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ABSTRACT

In the field of Riemannian geometry, the condition on the Riemannian metric so that a manifold
has positive scalar curvature (PSC) is important for a number of reasons. Many famous researchers
have contributed gradually to this area of geometry, and in this project, we study more about
PSC metrics on such manifolds. Specifically, we refine and provide some details to the proof
of Gromov and Lawson that the connected sum of 2 n-dimensional manifolds will admit a PSC
metric, provided each of the manifolds has a metric with the same condition. We then derive
some useful formulas related to the Riemann curvature tensor, the Ricci tensor, and the scalar
curvature in many different scenarios. We compute the quantities for a manifold equipped with an
orthonormal frame and its dual coframe, namely the connection one-form and the curvature two-
form. Then, we observe the change in the structure functions, defined as a function that determines
the Lie derivative of the orthonormal frame, under a nearly conformal change of the said frame.
The aim of these calculations is that, by expressing the scalar curvature of a manifold M entirely
in terms of the structure functions, we can determine a condition on the conformal factor so that
when dividing the tangent bundle of M into two sub-bundles, then the scalar curvature restricted to
one sub-bundle will “dominate” that of the other one so that if we know the scalar curvature of the
former sub-bundle is positive, we can be assured that the scalar curvature of M as a whole is also

positive
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LIST OF NOTATION AND SYMBOLS

Riemannian manifolds

tangent vectors on a manifold

tangent vector fields (or sometimes, open sets)
the set of smooth vector fields on M

the set of smooth functions on M

the tangent space of a manifold M at a point p
the tangent bundle

sub-bundles of the tangent bundle

the coordinates on a manifold

the coordinate vector fields

the metric tensor

the (¢, j)-th component of the metric tensor
the (¢, j)-th component of the inverse metric tensor

the covariant derivative of W in the direction of V'

the Christoffel symbols with respect to the coordinate vector fields

the Lie bracket of vector fields V' and W.

the Riemann curvature tensor acting on the vector fields U,V and W

the components of the Riemann tensor

the components of the Ricci tensor

the sectional curvature of a manifold (or the Gaussian curvature of a surface)

the scalar curvature of a manifold
curves on a manifold (not in Chapter 7 and 8)
a group (in this case, a Lie group)

the general linear group of n X n matrices over R
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the n x n special unitary group

the Lie algebra of a Lie group

the structure constants of a Lie group

the direct sum

the principal curvatures of a submanifold

the shape tensor

the tangential and normal components of a vector
an orthonormal frame of the manifold

the dual coframe to an orthonormal frame

the Christoffel symbols of an orthonormal frame
the structure functions of an orthonormal frame
the (¢, j)-th entry of the connection form

the (7, j)-th entry of the curvature form
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CHAPTER 1. INTRODUCTION

In this report, we will investigate the question of whether a Riemannian manifold has a positive
scalar curvature metric under certain special conditions. We will start in Chapter 2 by providing
some background knowledge on the subject of Riemannian geometry, and specifically, how various
curvature quantities are defined. We will also mention some geometric consequences of the study
of curvature on manifolds, namely, the exponential map and geodesics on manifolds. In Chap-
ter 3, we will prove a nice result concerning the geometric meaning of the scalar curvature of a
Riemannian manifold as the volume deviation of geodesic balls living in the manifold as opposed
to volumes of balls of the same radius but live in flat space. In Chapter 4, we use Lie group to
construct a metric of negative scalar curvature on the 3-sphere S3. In general, every n-dimensional
manifold, where n > 3, admits a metric of negative scalar curvature, but the same statement with
positive scalar curvature is still an open question within the research community. Hence, in Chap-
ter 5 and 6, we will investigate two constructions of manifolds in which we know the answer: the
Cartesian product and the connected sum (the latter of which was first proven by Gromov and
Lawson). In Chapter 7, we will lay out our approach used in this project, namely, the approach
using local orthonormal frame and the dual coframe. This is a segue into Chapter 8, where we state
the biggest result that we have come up with (Theorem 14 below) and some corollaries related to
the additional geometric properties of a Riemannian manifold so that in our project, we can make

the resulting scalar curvature of M to be positive as a whole.



