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ABSTRACT

The hyperbolic geometric structure is a type of non-Euclidean geometry. We first
examine the geodesics in hyperbolic space using the properties of Mobius transformations in
the upper half-plane. We derive a distance formula and use it to determine the hyperbolic
versions of the Pythagorean theorem, the Law of Sines, the Law of Cosines, Ceva’s Theorem,
and Menelaus’s Theorem. We then examine the spectral properties of hyperbolic triangles.
We determine a differential equation for a familly of triangles with constant first eigenvalue
of the hyperbolic Laplacian with Dirichlet boundary conditions.



Small Eigenvalues of Hyperbolic Polygons

Thinh Doan
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1 Geodesic Formulas

1.1 Geodesic path and distance

Let H = {z = z+iy : y > 0}. The hyperbolic metric is defined as follows. The inner product

i ([1]). Thus, the hyperbolic

of two vectors at a point z is defined as < v,w >= —————
(Im(z))

length of a path « : [a,b] — H is

Pl (@)]
L(a) = /a [m(a(t))dt'

In ([1]), it is shown that distance-minimizing paths (geodesics) are either vertical straight
line in H or semicircular arcs in H centered on the horizontal axis. Given the formula for the
hyperbolic length of a path in the upper half-plane, we will derive formulas for the distance
between two points in the hyperbolic plane.

We will consider a simple case. Let z =i and w = sin(6 )+ cos(#;). One reparametriza-
tion of a geodesic path from z to w is a(t) = (sin(t), cos(t)) for 0 <t < 6;.

So |a(t)| = 1 and d/(t) = (cos(t), —sin(t)) The distance from z to w is

el (1
/0 cos(t)dt =1 (cos(t) it (t))
[ L sinG) "
cos(t)

1 1 + sin
=—-ln| —=
2 1 —sin

01

0




We now consider the general case and calculate the distance between z = (z1, 25) and w =
(w1, wq). Let a be a geodesic path a(t) such that a(0) = z and a(1) = w. (Here we assume
z1 < wj to parametrize our path) If z; = w; , we have

distgz(z, w) = |z — w|

Let ¢ be the center of the Euclidean circle A passing through z and w on the real axis. Let
L be the Euclidean line segment joining z and w. The midpoint of L is %(z +w). The slope
Im(w) —Im(z)  wy — 29
Re(w) — Re(z)  wy — =

1 Re(z) — Re(w) 21 —w

(2 + w) and has slope 7= Tm(w) = Im(z) ~ wr— 2

of Lis k=

. The perpendicular bisector H of L passes through

, so H has the equation:

Re(z) — Re(w)
Im(w) — Im(2)

y— 5(Im(w) + Im(2) =

(x-%(Re@o4-Re@U»>

1 _zl—wl 1
Yy 2(w2+22)— wz-@](x 2(21+w1)>

The Euclidean center ¢ is the z-intercept of H

R P [ Im(w) — Im(z)

1 [(Im(z»? — (Im(w))? + (Re(2))? — Re(w))?]

+ %(Re(z) + Re(w))

Re(z) — Re(w)

BEETE

2 _Re (2) — Re(w)

(112 2
1 |w|]

1
2 Z1 — W

The FEuclidean Radius of A is

1
r:\c—p|:§

[|z|2 - |w|2} '
—| -z
Z1 — w1
Let D be the center of the semicircle passing through z and w. By shifting the circle
horizontally by —c¢ ,we construct a formula for a geodesic path b(t) from 2’ = z — ¢ to
w' = w — ¢ such that a(0) = 2’ , a(l) = w', and the center is at the origin O. Let
Z', W' be the image of z,w after shifting the semicircle with center D. Let t; = —ZD0OZ’,
ty = ZDOW’. The formula for a geodesic path from z to w in this case is b(t) = (rsin [¢(t, —
t1) + tl] , T COS [t(tg —t) + tl]).

Shifting the circle horizontally by ¢, the general formula for a geodesic path passing
through z and w is a(t) = b(t) + ¢ = (rsin [t(t — t1) + t1] + ¢, rcos [t(t2 — t1) + t1]).
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We construct the general formula for the geodesic path passing through z and w by parametriz-
ing the Euclidean circle with center ¢ and radius r passing through z and w. The geodesic

distance from z to w is obtained by
b ()]
du(z,w) = ———dt
o) = [ )
B /1 |(r(ta — t1)cos(t(ts — t1) + t1), —r(to — t1) sin(t(tz — t1) + t1)| 0
—Jo rcos(t(ty —t1) + 1)

1
ty —t
:/ 2 1 dt
o cos [t(ty —t1) + 1]
Let u = t(tz - t1> + tl

to
dp(z,w) :/ sec(u)du
t1
to

= In |sec(u) + tan(u)|

t1
to

IPNELIORE (1.1.1)
cos(u) .
We also have
sin(t) = L ¢
)
t) = —
cos(ty) .
sin(tg) = S
.
2
ty) = —2
cos(tz) .
Substituting into (1.1.1)
dyy () = In |21 =+ T) (1.1.2)

wo(z1 —c+1)

1.2 Alternate Formula for Hyperbolic Distance

Let z = z; + iz and w = wy + dwy are belonging to C(O, 1), the circle with center O and

radius 1. That means



ity

z=e costy +isint;, w = e" = costy+ isint,.

A parametrization (counterclockwise) of C'(O,1) is
a(t) = (cost,sint).

The distance:

dy(z,w) = /t2 csc(t)dt

t1
Now consider the transformation for ¢ € R,r > 0,
Y(u) =ru+c = (rug + ¢, ruy) = (rcost + ¢, rsint),

where u = u; + iuq. For every u,v € C,

02

du(v(u),v(v)) = / csctdt = dy(u,v).

01
It is shown in ([1]) that all orientation-preserving isometries (distance-preserving maps) of
H to itself are the Mobius transformation maps of the form

az+0b

H )
cz+d

where a,b,c,d € R and ad — bc = 1. Thus v is an isometry. We may take any circular
geodesic arc and transform it to a C'(0, 1) arc with a choice of such a 7.

