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𝒊ℏ
𝝏𝝍𝑺

𝝏𝒕
= −

ℏ𝟐

𝟐𝒎
𝜵𝟐𝝍𝑺

𝒎 𝝍𝑺 𝝆𝑺 = 𝝍𝑺
∗𝝍𝑺 𝝍𝑺

𝝍𝑺
∗

∫𝝆𝑺𝒅
𝟑𝒙 = 𝟏

[
ℏ

𝒊

𝝏

𝝏𝒙𝝁
−

𝒆

𝒄
𝑨𝝁] [

ℏ

𝒊

𝝏

𝝏𝒙𝝁
−

𝒆

𝒄
𝑨𝝁]𝜳 = 𝒎𝟎

𝟐𝒄𝟐𝜳
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𝒎𝟎 𝒆 𝑨𝝁 𝝍𝑲𝑮

𝒈𝟎𝟎 = 𝟏 = −𝒈𝟏𝟏 = −𝒈𝟐𝟐 = −𝒈𝟑𝟑

𝑬 = 𝒎𝒄𝟐
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𝒔

𝒔

𝒔𝑨 𝒔𝑪

𝑩 𝑨 𝑪
𝑨,𝑩, 𝑪 𝒂, 𝒃, 𝒄

𝑪 𝒂 𝑨
𝒃 𝑩 𝑷𝒂𝒃 𝑨

𝒂 𝑩 𝒃 𝑷𝒃𝒄 𝑷𝒂𝒄

𝒂, 𝒃, 𝒄 𝑷𝒂𝒃𝒄 𝒂 𝒃
𝒃 𝒄

𝑷𝒂𝒃𝒄 = 𝑷𝒂𝒃𝑷𝒃𝒄

𝒃

𝑷𝒂𝒄 = ∑ 𝑷𝒂𝒃𝒄
𝒃
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𝑷𝒂𝒄

𝑷𝒂𝒄 = ∑ 𝑷𝒂𝒃𝑷𝒃𝒄
𝒃

𝑷𝒂𝒄
𝒒

𝑪 𝒄
𝑨 𝒂

𝑷𝒂𝒄
𝒒

= |𝝓𝒂𝒄|
𝟐 = |∑ 𝝓𝒂𝒃𝝓𝒃𝒄

𝒃
|
𝟐

𝑷𝒂𝒃 = |𝝓𝒂𝒃|
𝟐, 𝑷𝒃𝒄 = |𝝓𝒃𝒄|

𝟐, 𝑷𝒂𝒄
𝒒

= |𝝓𝒂𝒄|
𝟐

 𝒃 𝑩
𝑨 𝑪 𝑩

𝑨
𝑪 𝑩

(ℏ = 𝒄 = 𝟏)

𝑨
𝑩 𝒔𝒊 𝒔𝒊+𝟏

𝒊 𝒊 + 𝟏 𝝓(𝒙𝒊+𝟏, 𝒕𝒊+𝟏, 𝒔 + 𝜺)
𝒙𝒊+𝟏, 𝒕𝒊+𝟏 𝒔𝒊+𝟏 = 𝒔 + 𝜺 𝜺

𝝓(𝒙𝒊+𝟏, 𝒕𝒊+𝟏, 𝒔 + 𝜺) =
𝟏

𝜼
∫𝒆𝒊𝑺(𝒙𝒊,𝒕𝒊)𝝓(𝒙𝒊, 𝒕𝒊, 𝒔)𝒅𝒙𝒊𝒅𝒕𝒊

𝜼 𝝓(𝒙𝒊, 𝒕𝒊, 𝒔) 𝒙𝒊, 𝒕𝒊, 𝒔 𝑺

𝑺(𝒙𝒊, 𝒕𝒊) = ∫𝑳(�̇�𝒊, �̇�𝒊)𝒅𝒔

𝒔
�̇� = 𝒅𝒙/𝒅𝒔 𝒎
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𝑳(�̇�, �̇�) =
𝒎

𝟐
[(

𝒅𝒕

𝒅𝒔
)
𝟐

− (
𝒅𝒙

𝒅𝒔
)
𝟐

]