CHAPTER 2. PRELIMINARY RESULTS IN RIEMANNIAN GEOMETRY

In this chapter, we will lay out some of the basic results of Riemannian geometry, which we
will use throughout the report. All of the definitions, theorems, and formulas below can be found
in [1] and [2]. Also, unless otherwise specified, in this report, we will use the Einstein summation
convention. Furthermore, in all of the definitions, theorems, and lemmas below, assume that the

objects considered (vector fields, tensor fields, functions, etc.) are smooth.

2.1 Riemannian Manifolds and the Metric Tensor:

2.1.1 The Tangent Space

First of all, we have a few definitions.

Definition 1 ([1]). Let p be a point on a manifold M. A (tangent) vector field to M at p is a

real-valued function v : F(M) — R such that
* v is R-linear: v(af + bg) = av(f) + bu(g)

* v satisfies Leibnitz’s Rule: v(fg) = v(f)g(p) + f(p)v(g) forall f,g € F(M) — R and
a,beR

At first, this definition seems scary. However, differential geometers rarely think of tangent
vector fields this way. Rather, one should think of the tangent vector as a differential operator that
takes in a function and returns the directional derivative of the function in the direction of the said
vector. Put another way, this definition is an axiomatization of the notion of directional derivative

in Calculus 3.

Definition 2 ([1]). The set of all tangent vectors at a point p € M is a vector space under usual
addition and scalar multiplication, and is called the tangent space of M at p, denoted by T,,(M).

If x4, 22, -~ a™ are coordinates of a coordinate chart on the manifold M, then a basis for



T,(M) is the set {O1,0a,- - - , 0y}, where n is the dimension of M and each 0; = %

is called a
p
coordinate vector in a coordinate chart of M at p.
The coordinate vector fields for a coordinate neighborhood U C M are obtained by assigning

to each point p € U a set of coordinate vectors in the sense of the above definitions.

For instance, in R3, the coordinate vectors are the vectors i ,j’ , k that are seen commonly in
Calculus 3. Furthermore, it can be proven that in the case of a parametric surface x(u, v), the

vectors X, , X,, are the coordinate vectors of the surface.

2.1.2 Riemannian Metrics and Riemannian Manifolds

Now, we will come to the most important object in the study of Riemannian geometry.

Definition 3 ([1]). Let M be an n-dimensional manifold and p € M. A symmetric positive definite
bilinear form g assigning at p an inner product g, on the tangent space T,(M) is called a metric

tensor (or Riemannian metric) on M. The pair (M, g) is then called a Riemannian manifold

In particular, since ¢ is a symmetric bilinear form, it is enough to record the action of g on the
coordinate vectors of a neighborhood by the theory of linear algebra. Hence, the (7, j) component
of g is g;; = (0;, 0;).

Hence, we can record ¢ in a matrix form, and since the inner product is nondegenerate, the
matrix g is invertible, and we will denote the (7, j) component of the matrix ¢! by ¢g%. In other
words, g;r.g™ = 4;;, where d,; is the Kronecker-delta symbol.

Intuitively, the metric tensor provides us with a way to measure distances, lengths, and angles
on curved manifolds. Put in another way, it is a generalization of the usual dot product (or inner

product) commonly seen in linear algebra.



2.2 The Levi-Civita Connection:

2.2.1 Connections

Definition 4 ([1]). A connection on a smooth manifold M is a function V : X(M) x X(M) —

X (M) so that it obeys the properties below

s ViyWis §(M)-linear in'V,

e Vv W is R-linear in W,

o Vv W obeys Leibnitz’s Rule: Vv (fW) = fNyvW + V()W for f € F(M).
Furthermore, the object VW is called the covariant derivative of W in the direction of V.

The connection as described earlier is really just an axiomatization of the directional derivative
of each of the components of the vector field W in the direction of V/, in the sense that in R3, if

W = Wi, then Vi W = V(W1)d,.

2.2.2 The Levi-Civita Connection

The following theorem is one of the greatest results in the subject of Riemannian geometry.

Theorem 1 ([1]). [The fundamental theorem of Riemannian geometry] On a Riemannian manifold

M, there exists a unique connection that satisfies
® [‘/, W] =VyW —VuV, and
« XYV, Z) =(VxY,Z)+ (Y,VxZ),

where [V, W] is the Lie bracket between V' and W, defined as a vector field so that [V,W](f) =
VW (f)=W(V(f)), and (-,-) is the metric tensor of M. This connection is called the Levi-Civita

connection of M, and is characterized by Koszul’s formula:

2(VyW, X) = V(W X) + W(V, X) = X(V, W) — (V, [W, X]) + (W, [X, V]) + (X, [V, W]).