1
For 2,w € C(0,1). (In this case ¢ = 0, 7 = 1), we have di(z,w) = In % by
(1.1.2) We also have
1 1 1
COShdH<Z7w) — (Zl + )w2 (U/ + )Zg
2| (w+ 1)z (21 + D
[Bwi 4 223wy + 25 + w32} + 2wiz + wi] e

220wy (21 + 1) (wy + 1)

We substitude 22 = 1 — 2%, w3 =1 — w? and 22 +w? = 1 into (1.2.1); we obtain

— 22w + 21 — 22wy + wy + zwi + 1
2z0wy(z1 + 1) (wy + 1)
(2 —2zw1p) (21 + 1)(wy + 1)
229wq (21 + 1)(wy + 1)
(2 — 2z1wy)
229W9
2 4 25 + wi + w3 — 221w

cosh dy(z,w) =

22’2102
_q gy ol
222?1)2



Note that if z,w are replaced bny rz + ¢, 7w + ¢, the result is the same, so that this
formula for hyperbolic distance works for any z,w € H. The formula works even for z, w
such that they are contained in a vertical line.

1.3 The Pythagorean Theorem for Hyperbolic Right Triangles

The following formulas were derived from the hyperbolic distance formulas above

Theorem 1.1 (Hyperbolic Pythagorean Theorem). In a hyperbolic right triangle ABC (right
angle at B), with a,b,c be the opposite sides to the angle at A, B, C respectively then

cosh(b) = cosh(a) cosh(c).

Proof. We conveniently choose 3 vertices of a right triangle at z;, with z; = (0,1) = 7 ,
2o = (0,y) = yi, z3 = (cos(t),sin(t)) = cos(t) + isin(t) for 0 < t < .

The M6bius group acts transitively on H. Given two triples (wq, wq, w3) and (21, 22, 23) of
distinct points in C, there exists a unique element m of Méb™ so that m(w) = 21, m(w;) =
29, m(w3) = z3. Mobius transformations preserve angles and also preserve the distance be-
tween two points in H; that is, Mobius transformations of H are conformal and are isometries
of H. Thus, given any triangle ABC that has a right angle at B in H we can construct an
isometry (Mobius transformation) that maps B to z1, A to 2z and C to zs.

Let ¢ = distance between z; and z,, b = distance between 2z, and z3, and a = distance
between z; and z3. By the hyperbolic distance formula,

(y—1° _y*+1

cosh(c) =1+ % 5y (1.3.1)
o Jeos(t) +i(sin(t) — D)|F . cos(t)2 + (sin(f) — 121
cosh(a) =1+ 2sin(t) =1t 2sin(t) ~ sin(t)’ (13.2)
o B | cos(t) + i(sin(t) — y)|2 B cos(t)® + (sin(t) —y)*  1+y?
h(b) =1+ 2y sin(t) =1 2y sin(t) ~ 2ysin(t)’ (13.3)
From (1.3.1), (1.3.2), (1.3.3) we have
cosh(b) = cosh(a) cosh(c)
0

1.4 Law of Sines

Theorem 1.2 (Hyperbolic Law of Sines). In hyperbolic geometry, the Law of Sines states
that in a hyperbolic triangle ABC, with sides a,b,c be the opposite to the angle at A,B,C

respectively
sin(A)  sin(B)  sin(C)

sinh(a)  sinh(b)  sinh(c)
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Proof. First, we prove the formula that relates between angle and distance in a hyperbolic
right triangle. Thus, given any triangle ABC that has a right angle at B in H we can con-
struct an isometry (Mobius transformation) that maps B to 2, A to z3 and C to z3, with
21=1(0,1) =1, 20 = (0,y) = yi, 23 = (cos(t),sin(t)) = cos(t) + i¢sin(t) for 0 <t < 7.

Let ¢ = distance between z; and z,, b = distance between 2z, and z3, and a = distance
between z; and z3. We have

_ tanh(a)

tan(A) snh(c) (1.4.1)

sin(A) = ZEE (Zi , (1.4.2)
_tanh(c)

cos(A) = tanh(b) (1.4.3)

The points 2o and z3 lie on a unique geodesic, which is a semi-circle with center at u € R.
The line segment from u to zy is the radius of the semi-circle, as is the line segment from u
to z3. Calculating the length of these line segments, we see that

y? 4 u? = (cos(t) + u)? + sin?(t).

2

So y? = 1+ 2ucos(t). Using u = 4

, in the triangle with vertices at =, 25, 0, we also

2 cos(t)

have 5 0
y Y cos
tan(A) = = = ——2.
an(A) " 1
: 9 : 9 sinh(?)
Using the fact that (cosh(t))® — (sinh(¢))* = 1 and tanh(t) = cosh(t) for all £ € R we have
cos
from (1.3.2) and (1.3.3),
) y?—1 y?P—1
sinh(c) = T so tanh(c) = ot
t
sinh(a) = Z?;Eti, so tanh(a) = cos(x).
tanh
Thus tan(A) = %n (a).
sinh(c)
Note that
1
2 A) =
cos™(4) 1 + tan?(A)
B 1
- tanh?(a)
L+ sinh?(c)
sinh?(c)

sinh?(c) + tanh®(a)



From the Pythagorean theorem, we see that

. h2
cos’(A) = S sinh’(c) o2 (0)
sinh“(c) + 1 — =208 o
_ tanh®(c)
~ tanh?(b)
tanh(c)
A) = .
or cos(4) tanh(b)
To prove sin(A) = sinh(c)/sinh(b), we use the equation sin(A) = cos(A) tan(A) to obtain
tanh(a) tanh(c)

: _ )
SIn(A) = Sh(0) tanh (D)

_ sinh(a) 1  sinh(c) cosh(b)
cosh(a) sinh(c) cosh(c) sinh(b)
sinh(a)

~ sinh(e)’

Given a triangle ABC, we draw a hyperbolic line perpendicular to BC' from A. Let H be
the perpendicular foot. If H lies on B or C, the Law of Sines is true from (1.4.2).

Without loss of generality, We will consider the case where ABC has all three perpendicular
foot lies on their respective segments and the case where a perpendicular foot is external
(not on its opposite segment).

Suppose ABC' has all three perpendicular foot lies on their respective segments. Since H
lies between B and C, applying (1.4.2) to the right triangle ABH, we have

sinh(h)

sin(B) = sinh(c)

We can also express sinh(h) as
sinh(h) = sin(B) sinh(c).
Similarly, applying (1.4.2) to the right triangle AC'H, we have
sinh(h) = sin(C) sinh(b).

Thus, we have
sin(B) sinh(c) = sin(C') sinh(b).
Dividing both sides by sinh(b) sinh(c) yields
sin(B)  sin(C)
sinh(b)  sinh(c)’

If AABC has a perpendicular foot that does not lie between on its opposite segment. In
this case we assume it is H. Also, assume B lies between H and C, applying (1.4.2) to the
triangle AABH, we have

sinh(h) = sin(LABH) sinh(C.)
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Since ZABH = ZABC = /B, we have
sinh(h) = sin(B) sinh(c).
Also. applying (1.4.2) to the right triangle AACH, we have
sinh(h) = sin(C) sinh(b).