𝑺(𝒙𝒊, 𝒕𝒊) = 𝜺
𝒎

𝟐
[(

𝒕𝒊+𝟏 − 𝒕𝒊
𝜺

)
𝟐

− (
𝒙𝒊+𝟏 − 𝒙𝒊

𝜺
)
𝟐

]

𝜹𝒙 = 𝒙𝒊+𝟏 − 𝒙𝒊 𝜹𝒕 = 𝒕𝒊+𝟏 − 𝒕𝒊

𝒙 = 𝒙𝒊+𝟏 𝒕 = 𝒕𝒊+𝟏

𝝓(𝒙, 𝒕, 𝒔 + 𝜺) =
𝟏

𝜼
∫𝒆𝒊

𝒎
𝟐𝜺

[(𝜹𝒕)
𝟐−(𝜹𝒙)

𝟐]𝝓(𝒙 − 𝜹𝒙, 𝒕 − 𝜹𝒕, 𝒔)𝒅𝜹𝒙𝒅𝜹𝒕

𝜺
𝜹𝒙 𝜹𝒕

𝝓(𝒙, 𝒕, 𝒔) + 𝜺
𝝏𝝓

𝝏𝒔
=

𝟏

𝜼
∫𝒆𝒊

𝒎
𝟐𝜺

[(𝜹𝒕)
𝟐−(𝜹𝒙)

𝟐]𝒅𝜹𝒙𝒅𝜹𝒕

[𝝓(𝒙, 𝒕, 𝒔) − 𝜹𝒕

𝝏𝝓

𝝏𝒕
− 𝜹𝒙

𝝏𝝓

𝝏𝒙
− 𝜹𝒙𝜹𝒕

𝝏𝟐𝝓

𝝏𝒙𝝏𝒕
+

𝜹𝒕
𝟐

𝟐

𝝏𝟐𝝓

𝝏𝒕𝟐
+

𝜹𝒙
𝟐

𝟐

𝝏𝟐𝝓

𝝏𝒙𝟐
]

𝝓(𝒙, 𝒕, 𝒔) + 𝜺
𝝏𝝓

𝝏𝒔
= −

𝟐𝜺𝝅

𝒎𝜼
𝝓(𝒙, 𝒕, 𝒔) −

𝒊𝜺

𝟐𝒎
(
𝟐𝜺𝝅

𝒎𝜼
) [

𝝏𝟐𝝓

𝝏𝒕𝟐
−

𝝏𝟐𝝓

𝝏𝒙𝟐
]

 𝜼 = −𝟐𝜺𝝅 𝒎⁄

𝝓(𝒙, 𝒕, 𝒔) + 𝜺
𝝏𝝓

𝝏𝒔
= 𝝓(𝒙, 𝒕, 𝒔) +

𝒊𝜺

𝟐𝒎
[
𝝏𝟐𝝓

𝝏𝒕𝟐
−

𝝏𝟐𝝓

𝝏𝒙𝟐
]

𝜺

𝝏𝝓

𝝏𝒔
=

𝒊

𝟐𝒎
[
𝝏𝟐𝝓

𝝏𝒕𝟐
−

𝝏𝟐𝝓

𝝏𝒙𝟐
]

𝒊

𝒊
𝝏𝝓

𝝏𝒔
= −

𝟏

𝟐𝒎
𝝏𝝁𝝏𝝁𝝓

𝝏𝝁 = 𝝏 𝝏𝒙𝝁⁄ , 𝝏𝝁 = 𝝏 𝝏𝒙𝝁⁄ = 𝒈𝝁𝝂𝝏𝝂

𝒈𝝁𝝂
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𝝆(𝒙|𝒔)

𝒙 𝒙𝟎, 𝒙𝟏, 𝒙𝟐, 𝒙𝟑

𝒔 𝝆(𝒙|𝒔)
𝝆(𝒙|𝒔)

𝝆(𝒙𝟏, 𝒙𝟐, 𝒙𝟑|𝒙𝟎, 𝒔)𝝆(𝒙𝟎|𝒔) 𝝆(𝒙𝟎|𝒔)