From this point on, unless otherwise stated, we will use the Levi-Civita connection in our

calculations.

2.2.3  The Christoffel Symbols

From this particular connection, we can calculate various important quantities for geometry.

We begin with
Definition 5 ([1]). The Christoffel symbols (or connection coefficients) of a coordinate chart of a

Riemannian manifold M are functions Ffj so that

Vo, 0; =I'F

ij

Ok

Notice that, since partial derivatives commute, [0;, J;] = 0, and so from the first property of the
Levi-Civita connection, we have that V,0; = Vaj 0;, and so comparing the k-th component, we
get that Ffj = Ffz This is an important symmetry of the Christoffel symbol.

Furthermore, the symbols above can be calculate explicitly by

Theorem 2 ([1]). Let g be the metric tensor on a Riemannian manifold M, then

LG (Bu(gm) + 05 (gim) — Oun(933))

kE _

The proof of this theorem follows from applying Koszul’s formula to the vector fields 0, , 9, , Op,.

2.3 The Curvature Tensors:

2.3.1 The Riemann Tensor

Another very important quantity to be calculated with the Levi-Civita connection is the Rie-

mann curvature tensor, defined as follows:

Definition 6 ([1]). Let M be a Riemannian manifold. The Riemann curvature tensor of M is the



multilinear function R : X(M)* — X (M) defined by
R(X,Y)Z =VxVyZ —-VyVxZ -V xyZ.

Note that depending on the author, the sign of the Riemann tensor above can be flipped, as in

the case of [1].

Expanding the term above, we can calculate the components of the Riemann tensor as follows:

Theorem 3 ([1]). On a coordinate neighborhood of a Riemann manifold M, we have

where

Rijlk = ak(rgj) - al<F;cj> + Fszﬁ - FfmFZ}-

This tensor, as it is, provides all in information about the curvature of M, but it is very hard to
study. However, as seen below, it can be used to derive more useful objects to study the curvature

of M.

2.3.2 The Sectional Curvature

A tangent plane II to a Riemannian manifold M at the point p is a 2-dimensional subspace of
the tangent space 7,,(M ).

Now, we have

Definition 7 ([1]). Let 11 be a tangent plane to M at p. The quantity

(R(U,V)V,U)
<U7 U) <Vv7 V) - <U7 V>2

KU, V)=

where U and V' are two basis vectors of 11, is called the sectional curvature of 11.

The sectional curvature K (U, V') as defined above is independent of the choice of the basis



vectors U and V.
Roughly speaking, the sectional curvature is the curvature of a 2-dimensional submanifold
of M that has {U,V'} as a basis for its tangent plane. This number proves to be important in

understanding the two concepts below.

2.3.3 The Ricci Tensor

Definition 8 ([1]). The Ricci tensor Ric of a Riemannian manifold M is a (0,2)-tensor field on M

whose components are defined by Ric;; = R';, .

The summation over the upper and the lower indices is equivalent to taking the trace of the
Riemann tensor. Hence, the Ricci tensor is another way to condense the information contained in

the Riemann tensor to be more manageable.

Using an orthonormal basis of the tangent space 5 = {e1, s, - , €, }, we have
n—1
Ric(u,u) = K(u,ey)
k=1

Hence, the Ricci tensor acting on a vector u is the sum of the sectional curvatures of all the

mutually orthogonal tangent planes of M that have u as one of its basis vectors.

2.3.4 The Scalar Curvature

Definition 9 ([1]). The scalar curvature of M is the function S defined by

S = giniCij = ¢ R™

imj

Another interpretation of S can be obtained by working with an orthonormal basis {eq, - - - ,e,}

of T,(M)
SzQZK(ei,ej)

ij=1
1<J



Hence, the scalar curvature is the sum of all possible sectional curvatures of all the mutually
orthogonal tangent planes to M at p.
In classical surface theory, we have that S = 2K, where K is the Gaussian curvature of a

surface S.

2.4 Geodesics on a manifold:

Definition 10 ([1]). Let o : [ — M be a curve on a manifold M, where I C R is an open interval

containing 0. « is called a geodesic of M if Vo' = 0.

