottom horizontal map is an isomorphism by Lemma 6.2.7. Now 2/ is a connected unbranched
oriented regular cover of L and because F' is a v-good field it is also a v/-good field so that
the right vertical map is an isomorphism by induction on depth. Thus, by commutativity of
the diagram the left vertical map is also an isomorphism of F-vector spaces.

The next step in the proof of Theorem 7.2.1 was to show the theorem holds for open
sets of the form R’ x c¢L where L is compact (n — i — 1)-dimensional pseudomanifold. As
in Theorem 7.2.1 this case follows by using the cross product for cohomology in this special
case.

Finally, we have the analogous Mayer-Vietoris long exact sequence of Theorem 7.2.1
whose commutativity follows using similar proofs to those in Section 7.3.

The case X,., is connected, but X is possibly not normal also follows the argument of
Theorem 7.2.1 by appealing to a normalization n : XV — X.

]

As a last corollary we give a generalization of (11, Theorem 6.3) to include cases the
pseudomanifold is perhaps non-orientable. If F' is a field of characteristic 2, then X is F-
orientable and duality in this case follows by (11, Theorem 6.3). The corollary below covers

the cases F' is not of characteristic 2.
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Corollary 7.4.4. Let X be a stratified pseudomanifold and let F' be a field with charF # 2.
Let 0 < p <t be a perversity on X with dual perversity g. Then we have F-vector space

1somorphisms
® 7:LH(X;FT) — I"H,(X; F)
e 7:H"(X;F) — I"H . (X;F7) = ]@LNI;’(X;FT).

Proof. We will assume X is connected. The proof for the non-connected case follows by
breaking X up into its connected components.

The first isomorphism follows by Theorem 7.4.3 with v = o, A = F, and because
ITH(X; F) = ITH (X F).

The second isomorphism follows also by applying Theorem 7.4.3 with v = 0 and A = F".
Note that (F7)' & F as a left F'[Z;]-module. This can be seen from the fact that 7 = —7 so
that 7- f = f-T=—fr = —(—f) = f. Hence, the action by 7 under (F7)" is trivial. If we

can show

LEHY(X;F) = EH (X F)

we will be done. Let p : E(0) — X, be the covering map of 0. Consider p* : Homp (175, (X, X —
K;F),F) — Hompz, (IPS2(X, X — K; F), F) defined by (p*a)(z) = a(p.(z)), where a €
Homp(IPS. (X, X — K;F),F)and z € I’PS2(X, X — K; F), F). To see this is well-defined we
need to show that p*a € Hompz, (I7S2(X, X — K; F), F). To this end, it suffices to show

the map is equivariant over F'[Z,]. Observe,
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(p*a)(rz) = a(p.(12))
= a(pi(z))
=7 a(p.(x))

=7 (pa)(z)

where the second equality follows because 7 has the deck transformation action and the third
equality follows because a(p«(z)) € F and F' is given the trivial left F'[Zs]-module structure.
Thus, p* is induces a well-defined map.

We will show p* is an isomorphism of cochain complexes. Recall the map W : IPS, (X, X —
K;F) — I"S°(X, X — K; F) from the proof of Proposition 5.2.4 defined by ¥(z) = 17+ 377
where Z is a choice of a single lift of each simplex appearing in = (notice the expression
1%+ 377 is independent of choices of lifts). Define U* : Hompz,) (IPS2(X, X — K; F),F) —
Homp(IPS.(X,X — K; F),F) by (V*B)(2) = B(¥(z)), where 8 € Hompz, (IPS2(X, X —
K;F),F) and z € I"S,(X,X — K; F). Notice that since § is equivariant over F'[Zy] it is
also equivariant over F' so the map ¥* is well-defined. Now since p¥ = id we have that

U*p* =id. We next show that p*U* = id as well.
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Let « € IPS)(X, X — K; F) and a € Hompyz, (IPS(X, X — K;F),F) . Let 2 = p,x.

Then,

The third equality is because z is clearly a lift of p,x so that we must have %LL’—F%T:C = %54—%7’5
since Z is also a lift of p,z. The second to last equality follows since the action by F[Z,]
is trivial. Thus, p* is an isomorphism with inverse given by W*. Passage to the direct
limit over compact subsets K C X then gives an isomorphism of cohomology with compact

supports. 0
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