𝝆(𝒙𝟎|𝒔) 𝒙𝟎

𝝆(𝒙𝟎|𝒔) = 𝟎 𝒙𝟎

𝝆(𝒙𝟎|𝒔) ≠ 𝟎

𝒙𝟎

𝝆(𝒙𝟎|𝒔)

𝝆(𝒙|𝒔) = 𝜳∗(𝒙, 𝒔)𝜳(𝒙, 𝒔) ≥ 𝟎

𝜳(𝒙, 𝒔) 𝜳∗(𝒙, 𝒔)
𝜳(𝒙, 𝒔) 𝝆(𝒙|𝒔)

𝜳(𝒙, 𝒔) = √𝝆(𝒙|𝒔) 𝒆𝒊𝝃(𝒙,𝒔)

𝜳(𝒙, 𝒔) 𝝃(𝒙, 𝒔)

∫ 𝝆(𝒙|𝒔)𝒅𝟒𝒙
𝑫

= 𝟏; 𝒅𝟒𝒙 = 𝒅𝒙𝟎𝒅𝒙𝟏𝒅𝒙𝟐𝒅𝒙𝟑

𝑫 𝒅𝟒𝒙
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𝝏𝝆

𝝏𝒔
+

𝝏

𝝏𝒙𝝁
(𝝆𝑽𝝁) = 𝟎

𝑨𝝁

𝝆𝑽𝝁 = −
𝒊ℏ

𝟐𝒎
[𝜳∗

𝝏𝜳

𝝏𝒙𝝁
− 𝜳

𝝏𝜳∗

𝝏𝒙𝝁
] −

𝒆𝑨𝝁

𝒎𝒄
𝜳∗𝜳

𝑽𝝁(𝒙, 𝒔) =
ℏ

𝒎

𝝏𝝃(𝒙, 𝒔)

𝝏𝒙𝝁
−

𝒆

𝒎𝒄
𝑨𝝁(𝒙, 𝒔)

𝒊ℏ
𝝏𝜳

𝝏𝒔
= 𝑲𝜳

𝑲 =
𝝅𝝁𝝅𝝁

𝟐𝒎
+ 𝑽

𝑨𝝁

𝝅𝝁

𝝅𝝁 =
ℏ

𝒊

𝝏

𝝏𝒙𝝁
−

𝒆

𝒄
𝑨𝝁

⟨𝜴⟩ 𝜴

⟨𝜴⟩ = ∫𝜳∗𝜴𝜳𝒅𝒙

|𝜟𝒙𝝁| |𝜟𝒑𝝁| ≥
ℏ

𝟐

𝒊ℏ
𝝏𝝍𝒇

𝝏𝒔
= −

ℏ𝟐

𝟐𝒎
𝝏𝝁𝝏

𝝁𝝍𝒇

𝜳𝒇(𝒙, 𝒔) = ∫𝝍𝒇𝜿(𝒙, 𝒔) 𝒅𝒌𝒇 
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= ∫𝜼𝒇𝜿 𝒆𝒙𝒑[𝒊𝜿𝒇(𝒌𝒇)𝒔 + 𝒊𝒌𝒇𝝁𝒙
𝝁] 𝒅𝒌𝒇

𝜿𝒇(𝒌𝒇)