Intuitively, geodesics are curves on the manifold which are consider “straightest” in the sense
that a particle on a manifold must travel in a geodesic to get to another point with the shortest
distance covered. This is analogous to straight lines on planes, in that a straight line is the shortest
path between any 2 points on a plane.

Another example would be great circles on spheres, where the great circles are defined as the

intersections of the planes passing through the center of the sphere and the sphere itself.

2.5 The Exponential Map and Geodesic Normal Coordinates:

The existence and uniqueness theorem for ordinary differential equations implies

Theorem 4 ([1]). Let M be a Riemannian manifold and p € M. If v € T,(M), then there exists

an interval J C I containing 0 and a unique geodesic vy : J — M of M so that 7' (0) = v

2.5.1 The Exponential Map

From this theorem, we can define the exponential map as follows.

Definition 11 ([1]). Let M be a Riemannian manifold and p € M. Let G, be the set of vectors
in T,,(M) so that the inextendible geodesic ~y, where 7., (0) = v is defined at least on [0, 1] for all

v € G). The exponential map of M at p is the map exp : G, — M so that exp,(v) = 7,(1)
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Intuitively, the exponential map creates a “geodesic region” around a neighborhood of p € M
in a sense that, centering at p, it will propagate outward in the direction of all possible geodesics

of M having initial velocity lying in 7,,(M).

2.5.2 Geodesic Normal Coordinates

Proposition 1 ([1]). For each point p € M, there exists a neighborhood U’ of p in T,,(M) on
which the exponential map exp,, is a diffeomorphism onto a neighborhood U of p in M (meaning

that exp,, : U" — U is differentiable and has a differentiable inverse).

Now, aregion V' C T,,(M) is star-shaped around p if v € V implies thattv € V for0 < ¢ < 1.
If U and U’ is as in Proposition 1 and U’ is star-shaped around p, then U is called a normal
neighborhood of p.

The introduction of a normal neighborhood of p allows us to introduce a new coordinate system

that has many beneficial properties for calculations.

Definition 12 ([1]). Let U C M be a normal neighborhood of p and {ey ey, -+ ,e,} be an
orthonormal basis for T,(M). The geodesic normal coordinate system (or Riemann normal
coordinate system) ' = (z', 22, ---  x") determined by (3 assigns to each point q € U the vector

coordinates relative to 3 of the point exp, (q)

The geodesic normal coordinates are extremely useful in computations because of the following

proposition

Proposition 2 ([1]). Let M be a Riemannian manifold and p € M. If v, 22,--- , 2" is a geodesic

normal coordinate system at p then g;;(p) = 6;; and I'};(p) = 0

Hence, the metric is flat at p and consequently, all the Christoffel symbols vanish at that point.
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CHAPTER 3. THE RELATIONSHIP BETWEEN THE SCALAR CURVATURE AND
THE VOLUME DEVIATION OF GEODESIC BALLS

In this chapter, we will discuss more the geometric meaning of the scalar curvature of a Rie-
mannian manifold. Specifically, we will prove the following theorem relating the volume of a
geodesic ball of a Riemannian manifold and the volume of the ball with the same radius but in flat

Euclidean space.

Theorem 5. Let M be an n-dimensional Riemannian manifold and a € M. Consider the geodesic

ball B,(a) centered at a, of radius r (r is small). Then,

7,2

V(B(a)) = V; (1 T 6t

50 +0(%)).
where V; denotes the volume of a ball of the same radius in R" and S is the scalar curvature of M
at p.

First, we need some preliminary results.

3.1 The Taylor Expansion of the Metric Tensor in a Normal Neighborhood:

In this section, we have the first result considering the Taylor expansion of the metric in a
geodesic normal coordinate neighborhood of a point @ in a Riemannian manifold M. The result

can be found in [3].

Proposition 3 ([3]). Let a be a point in an n-dimensional Riemmanian manifold M. Then, the

Taylor expansion of the metric in a normal neighborhood of a, with a being the origin (a = 0), is:

1
9ij(r) = i + §5iu9ﬁpquu (0) + O(J|l[*)

pqj
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3.2 The Square Root of the Determinant of the Metric Tensor - an Expansion:

With the result on the Taylor expansion of the metric tensor in a normal neighborhood estab-

lished, we have

Lemma 1. In a geodesic normal coordinate system near a, we have:
1. 3
detg=1— ngcpq(O):cpxq + O(|x]?).