Thus, we have
sin(B) sinh(c) = sin(C) sinh(b),

which means

sin(B)  sin(C)
sinh(b)  sinh(c)’
Similarly, using the hyperbolic perpendicular line from B to AC, we can also prove
sin(A)  sin(C)
sinh(a)  sinh(c)’

Hence, combine both statements above, we have

sin(A) _ sin(B) _ sin(C)
sinh(a)  sinh(b)  sinh(c)’

1.5 Law of cosines

Theorem 1.3 (Hyperbolic Law of Cosines). In a hyperbolic triangle ANABC, with sides a,b,c
be the opposite to the angle at A,B,C respectively,

cosh(b) = cosh(a) cosh(c) — sinh(a) sinh(c) cos(B).

Proof. Given a triangle AABC we draw a hyperbolic perpendicular line to BC' from A. Let
H be the perpendicular foot. We consider the case where ABC' has all three perpendicular
foot lying on their opposite segments. Let dy(B, H) = a; and dy(C, H) = as. Applying the
Pythagorean theorem to the right triangle AAC H, we have

cosh(b) = cosh(ay) cosh(h).

By replacing ay with a—ay, using the formula cosh(z —y) = cosh(x) cosh(y) —sinh(z) sinh(y),
we have

cosh(b) = cosh(a) cosh(ay) cosh(h) — sinh(a) sinh(ay) cosh(h).
cosh(c)

Applying the Pythagorean theorem to the right triangle AABH , we have cosh(h) = h(a)
cosh(a,

Replace this for cosh(h) in the formula above to get

cosh(c)

cosh(b) = cosh(a) cosh(c) — sinh(a) Siﬂh(%)my
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which is
tanh(aq)

cosh(b) = cosh(a) cosh(c) — sinh(a) sinh(c)m.

Finally, we apply (1.4.3) to the right triangle AABH to get
cosh(b) = cosh(a) cosh(c) — sinh(a) sinh(c) cos(B).
The case where H is not between B and C' is proved similarly. O]

Theorem 1.4 (Second Hyperbolic Law of Cosines). In a hyperbolic triangle ANABC, with
sides a,b,c be the opposite to the angle at A,B,C respectively

cos(A) = — cos(B) cos(C') + sin(B) sin(C') cosh(a).
Note

Proof. We use the notation of the previous proof. Applying the Pythagorean theorem for
the triangles AABH and AACH, and multiply them together, we obtain

cosh(b) cosh(c) = cosh?(h) cosh(a;) cosh(as).

Multiplying both sides by cosh(a) = cosh(a;+as), using the formula cosh(z+y) = cosh(z) cosh(y)+
sinh(z) sinh(y), we have

cosh(b) cosh(c) ( cosh(ay) cosh(as) + sinh(a;) sinh(as)) = cosh(a) cosh®(h) cosh(ay) cosh(as).
We substitute cosh?(h) with 1+sinh®(h) and divide both sides by cosh(a;) cosh(ay) to obtain
cosh(b) cosh(c) (1 + tanh(ay) tanh(as)) = cosh(a)(1 + sinh*(h)).
Rearranging this formula, we have
cosh(b) cosh(c) — cosh(a) = — cosh(b) cosh(c) tanh(a; ) tanh(as) + cosh(a) sinh?(h).
By theorem 1.3, we substitute cosh(b) cosh(c) — cosh(a) with cos(A) sinh(b) sinh(c) and get
cos(A) sinh(b) sinh(c) = — cosh(b) cosh(c) tanh(a; ) tanh(ay) + cosh(a) sinh?(h).

We divide both sides by sinh(b) sinh(c) to get

tanh(a,) tanh(ag)  sinh(h) sinh(h)
~ tanh(c) tanh(h) = sinh(c) sinh(b)

cos(A) = cosh(a).

h
Applying (1.4.3) to AACH and AABH allows replacing %

with cos(C), and applying (1.4.2) AACH and AABH allows us to replace

sinh(h)
sinh(b)

tanh
with cos(B) and ;t—h((alj))

sinh(h) with
sinh(c)

sin(B) and with sin(C). Finally, we have

cos(A) = — cos(B) cos(C') + sin(B) sin(C') cosh(a).
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2 The Theorems of Ceva and Menelaus for Hyperbolic
Triangles

2.1 Menelaus’s Theorem for Hyperbolic Triangles

Theorem 2.1 (Menelaus’s Theorem for Hyperbolic Triangles). If L is a hyperbolic line that
does not go through any vertex of a hyperbolic triangle NABC' such that L intersects AB at
P, BC at Q, and CA at R.Here AB, BC, and CA denote the hyperbolic line segments from
A to B, B to C, and C to A respectively. Then

sinh(dy (P, A)) sinh(dy(Q, B)) sinh(dg(R, C))
sinh(dy (P, B)) sinh(dg(Q, C)) sinh(dg(R, A))

Proof. Depending on the position of the hyperbolic line L relative to AABC, we have
two cases: Either only one intersection is external (not on the line segment) or all three
intersections are external. If only one intersection is external, without loss of generality,
assume Q is external. Applying the Hyperbolic Law of Sines to the triangles AAPR, ABPQ,
and ACRQ), we have

=1

sin(mZAPR)  sin(mZARP)

sinh(dg(R, A))  sinh(dy(P, A))’
sin(mZBPQ)  sin(mZBQP)
sinh(dg(Q, B))  sinh(du(P, B))’
sin(mZCQR)  sin(mZCORQ)

sinh(dzg(R,C))  sinh(dg(Q,C))’

or
sin(mZAPR)  sinh(dg

(i (
sin(mZ(ARP)  sinh(dy(
sin(m£BPQ) sinh (dg(
(du(
(du(
(dm(

sin(mZ(BQP)  sinh(dyg
sin(mZCQR)  sinh

sin(mZ(CRQ)  sinh(dg
Notice that
m/APR =m/BPQ),
mZBQP =m/CQR,
mZARP =1 — m/ZCRQ.
With a little arrangement, we have

sinh(dg (P, A)) sinh(dy(Q, B)) sinh(du(R, C))

sinh(dg (P, B)) sinh(dg(Q, O)) sinh(du(R, 4)) L

The case where all intersections are external is proved similarly. O]
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2.2 Ceva’s Theorem for Hyperbolic Triangles