𝜿𝒇(𝒌𝒇) = −
ℏ𝟐

𝟐𝒎
𝒌𝒇𝝁𝒌𝒇

𝝁

𝜼𝒇𝜿

⟨𝑽𝒇
𝝁
⟩ =

𝒅 ⟨𝒙𝒇
𝝁
⟩

𝒅𝒔
=

⟨𝒑𝒇
𝝁
⟩

𝒎

𝒔 𝒔 + 𝜹𝒔

𝜹 ⟨𝒙𝒇
𝝁
⟩ =

⟨𝒑𝒇
𝝁
⟩

𝒎
𝜹𝒔

𝜹 ⟨𝒙𝒇
𝝁
⟩ 𝜹⟨𝒙𝒇𝝁⟩ =

⟨𝒑𝒇
𝝁
⟩ ⟨𝒑𝒇𝝁⟩

𝒎𝟐
(𝜹𝒔)𝟐

𝒎
𝒎𝟐

𝒎𝟐 = ⟨𝒑𝒇
𝝁
⟩ ⟨𝒑𝒇𝝁⟩

(𝜹𝒔)𝟐

𝜹 ⟨𝒙𝒇
𝝁
⟩ 𝜹⟨𝒙𝒇𝝁⟩

𝒎 𝒎

⟨𝒑𝒇
𝝁
⟩ ⟨𝒑𝒇𝝁⟩ 𝜹 ⟨𝒙𝒇

𝝁
⟩ 𝜹⟨𝒙𝒇𝝁⟩ ⟨𝒑𝒇

𝝁
⟩ ⟨𝒑𝒇𝝁⟩ > 𝟎

𝜹 ⟨𝒙𝒇
𝝁
⟩ 𝜹⟨𝒙𝒇𝝁⟩ > 𝟎 ⟨𝒑𝒇

𝝁
⟩ ⟨𝒑𝒇𝝁⟩ < 𝟎 𝜹 ⟨𝒙𝒇

𝝁
⟩ 𝜹⟨𝒙𝒇𝝁⟩ < 𝟎 𝜹𝒔 > 𝟎

𝒎𝟐

𝝆(𝒙|𝒔)

𝒕′ 𝒕′ + 𝒅𝒕′

𝒅𝑵(𝒕′) = −𝝀𝑵(𝒕′)𝒅𝒕′



IARD 2020
Journal of Physics: Conference Series 1956 (2021) 012007

IOP Publishing
doi:10.1088/1742-6596/1956/1/012007

10

𝑵(𝒕′) 𝒕′ 𝝀
𝒕′ = 𝟎 𝒕′ = 𝒕

𝑵(𝒕) = 𝑵(𝟎)𝒆−𝝀𝒕

𝑵(𝟎) 𝒕′ = 𝟎

𝑷𝒐𝒃𝒔 =
𝑵(𝒕)

𝑵(𝟎)
= 𝒆−𝝀𝒕.

𝒊 
𝝏𝜳(𝒙, 𝒔)

𝝏𝒔
= [

𝝅𝝁𝝅𝝁

𝟐𝒎
+ 𝑽𝑰]𝜳(𝒙, 𝒔).

{𝝅𝝁} {𝑨𝝁}
𝑽𝑰 {𝑨𝝁} 𝑽𝑰 𝒔

𝜳(𝒙, 𝒔) = 𝝍(𝒙)𝒆−𝒊𝑴𝟐𝒔/𝟐𝒎.

𝑴𝟐 (𝒙, 𝒔)

𝝆(𝒙|𝒔) = 𝜳∗(𝒙, 𝒔) 𝜳(𝒙, 𝒔)

= 𝝍∗(𝒙) 𝝍(𝒙)

≡ 𝝆𝑺(𝒙)

∫𝝆(𝒙|𝒔)𝒅𝟒𝒙 = ∫𝝆𝑺(𝒙)𝒅𝟒𝒙 = 𝟏

𝝆𝑺(𝒙)
𝝆𝑪(�⃗⃗� |𝒕) 𝝆𝑻(𝒕)

𝝆𝑺(𝒙) = 𝝆𝑪(�⃗⃗� |𝒕)𝝆𝑻(𝒕)

𝒙𝟎 = 𝒙𝟎 = 𝒕,

𝒌𝟎 = 𝒌𝟎 = 𝝎.

∫𝝆𝑪(�⃗⃗� |𝒕)𝒅
𝟑𝒙 = 𝟏

∫𝝆𝑻(𝒕)𝒅𝒕 = 𝟏

𝒅𝟑𝒙 𝝆𝑺

∫𝝆𝑺(𝒙)𝒅𝟑𝒙 = ∫𝝆𝑪(�⃗⃗� |𝒕)𝝆𝑻(𝒕)𝒅
𝟑𝒙
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= 𝝆𝑻(𝒕)∫𝝆𝑪(�⃗⃗� |𝒕)𝒅
𝟑𝒙

= 𝝆𝑻(𝒕).