Proof. Notice that by the result in Section 3.1, the matrix g in a normal neighborhood of a has the
form ¢ = I + B, where B is the term involving the Riemann tensor and the higher order terms.

Hence, let A = In g = In(I 4+ B), and using the expansion for the log function, we have:

2

B
A = 1n(]+B)zB—7-|—---

— B+O(|BJ).

Since we will account for the higher-order terms in the result (by O(|x|?)), we can approximate

A by the matrix B. Then, note that

tr(A) = tr(B)+ O(|z]?)
1 U
= §R 2’3 + O(B?)

1
= —gxpquicpq(O) +O0(B?),

where we used the formula quoted in Section 3.1 and taking the trace of the first and the lower last
indices. Also, we used the definition of the Ricci tensor and the fact that the Riemann tensor is
antisymmetric in its lower last two indices.

Now, we will use a matrix identity, which asserts that det(e”) = e

This is easy to see in the diagonal case, and since the metric tensor is symmetric and hence

diagonalizable, A = In(g) is diagonalizable too (using the definition as the series expansion of the
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log function, and if X is diagonalizable, then p(X '), where p is a polynomial, is also diagonalizable).
And, since the determinant and trace are invariant under a similarity transformation, the identity
holds in this case too.

Using this, we will get that:
A 1 D9 P 3
det(e”) = det g = exp —ge’e Ricp(0) +O(|z]7) ) .
Now, using the Taylor expansion for the exponential function to estimate this, we will get
1. 3
detg=1-— ngcpq(O)xpxq + O(|x]?).

as claimed. ]

From this lemma, since /1 4+t =1+ %t + O(t?), we have the following approximation of

Vvdet g.

Corollary 1. In a normal neighborhood near a, we have

1
Vdetg=1-— éRicpq(O)x”xq + O(|z*).

3.3 Proof of Theorem 5:

We are now ready to prove Theorem 5.

Proof of Theorem 5. Without loss of generality (and by the existence of a normal neighborhood of
p as determined by the exponential map), we can choose a geodesic polar coordinate system x of
M at a so that z(a) = 0 (a aligns with the origin of such system). Thus, by definition, we can

calculate the volume of a geodesic ball B,.(a) centered at a of a small radius by

V(B,(a)) = / Vdet gda' - - da",
Br(a)
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However, by Corollary 1, we can replace the integrand by its Taylor expansion up to the second

degree term. When doing that, we have:

V(B,(a)) = / (1 — %Rz’cpq((])xpxq + 0(r3)) dat - da"

Br(p)
1
= / dz' - dz™ — gRicpq(O) / 2Paldx’ - da" + O(r" ).
B,(a) B (a)

Notice that the first term in the sum above is not dependent on any curvature quantities, SO we
may as well denote this quantity the volume of the ball of radius r in flat space V.

Now, consider the second integral. Notice that in the integrand, if p # ¢, the integral over the
ball will be O (since, for instance, on B, (a), there is one half of it where z” > 0 and the other
half where 2P < 0. Now, since the expression in the formula is symmetric, the two portions will
evaluate to equal value but opposite sign, hence will cancel out). Thus, we will only consider the

case where p = ¢, in which case, the integral turns to

, 1
/ (z)2dzt - - da™ = — / r2dzt - - - da",
n

By(a) By(a)

since the sum of the squares is symmetric in each variable, so

By (a) By (a)

Changing the integral on the right hand side to spherical coordinates, we get:

r

/Tde1~--dx" = / / wu™ tdudA

Br(a) 0 Sn—1(1)

r

= A(S”_l(l))/u”“du

,
n+2

n—+2

= A(S"H(D)
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Now, notice that we have A(S™" !(r)) = "t A(S""!(1)). Hence, now solving for the volume

Vy of the n-ball of radius r in flat space, we get:

T

[ A

0

= A(S" 1 /r” Lar
0

”A(S” ‘)

Z;

Solving for the area and plugging back in the integral, we have:

/rzdxl---d:v” = nVyr®

n+2
By (a)
1 Ver?
:>—/7"2dx1---dx” = il .
n n—+2
B (a)

Now, since the original integral is in terms of x” and x?, when plugging back the formula above
into the integral (remember that the above is exactly equal to the original integral, just adding zeros
when p # ¢), we can multiply by a ,, to indicate the distinction between the two cases.