Theorem 2.2 (Ceva’s Theorem for Hyperbolic Triangles). If I is a point not on any side of
a hyperbolic triangle ANABC' such that Al intersects BC at @), BI intersects AC at R, and
CI intersects AB at P, then

sinh(dg (P, A)) sinh(dg(Q, B)) sinh(dg(R, C))

Snh(da(P, B)) sinh(ds (Q, O)) sinh(d (B, A))

Proof. Applying Menelaus’s Theorem to the hyperbolic triangle AAQC with the hyperbolic
line passing through B,l,and R

sinh(dg (1, A)) sinh(dg(Q, B)) sinh(dg (R, C))

sinh(du (1, Q)) sinh(du(B, C)) sinh(dg(R, A)) L

Similarly, applying Menelaus’s Theorem to the hyperbolic triangle AAQB with the hyper-
bolic line passing through C.,I,and P

sinh(dy(I, A)) sinh(dy(Q, O)) sinh(ds(P, B))

=1.
sinh(du (1, Q)) sinh(dg(B, C)) sinh(du(P, A))
Dividing these two expressions, we have
sinh(dg(P, A)) sinh(du(Q, B)) sinh(du(R,C)) ]

sinh(dg (P, B)) sinh(dg(Q, C)) sinh(dg(R, A))

3 Hyperbolic Tessellations

3.1 Tiling the hyperbolic plane with equilateral triangles
Suppose that there exists a regular tiling of H by equilateral triangles, so that k triangles

meet at each vertex. Then k > 6, since each angle must be less than . Let AABC be a

2
hyperbolic equilateral triangle with angles of % such that k > 6 , k € Z. Let AH be the

hyperbolic perpendicular line to the side BC with H being a point on BC. We let a be
the length of each side. The Second Hyperbolic Law of Cosines states that,in a hyperbolic
triangle AABC, with sides a,b,c opposite to the angles ZA, /B, ZC respectively,

cos(A) = — cos(B) cos(C') + sin(B) sin(C') cosh(a).

Applying the Second Hyperbolic Law of Cosines to the triangle AH B, we have

o (£) =0 (2 o 3
-2 (s () o ().
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1
Since k > 6, we have sin (%) < 7 We conclude that

1
a = 2 arcCosh (W) .

From this equation, we have that the length of a side a is smallest when k is the smallest
possible value, or k = 7.

Therefore, we have found that if an equilateral triangle tessellates the hyperbolic plane
with k of these triangles meeting at each vertex, then the side length a of each triangle will

1
2sin (%)

3.2 Tiling the hyperbolic plane with regular polygons

be smallest with a = 2 arcCosh ( ) when k = 7.

Let A1A5As... A, be a regular n-gon tiling the hyperbolic plane such that there are k£ n-gons
meeting at each vertex, n > 3. Let O be the center of the regular n-gon. We can divide
the regular n-gon into n hyperbolic isoceles triangles by drawing a hyperbolic line segment
between O and each vertex. In AOA;A,, construct a bisector of ZA;OAy from O that
cuts A1 As at H. We denote a = a(n, k) as the side length of the n-gon. Using the Second
Hyperbolic Law of Cosines in AOA;H, we have

cos (%) = sin <%> cosh (g)
a(n, k) = 2arcCosh (ZTE ((;) ) :

In addition, in AOA; Ay, we have, mZOA1Ay + mLA1OAy + mLA1AO < 7. Thus,
27 27 1 1

k + — < m, or z +-< 5 Since n is fixed, we have a(n, k) is smallest when & is the
n n
2
smallest possible value greater than 2 such that k > n2‘
n —
For instance, with
n=4,k=5
n=>5k=4
n==6k=4
n="7%k=3
n>"7k=3.
2 2n — 4 2 3n—6 2
Foralln27,2<—n<?>since " < n < i . We also have k& > n)
n—2 n—2 n—2 n—2 n—2

so k = 3 is the smallest number of these n-gons meeting at each vertex.

15



Range of values of a: a(n, k) is increasing with n, and

n—oo n—o0

1
= 2 arcCosh (Sin (%) )

_ ‘ cos (
lim a(n, k) = lim 2arcCosh

lim a(n, k) = lim 2arcCosh (COS ()

k—o00 k—o0

= OQ.

4 Periodic and Aperiodic Hyperbolic Tilings

In hyperbolic geometry, a periodic hyperbolic tiling is a tiling that has an infinite group
of symmetries.

A uniform tiling is a vertex transitive tiling by regular polygons, which means for every two
vertices, there exists an isometry of H? mapping the tiling to itself such that the first vertex
gets mapped to the second.

Symmetries are isometries of H? that map the tiling to itself.

Theorem 4.1. Every reqular tiling by regular n-gons (k-regular n-gons meeting at each ver-
tex) is a uniform tiling.

Note: Every uniform tiling of H? is a periodic tiling (but not vice versa).

Proof. Since we have infinite number of vertices and the tiling is uniform, there is an infinite
number of symmetries.

[]

A tiling of H? is aperiodic if there does not exist a rearrangement of the set of tiles
into another tiling of H? that is periodic (in particular, the tiling is not periodic, using the
identity as rearrangement). Note that for R?, a set of two tiles discovered by Roger Penrose
was shown to be periodic in ([5]).

There exists a set of twenty-six tiles that can tile the hyperbolic plane such that the set
of tiles does not admit a tiling with an infinite cyclic subgroup of symmetries; i.e. the tiling
is aperiodic ([2]). This result, published in 2005, was the first example of an aperiodic set of
tiles for the hyperbolic plane.
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5 The Laplacian and its spectrum

5.1 Orthonomal bases of functions

Given a finite-dimensional complex vector space V' with inner product, let {ey, e, ...e, } be
an orthonormal basis. For any v € V', we have v = cieq + cges + ... + ¢, With ¢; € R for
1=1ton

=> (v,e;) = (c1€1 + 262 + ...Chen, €5) = c;(ej, €;) = ¢;

n

=>v = Z(v,ej>ej.

Jj=1

Note that (v, e;)e; is the projection of v onto e;.
Example: Parseval’s Equality (or Parseval Identity) is

(v,v) = < Z(v, e;)e;, Z<U, ek>ek>

=1 1
n
2
= E ‘(v,ej‘ .
J=1

Infinite-dimensional Hilbert spaces (Infinite-dimensional vector spaces with complete in-
ner products) also have bases. For example, the vector space L*(S') = {f : S' — C :
02” |f(2)|?d0 < oo} has the inner product (f,g) = 02” f(0)g(0)dl. For this inner product,

{ex(z) = \/%e““} forms an orthonormal basis since

21 1 . )
(e, e)) = / Q—e’kxe_“xdx
0o 2w

2m 1 .
= / —eik=De gy,
0o 2m

27r1

If £ =1 then (ex,e;) = / —dr = 1.
0 2m
If k£ # [ then

1 eix(kfl) 2m

ew e = 5 ik = )

=0.