𝑴𝟐𝝍(𝒙, 𝒔) = [𝝅𝝁𝝅𝝁 + 𝟐𝒎𝑽𝑰] 𝝍(𝒙, 𝒔).

{𝝅𝝁}

𝑴𝟐𝝍 (𝒙, 𝒔) = [𝒑𝝁𝒑𝝁 + 𝑼𝑰] 𝝍(𝒙, 𝒔),

𝑼𝑰 = − 𝒆𝑨𝝁𝒑𝝁 −  𝒆𝒑𝝁𝑨𝝁 + 𝒆𝟐𝑨𝝁𝑨𝝁 + 𝟐𝒎𝑽𝑰,

𝒑𝝁 =
ℏ

𝒊

𝝏

𝝏𝒙𝝁

𝒑𝝁

𝑼𝑰

𝑼𝑰𝝍(𝒙) = 𝒖𝑰𝝍(𝒙)

𝒖𝑰

[𝑴𝟐  − 𝒖𝑰]𝝍(𝒙) = 𝒑𝝁𝒑𝝁𝝍(𝒙) = [− 
𝝏𝟐

𝝏𝒕𝟐
+ 𝜵𝟐]𝝍(𝒙).

𝝆𝑪 𝝆𝑻

𝝍(𝒙) = 𝜻(�⃗⃗� , 𝒕) 𝝃(𝒕)

𝝆𝑪(�⃗⃗� |𝒕) = 𝜻∗(�⃗⃗� , 𝒕) 𝜻(�⃗⃗� , 𝒕),

𝝆𝑻(𝒕) = 𝝃∗(𝒕) 𝝃(𝒕).

𝝃(𝒕)

[𝑴𝟐 − 𝒖𝑰]𝜻 = [− 
𝝏𝟐

𝝏𝒕𝟐
+ 𝜵𝟐] 𝜻  − 

𝜻

𝝃
 
𝒅𝟐𝝃

𝒅𝒕𝟐
 − 

𝟐

𝝃
 
𝒅𝝃

𝒅𝒕
 
𝝏𝜻

𝝏𝒕
.

𝝆𝑻

𝝆𝑻(𝒕)~𝒆−𝝀𝒕, 𝟎 ≤ 𝒕 ≤ ∞.

𝜺

𝝃(𝒕)~𝒆𝒊𝜺𝒕−𝝀𝒕/𝟐.

[𝑴𝟐 − 𝒖𝑰]𝜻 = [− 
𝝏𝟐

𝝏𝒕𝟐
+ 𝜵𝟐] 𝜻  − (𝒊𝜺  − 

𝝀

𝟐
)
𝟐

𝜻

− (𝟐𝒊𝜺 − 𝝀) 
𝝏𝜻

𝝏𝒕
.

𝜻

𝜻(�⃗⃗� , 𝒕)~𝒆𝒊𝝎𝒕−𝒊�⃗⃗� ⋅�⃗⃗� .
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−𝝎𝟐 − 𝒊𝝀𝝎 − 𝟐𝜺𝝎 +
𝝀𝟐

𝟒
 − 𝜺𝟐 − 𝒊𝝀𝜺 + 𝑴𝟐 + �⃗⃗� ⋅ �⃗⃗� − 𝒖𝑰

= 𝟎.

− 𝝎𝟐  −  𝟐𝜺𝝎 +
𝝀𝟐

𝟒
 − 𝜺𝟐 + 𝑴𝟐 + �⃗⃗� ⋅ �⃗⃗�  − 𝒖𝑰 = 𝟎,

− 𝒊𝝀𝝎  −  𝒊𝝀𝜺 = 𝟎.

𝝎 = − 𝜺
𝝀

𝝀𝟐 = 𝟒[𝒖𝑰 − (𝑴𝟐 + �⃗⃗� ⋅ �⃗⃗� )].