The Fourier series of a C-valued function f on S* can be obtained by expanding

= chek

kEZ
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1

with e, = —=e™*. Then, as in the finite-dimensional case
’ s
cr = f(z)eg(x)dx
[ s)—meaa
= T e"rax
- V2T
T 1 )
:/ —— f(x)e " du.
27
Similarly, every continuous function u(x) on [0, L] that vanishes at 0 and L can be written
2 k
as u(z Z Cr, sm because { T sin <%x> }kl forms an orthonormal basis of the

vector space of such functlons.
Check: If m =k

/L \/zsin (knr_x) \/zsin (w)dx = /L zsin2 <kﬂ>dx
0 L L L L o L L
—/Lz—lsm<2k7m>dx
o L 2 L

1
=1- 531'71(2]{;#) -0
=1

/OL< (m k)ﬂx)_cos(((anLk)wx))dx

( . (m Lk)mc) - —sz)w Sm(<(m +Lk)7r:1;> L
0

Ifm+#Ek

/ Lzsin mre sin /mrac
o L L

0

5.2 Spectrum of symmetric operators

Let V be a finite-dimensional vector space with complex inner product (,), and let A be a
symmetric operator, meaning that (Av,w) = (v, Aw) for all v,w € V.
The Spectral Theorem follows:

Theorem 5.1 (Spectral Theorem). If A is a symmetric operator on the finite dimensional
vector space V with complex inner product (,) then

1. All eigenvalues of A are real

2. A is diagonalizable, and

18



3. You can choose eigenvectors of A so that they form an orthonormal basis of V,

4. Figenvectors corresponding to different eigenvalues are automatically orthogonal.

Proof. 1.Suppose A is an eigenvalue of A with eigenvector v then

Av = v, v #0

since (v,v) # 0,\ = A, so A is real.
4.Suppose v, w are eigenvectors of A corresponding to eigenvalues A and p where A # p, then

(Av,w) = (Av,w) = \(v, w)

However,

<AU, w> = <U7 Aw> = <Uv :uw> = ﬁ(v’ w> = M(Uv w>'
So, (v,w) = 0 To prove 2. and 3., take one eigenvalue A\ with Av = \v,v # 0. Note: every
square matrix has at least one eigenvalue. Let V! = {w e V : (w,v) =0} C V
Lemma: A maps V! to V! If w € V! (w,v) = 0. But then (Aw,v) = (w, Av) = (w, \v) =
Mw,v) =0. Soifwe V!, Aw e V1
Let W be the set of vectors orthogonal to v. Thus, we can start over with A being a linear
transformation from W to itself. Then A restricted to W must have an eigenvalue, and for
the same reason as before, it must be real. Then, if v is a unit eigenvector corresponding
to that eigenvalue, the orthogonal complement of v inside W must be mapped to itself by
the same reason as before. Thus, one can keep going until an orthonormal basis is formed

of C™. O

The spectral theorem is also valid in infinite dimensions, but only if additional conditions
are met.To construct all the eigenvalues and eigenvectors:
1) Find one eigenvector v, normalize it so |v| = 1. Restrict A to V.
2) Go back to 1) with V replaced by V.

The Laplacian is a differential operator on the vector space of functions that is actually
symmetric. Intuitively, the Laplacian of f is a measure of the curvature or stress of a function
f. It tells one how much the value of the function differs from its average value taken over
the surrounding points. This is because it is the divergence of the gradient.

Laplacian = Af = —div(grad f).

—0?
In R!, the Laplacian is —=.
%
In R?, the Laplacian is ﬁ — 3_y2
. . ) —82 82 82
In R", the Laplacian is a—x% — 8_1’% — = (9_1‘,21
The Laplacian on H? (upper half plane model) is

()0 + 55) = —Am() 5

3l
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The Laplacian on the Disk Model
0? 0? 20 0
(1= 122 == + — ) = —4(1 - |2)’ = =.
(L= 1=F) (W " ay2> = 1=F) 5252

For general Riemannian metrics, there is a more general formula for the Laplacian. The
Laplacian is used in several areas of physics.
Ezample: Heat equation: u(x,y,t)= temperature at time t at position (x,y) satisfies

ou

— = —Au.
ot
Wave equation: u(x,y,t)= position of point on wave when vibrating at time t satisfies
0%u
— = —Au.
ot?

Given a polyhedron in H?, we have various boundary conditions for functions v defined on
the polyhedron:

1. Dirichlet boundary condition: 1(z) = 0 when z is on boundary.
" 0 0
2. Neumann boundary condition: —(z) = 0 when z € boundary. Here n means the
n
outward normal derivative at points of the boundary.
3. Periodic boundary conditions on a polygon is equivalent to considering functions on

H? that satisfy a periodicity condition.

5.3 Selberg Conjecture and Fundamental Gap Conjectures
1. Selberg Conjecture: Consider the group

I'(N) = a b }a,b,c,deZ,ad—bc:l,aEdE1,bECEOmodN . T'(N) acts
c d

b
on H by (Z b =L o Let X (N) be the space of bounded functions f on I'(N)\H.

d cz+d
Equivalently, they are the bounded, I'(N)- periodic functions on H We define A, (X (V))
being the n'* smallest eigenvalue for the Laplacian on X (N). Then, there is a lower bound
for the first non-zero eigenvalue Ay (X (N)) such that for N > 1

1

M (X(N)) > 7
2. Fundamental Gap Conjecture: Consider the Laplacian on a bounded convex domain (2
in R™ with Dirichlet boundary conditions. Given the eigenvalues listed in increasing order
0 < A(Q) < A(2) < A3(2) < ... = 0. Then the difference between the first two eigenvalues

satisfies
Ay — A > —

with d being the diameter of the convex domain 2.
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5.4 Methods for estimating the first two eigenvalues

The Spectral theorem tells us that eigenvalues are real and discrete (i.e. no accumulation
points) ([6]). The inner product on functions on a domain G with Dirichlet boundary

conditions (f(z,y) = 0 if (z,y) € boundary) is

(f,9) I/Gf(:c,y)g(fv,y)dzgy

On H, the Laplacian is

o? o?
A= (axz 37)
We have
(Af,9) = (], Ag)
= (Vf,Vg).
: : of of 1
Vf,g in the domain, where Vf = —yQ% - yQa—y. We also have (0,,0,) = (0,,0,) = 7

Proof: According to ([6]), the formula for the Laplcian A on Riemannian manifold with
(gi;(z)) metric
—1 .
A=—0;(9"V90if
Lo (o)
with /g = det(g;;(x)). We have (¢") is the inverse of (g;;). Also
grad f =Vf =" g"(0;f)0,

—1
divv=V- -v=—0 v;) .
7 (vVgvi)

L0
91‘;':(‘1’02 i)v
y2

Green’s identities formulas for Riemannian manifold

| (#89-a5p

/ fa—g—

where — is the normal derivative. Under Dirichlet boundary conditions
v

In H




Under Neumann boundary conditions

of
ov

dg

oM oM

The Laplacian is symmetric and is an elliptic differential operator of order 2. If f is an
eigenfunction with eigenvalue A,

(Af, [y =L =ME -
we also have (Vf,Vf) >0 and (f, f) > 0. So A > 0.

5.5 Approximation of Hyperbolic Laplacian Eigenvalues

We will now investigate the first eigenvalue of the Dirichlet Laplacian on hyperbolic triangles.
We construct the formula for building a hyperbolic equilateral triangle. Let A ABC be a
hyperbolic equilateral with ZA = /B = ZC = « and sides a = b = ¢ be the opposite to the
angle at A,B,C. Using the hyperbolic Law of Cosines II, we have

cos(A) = — cos(B) cos(C') + sin(B) sin(C') cosh(a).

cosh(a) = cos o + cos? o

sin? o

a = arcCosh (

2

cos o + cos® «
sin” «

We construct an isomorphic image of ABC in the complex coordinate system. Let B = (0, 1),
let yo be A’s coordinate on the y-axis. We have y(t) =t with t from 1 to yo is the function
of the y-axis ranging from A to B.

Yo 1
AB =qa= / ——dt =In .
) y(t) (y0>

Let A = yo = e*. To determine the coordinate of C, we have B is a point on the Euclidean
semi-circle in H with the center O; = (cot r,0) and A is a point on the Euclidean semi-circle
in H with the center Oy = (—exp(a)cot «,0). We denote r; and ry as the length of the
radius of the two circles (O;) and (O3) respectively. We have

r1 = exp(a) csc(a)

ro = csc(a).
Solving the system two equation we get the coordinates of C.
2

(zc — cot(@))® +y& =11

(o + e cot(a))? + yg = 73
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Thus,

r? —r2 + (e cot(a))? + (cot(a))?
2(—exp(a) cot(a) — cot(a))

Yo = \/7‘% — (z¢ — cot())2.

Let z; and z; be the parametrization of the two circles (O;) and (O3), we have

To =

2 = cot a + ri(—cosf + isinf)

with o < 6 < arctan __Ye )
cot(a) — z¢

29 = —e® cot(ar) + ro(cos(0) + isin(6))

with arctan Yo <0< .
e? cot(a) + z¢

For any linear transformation L, the eigenvalues of L are the critical values of
Lv,v
f— —< >.
(v, v)
In particular, the smallest critical value is Ay
The Laplacian from space of all functions

(Af, f)

f—= ——.

(f,.1)
(ALS)

A1, the first eigenvalue, is the minimum critical value of TR Ag, the second eigenvalue is
the next critical value.

Using Green’s theorem and the Rayleigh Quotient, we have the eigenvalues \; of the Lapla-
cian is the minimum value of R(f) among all f satisfying the boundary conditions.

af\2 o1\
160"+ (5)°) oy
[ (?% f2) dxdy
We start with hyperbolic triangle AABC with A = (z1,11) = (0,¢e), B = (x2,92) = (0, 1),
and C' = (x0,%0). By changing the coordinates of C, or zy, and y, and using Dirichlet
boundary conditions, we can estimate the change in the first two eigenvalues and their

difference.
We have the radii of the circles that pass through A, C' and B, C respectively are

2 2
. \/€2+1<62—~’U_o—yo>,
4 —X0

23
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_I_

T3 = \/1 1(—1 — 74 —y(%).
4 —Xp
The center of the circles that pass through A, C' and B, C respectively are

le? —af —yg
CQ =,
2 —X

RS ek et
3 2 —X9 .

The formulas for AC' and BC' respectively are:

s(x) =/r3 — (= c2)?,
t(x) =/13 — (x — c3)2.

The transformation (u,v) turns hyperbolic AABC' to hyperbolic AABC'. C' = (x3,y3)
with 3 = xg + Az and y3 = yo + Ay. The formulas for AC” and BC’ respectively are:

Bx) = \Jrdy — (2 = ean)?

9(z) = /iy — (& — ean)?,

where 7o and r3y are the radii of the circles that pass through A, C" and B, C' respectively.
The numbers coy and c3y are the z-coordinates of the centers of the circles that pass through

A,C and B,C. We have
ToN = \/€2+1<62L§_y32’>7
4 —x3

11— a3 — g2
3N = \/14—-(&)7
4 —x3

2 2 2
_lef—r3—y3
CON = 3 )
2 —XI3

11—y

3N = 53— -

2 —XI3

Let (z,y) — (u,v) be the transformations that change AABC to AABC’. We have

TXo
T3
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By changing the coordinates, we have the Rayleigh quotient:

z3 rh(z) 2 2 " s %Q — (22

0 (@ + (37) o (2 (1)) s
. x s zzﬂ —t zzﬂ .
03.[ (z) v2(:1:y fZ( ( ) U(ZL’,y) (i (%))diyd{ﬁ

Let C(xo+Ax, yo+ Ay) be the third vertex of the hyperbolic triange whose other vertices
are (0,1) and (0,¢). Then

R(f) =

r3 = 19+ Az,
Ys = Yo + Ay.

We use Taylor series to estimate the change in the Rayleigh quotient with respect to Az
and Ay in order to obtain a differential equation for the level curve of A\; as a function of
(x0,Y0). We have

TT T —c —xx
s(_0> = s(z) + Ar—= 2 - =,
T3 r3 —(r—c2)? Zj
TT T —c —xx
t(_o) =t(r) + Az : > 5 20,
T3 r3 — (x —c3)? g
62+I2_y8
172 — 72 — 42 m—g
’[“QN:\/QQ—{—Z(e 33'0 yO) +AIL' 0 +Ay Yo 7
—X e2—x2_q2 23242
0 8\/62+%1<ZTO0%> 4530\/62_{_%(2_201;0)
1+zi—yg
1/1— 22— 2 —
T3N:\/1+Z<%>+Al’ 0 1 Ay Yo
—Xy

22 22 ’
8\/1+i<1+0y°) 4x0\/1+i<1+0y°>
Le? — a2 — 2 e? + xf — y0? Yo

ST T p, (ST YT Ay (S

ONToT 0 A7 202 oy ’
11—a?—y2 1+ 25 —y0? Yo
LTI |, (2T YT Ay (B

BN T 9T 0 o 212 + xo /)’

or Oc:
ron Gax + (@ — can) GRS

\/T%N(%,?Jo) — (7 — can(w0,90))?

hw) = y[rdy(zo.30) — (2 — canlwo, 30))? + Az

81"2]\] 862]\]
Ton oAy + ( C2N) oAy

\/TgN(Io,yo) — (7 — can (0, Y0))?