𝝀

𝒖𝑰 > (𝑴𝟐 + �⃗⃗� ⋅ �⃗⃗� )

𝝀𝟐 > 𝟎
𝜳(𝒙, 𝒔)

𝜳(𝒙, 𝒔)~𝒆𝒙𝒑 [− 𝒊 
𝑴𝟐𝒔

𝟐𝒎
 − 

𝝀

𝟐
 𝒕 + 𝒊�⃗⃗� ⋅ �⃗⃗� ].

𝜳(𝒙, 𝒔) 𝝆𝑻

�̄�𝒆

𝒆+ 𝒏 �̄�𝒆 𝒑 �̄�𝒆 + 𝒑 → 𝒆+ + 𝒏
�̄�𝒆

𝒊ℏ
𝝏

𝝏𝒔
|𝒗𝒋⟩ = 𝑲𝒋|𝒗𝒋⟩

𝑲𝒋

{|𝝂𝒋⟩} {|𝝂𝜺⟩}

{|𝒗𝒋⟩} = [
|𝒗𝟏⟩

|𝒗𝟐⟩
] , {|𝒗𝜶⟩} = [

|𝒗𝒆⟩

|𝒗𝝁⟩
]

|𝝂𝒋⟩ |𝝂𝜶⟩

|𝒗𝜶⟩ = 𝑼|𝒗𝒋⟩
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𝑼 = [
𝒄𝒐𝒔𝜽 𝒔𝒊𝒏𝜽

−𝒔𝒊𝒏𝜽 𝒄𝒐𝒔𝜽
]

𝜽

𝒔

[
|𝒗𝟏(𝒔)⟩

|𝒗𝟐(𝒔)⟩
] = [𝒆

−𝒊𝑲𝟏𝒔 ℏ⁄ 𝟎
𝟎 𝒆−𝒊𝑲𝟐𝒔 ℏ⁄

] [
|𝒗𝟏(𝟎)⟩

|𝒗𝟐(𝟎)⟩
]

𝑲𝒋 = ℏ𝟐𝒌𝒋
𝝁
𝒌𝒋𝝁 𝟐𝒎𝒋⁄ = ℏ𝟐 [(𝝎𝒋 𝒄⁄ )

𝟐
− 𝒌𝒋 ⋅ 𝒌𝒋] 𝟐𝒎𝒋⁄

𝒌𝒋
𝝁

𝒎𝒋

𝝂𝒆

𝝂𝝁 𝝂𝒆

𝝂𝝁

𝝂𝒆

𝑷𝒑𝑹𝑸𝑴(𝒗𝒆 → 𝒗𝝁) = 𝒔𝒊𝒏𝟐 𝟐𝜽 𝒔𝒊𝒏𝟐 {
(𝒎𝟐 − 𝒎𝟏)𝒄

𝟐

𝟒ℏ
𝒔} 

≡ 𝒔𝒊𝒏𝟐 𝟐𝜽 𝒔𝒊𝒏𝟐 𝜶𝒑𝑹𝑸𝑴

𝒔

𝑷𝒄𝒐𝒏(𝒗𝒆 → 𝒗𝝁) = 𝒔𝒊𝒏𝟐 𝟐𝜽 𝒔𝒊𝒏𝟐 {
(𝒎𝟐

𝟐 − 𝒎𝟏
𝟐)𝒄𝟒

𝟒ℏ

𝑳

𝒄𝑬𝝂
} 

≡ 𝒔𝒊𝒏𝟐 𝟐𝜽 𝒔𝒊𝒏𝟐 𝜶𝒄𝒐𝒏

𝑬𝝂

𝑷𝒄𝒐𝒏

𝑷𝒑𝑹𝑸𝑴
=

𝒔𝒊𝒏𝟐 𝜶𝒄𝒐𝒏

𝒔𝒊𝒏𝟐 𝜶𝑷𝑹𝑸𝑴

𝑷𝒑𝑹𝑸𝑴/𝑷𝒄𝒐𝒏

𝜽 𝜶𝒑𝑹𝑸𝑴 𝜶𝒄𝒐𝒏
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