+Ay

Y

ran % ey 4 (x — can )%Cﬁg

\/TSN (w0, 40) — (z — can (0, ¥0))?

g(r) = \/T;%N(l’o,yo) — (. — ean (o, y0))? + Ax

3N aAy + (x CBN)%CXZ

\/7'31\7 (w0, y0) — (= can (0, ¥0))?

+Ay

?
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Let

Qs

Qi

047"2N

/BTQN

O{TBN

/37'3]\]

Oy
Bean
Qeyn
Bean

Qp

Bn

By

T — Cy —IXg
2
2 2
rs—(r—c3)? %j
r — C3 —XT0

1+ 25 — 45
222 ’

w
ZTo ’
Oran dcon

ToN G + (2 — can) FRY
\/T§N<x0a Yo) — (7 — can (o, Yo))?
ToN %TZ]; + (x — CQN)%CKJ;
\/T§N<x07 Yo) — (x — can (0, Y0))?
ra B+ (2 e

M
V1in (@0, y0) — (2 — esn (w0, o))?
ra R + (= o) 98

Vi (@0, yo) — (# — can(wo,10))*

Y

Y
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y—glx) y — g(zo, yo) — BEay — 5B,
h(z) —g(x) — h(zo,y0) — 9(xo,50) + 22 (o, — ag) + %(5}1 — B9)
Az Au 1
- (y N g(mo, yO) N 7% N 7ﬁg) (h(xo,yo) — 9(x0,Y0)
1 Az A
R ey 3 o)+ 5 ) )
y — 9(xo, o) Aza, Ayp,

h(zo, o) — 9(x0, o) 2(h(zo,%0) — 9(z0,90))  2(A(z0,30) — 9(0, Y0))
Az(y — g(xo, yo)) W Ay(y — g(xo, 40)) i
2(h(z0,y0) — g(wo, yo))Q(ah g) " 2(h(xo,y0) — g(wo, yo))Q(ﬁh ﬁg)'

_I_

Let

ho = h(zo, y0) = s(z),
9o = 9(x0,%0) = t(z).

So

it 2o (0 (5) -1 (%)
_ _y=9W@) (s(m) — t(z) — Axs'(2) 22 + Awt'(m)x—?>

h(x) — g(x) Lo Lo

_ Y—% (s(z) — t(z)) + 50__9900 Az (ay — o) + Az (s(x) — t(z)) (2(%_—_190)049

o= ) )+ By(o(e) 1) (s s (B ).

—1

v(z) = t(z)+ Aza, + ]fo__g;’()(s(x) —t(z)) + %M (s + ) + Az(s(z) — t(:v))(

+2<go__950>2 (o — Oég)) + Ay(s(z) — t(z)) (2(%_—_1%)@; + 2(50__9;0)2 (Br — 59))

= Ha) ()~ 1(2) + Aa (at 0, a) + (o0 - o) (5

—1

ho — go 2(ho — g0)?

A <ah—ag>)>+Ay<s<x>—t<x>> (st s (0= ).

2<h0 - 90)2

27

2(h0 - 90)

—
ho — go)

Qg



Let

_ 1 _
a = a+ 29 (a5 + ap) + (s(x) — t(x))( ay + Y 9 5 (o — ag)),
ho — go 2(ho — g0 0— Y

Il
—~
—~

|

~
S~—
S~—
N
)
>
|
[ | —
Q
(=)

S~—
QQ
+

3
=@
|
N
o)
|
=
N——

p
Oy
B

Using Taylor series for approximation, we also have
Ax

2D —1-=

xo + Ax

s(z) — t(x) + Az(as — ) )
ho — go + Ax(ay, a)+Ay(5 — By)
(z) — t(z

- (1-F) (-2 (TR e - y(s&_—;(;ﬂ))w ~5)
s(z) — t(x s(x) —t ) -tz
SRR Cirer) O R ((ho)tg()2>> = i ey
S —t(x s(x) —t(x slx) —tlx
- ean (G ) e ) - (G o
= 1= () o0 )~ (s ) h -
o~ TP~ M M
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Let uyg = u(xg, yo) (when Az = 0),v9 = v(xq, yo), and fo = f(ug,vo). We have

L w (o(5) +1(%)
vz(x,y)f (u(z,y), v(z,y) (-’3_3 ( h(z) — g(x ))

A
_on ((S(i)_—;s;)o) (an — ag) + ;é:(c})m—_t;) Ay <%) (B — By ))
(823 -« 55 (o o) 25" (o +‘“”ﬂ>><
e (TR 0+ 510 o
g (121
ool (gt o e G (G (Gl Gle) - 35)

e G G am) -55)
) —

By A, (_ng t()))(é(@f Y ) Qf) (s

Vo 0— 90 UG u v Vg V2

i) +Ay(—“éi3_gi>” (% Grsevin) =%
) (
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We also have

or\’ . (95\? v (3(52) +1(22)

()« (&) Jew (2 S
B Of\?  [0f\* 20f (O*f Ou  O*f v 20f (*f v O*f Ou
- <<a_u0) +<3_vo) AT, (8u28Ax+auavan)+Ax o <8v2 8Am+8u81}8Ax>

20f (0*f Ou 0%f Ov 20f (O*f Ov *f Ou

A5, <au2 ony " auovany) T2 \avzany T auoe aAy) L
(

0

() () () (Rt o 2)

s ((2) 4 (30)) (2ot - o 22 (S k)

ov

+28f 0*f Ov 62f ou N 20f 82f ou N 0*f Ov
v \ 0v? 0Ax auﬁv 0Ax I\ ou 8u2 0Ay  OJudv 0Ay
0*f Ov 02 f Ou
ov? (’3Ay Oudv OA

B 20f 82f ou 82f ov +28f 0%f Ov N *f Ou
B (9 (%0 ou 8u2 8Aa7 oudv 0Ax ov? 0Ax  Oudv OAx

(( ) (avo))((m)w—w—%a)]

28f 82f ou 82f ov +28f O*f ov 0?f Ou
BuQ 8Ay Oudv 0Ay Oov \ Ov? 0Ay  Oudv 0Ay

<<auo>2+<s;;>><m> )
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with

au o — Ty

aAZL‘ - ;L‘(Z) ’

ou

0Ny 0,

ov _ N

OAr X 0 — do

ov 1
e = () 1) (5
Let
N - 20f

T | 0w \0u20Az T 0udv Az
N - 20f (O*f Ou 52f Ov
v Ou \ Ou? 5Ay Oudv 0Ay
D:v — (2f0
Uo

D — (2f0

y_

~ ) 3 — o2

Y — 9o -1 Y — go
3 (s + ) + (s(x) — t(x)) ((—a + —gO)Q(ah — ag)),

2(ho — go) 9 2(h0 _
9 (6, — @)) |

(62f ou N *f ov >+28f
ov

§7f> (gf>>((<x> i) @ )

O*f v N O%f du
ov2 0Ax  Oudv OAx

Uo

(5o.+ 5la) -

Sy (-
o
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+28f (82f o O f 8u>>

v2 0Ay  Judv 0Ay

5—;) (o) ) (a5
(%oer o)) B (it




We have

() )en (2 (SEEED) ) an
N s ARy R
/ / ((6%)2 (;ﬁ; >2> (2. y)dydz + Az ( /0 N t(s:) Nxdyd:c>

s(z) s(z) 0
+Ay (/ N dydac) + Az f(zo,y)dy + agAx/ f(z,s(x))dx
0 Ji(a) t(x) 0

—apAx /wo f(z,t(z))dx + Ay Owo f(z,s(z))dx — BrAy /wo f(z, t(z))dz

B // ((auo>2 (§i>2>(wdydx+m(/ » " Ny

—I—t(m f(xo, dy—l—ag/ flz,s(z dx—@h/ f(z,t(z))d )

o s(x)
+Ay</0 t(x) Nydyds +ﬁg/o fw,s(@)dw = 5h/0 f(:v,t(x))dx>.
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Also,

Qo

Qy

Let

I
A
I
A

o zo [ ° % +1 xx_?
/0 /m) 02(i,y)f2(u($,y)>v($,y) (x—?)( <h(a:>)—g(<a;) ))) dydx

/WM /S(w HAves Ay, <f0 + AxD, + AyD, ) dydx

)+ Az +Aysy, Vs

f zo ps(x) zo ps(x)
/ / Odydx—l—Ax / / D.dydz | + Ay / D, dydx
0 t(x) 0 t(x)

—{—A:v/t(x) f(:)sg,y)dy+agAx/0 f(z,s(x))dx

—apAzx /wo flz,t(x))dr + B,Ay /(;CO f(z, s(x))dx — BrAy /Oxo flz, t(z))dz

o s(x) s(x)
/ / ) 12 dydm—i—Ax(/O /t( | D, dydz + /t( ) f(zo,y)dy
0 o zo ps(x)
+ag/0 f(z,s(x))dz — ah/o f(x,t(x))dx) —I—Ay(/o . D,dydzx
8, [ Sestonts—p, [ °f<x,t<x>>dx).

s(z)

U Ndyde+ [ o)y + | restands—an [ s,
t(z) 0 0
s(a:) ) o
N, dyd dx — d
duda+ 5, [ f(as@de = [ )
s( s(x) zo zo
Dxdydx—i— f(xo,y)dy—i-ozg/ f(:c,s(x))dx—ah/ f(z, t(x))de,
(ff»’) t(x) 0 0

Dydydx + 5, /0960 f(z,s(x))dx — By /Owo f(z,t(x))dx
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We have

2 (7 @) e (2 (D))

70 e ot (2 (GG ) dos

5 () () o e o
o ﬁs(g) z—gdydx + ArQ, + AyQ,

50 ((86) (4)°) (s et s 2,

R

ft(m ((aTm) + (ng) )(x,y)dyderAxPx—i—AyPy
< OIO tsg fTOdde?)
2
o Jiy <(%> + <aa_{)> )(fay)dydx—i-AxPI—i—AyPy
12 2
_0
(J5° i) vz
vo ps(o) (((or\* . (of
0 Jia) (a_uo) + <3_0> (z, y)dydzx

o ps(z) f2
00 t(zx) vzdydx

N (R

+Azx ( -
s(x) f§ T s(z) f2
) Sy yds (00 t(i)) i_%dydx

+Ay< P, 0" iy ((6) +<5_f)

w0 [s(x) f2 Y ) 2
ooft(m) v—%dydx ( Ooft(i:)) {—%dydx

—AzQ,

References

[1] Anderson, James W. Hyperbolic Geometry. Springer, London. (2005).

[2] Goodman-Strauss, Chaim. A strongly aperiodic set of tiles in the hyperbolic plane.
Invent. Math. 159 (2005), no. 1, 119132.

[3] Sarnak, Peter. Selberg’s eigenvalue conjecture. Notices Amer. Math. Soc. 42 (1995),
no. 11, 12721277.

34



[4] Andrews, Ben; Clutterbuck, Julie. Proof of the fundamental gap conjecture. J. Amer.
Math. Soc. 24 (2011), no. 3, 899916.

[5] Ostwald, Michael J. Aperiodic tiling, Penrose tiling and the generation of architectural
forms. Architecture and mathematics from antiquity to the future. Vol. II, 459471,

[6] Chavel, Isaac. Eigenvalues in Riemannian Geometry. Academic Press Inc. 115 (1984).

35



	Geodesic Formulas
	Geodesic path and distance
	Alternate Formula for Hyperbolic Distance
	The Pythagorean Theorem for Hyperbolic Right Triangles
	Law of Sines
	Law of cosines

	The Theorems of Ceva and Menelaus for Hyperbolic Triangles
	Menelaus's Theorem for Hyperbolic Triangles
	Ceva's Theorem for Hyperbolic Triangles

	Hyperbolic Tessellations
	Tiling the hyperbolic plane with equilateral triangles
	Tiling the hyperbolic plane with regular polygons

	Periodic and Aperiodic Hyperbolic Tilings
	The Laplacian and its spectrum
	Orthonomal bases of functions
	Spectrum of symmetric operators
	Selberg Conjecture and Fundamental Gap Conjectures
	Methods for estimating the first two eigenvalues
	Approximation of Hyperbolic Laplacian Eigenvalues