Plugging the formula above back in the original formula for V' (B, (a)), we get

2

VBp) = Vi~ 2(0)Ricy(0)V—"— + O(™)

+ 2
r2

1 )
= Vi— agpq(O)RZCpq(O)Vf

= V(l—M+O( 3)52
RS 6(n + 2) ")

by the definition of S, and by the property of geodesic normal coordinates that g”? = §P9. Hence,

+ O(T’n+3)

the theorem is proven. O
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CHAPTER 4. THE CONSTRUCTION OF NEGATIVE SCALAR CURVATURE
METRICS ON THE 3-SPHERE

In this chapter, we will consider the case of the 3-sphere S®. We will prove the following

theorem regarding its scalar curvature.

Theorem 6 ([4]). The sphere S? is diffeomorphic to SU(2). It admits a left-invariant metric of

negative scalar curvature.

However, first, we need to lay out some basic knowledge of the theory of Lie groups in order

to understand the construction of such metrics.

4.1 Lie Groups and Lie Algebra:

Definition 13. A Lie group is a C* manifold with a group structure so that the group multiplica-

tion in G and the inverse map i : G — G by i(g) = g~ are smooth as maps between manifolds.

This adds another level of structure to a general group GG (commonly seen in algebra). Since a
Lie group is both a group and a smooth manifold, we can use both algebraic and analytical methods

to study these objects.

Example 1. GL(n,R) is a Lie group under matrix multiplication and the inverse map is i(A) =

A~ for every matrix A € GL(n,R)

Example 2. SU(n), the special unitary group over the complex numbers, is also a Lie group (it is

in fact a Lie subgroup of S L(n,C)) under matrix multiplication and the inverse map.

Specifically, we will consider mainly the Lie group SU(2), which is defined as SU(2) = {4 €
M, (C)|AA* = I;det A = 1}. After expanding out the definition and finding the constraint on the

entries of A, we will have a general form of the matrices in this group. Specifically, SU(2) is the
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set of matrices of the form:

—Z2 21

where 21, 20 € C and |2]? + |22]> = 1. Also, we can identify each pair of points (zy, 29) with

a point on the sphere S* C C2.

Definition 14. A Lie algebra g is a vector space g over a field F endowed with a bilinear map

[-,:] : g X g — ¢ (a Lie bracket) that sends (x,y) to [x,y] so that:

[I»y] = _[yal’]

[z, [y, 2]] + [y, [z, 2] + [z, [2,9]] = O

A very important example in this thesis is the Lie algebra su(2) consisting of traceless skew-
Hermitian matrices with the bracket operator [A, B] = AB — BA for A, B € su(2). Specifically,

the set su(2) is the set of all matrices of the form

forsome ¢ € Rand z € C.

There is one final definition that we need to address.

Definition 15. Let G be a Lie group and g € G be fixed. Define amap L, : G — G by L,(a) = ga

for all elements a of G. Then, this map is called the left multiplication map.

From group theory, we know that the map above is an action of the group G on itself.
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4.2 The Geometry of Lie Groups:

Definition 16. The tangent space of a Lie group G at the identity, denoted T,(G), is the set of all

vectors of forms ' (0) where 7y : R — G is a curve in the group G so that (0) = e.

In the case of G = SU(2), one can prove that the tangent space of G at the identity is isomor-
phic to the Lie algebra su(2) defined above.

A vector field V' on a Lie group is a function that assigns to each point p a vector V,, in 7,,(G)
as usual (The definition of 7,(G) is just as the definition of 7.(G), only that the base point now
is p instead of the identity). Now, since G is a smooth manifold, we can endow G with a smooth
Riemannian metric g, which is simply a symmetric bilinear form on 7,,(G).

Now, we have

Definition 17. A metric (-, -) on a Lie group G is left-invariant if and only if

(usv)p = (dLg(u), dLy(v))gp

forall g,p € G, u,v € T,(G), and dL, is the differential of the left multiplication map.

4.3 The Sectional Curvature of Lie Groups:

Let 5 = {ey,--- ,e,} be an orthonormal basis for the tangent space 7},(G) of a Lie group G.
In this section, we will calculate the sectional curvature of the tangent plane of GG spanned by two

arbitrary vectors e;, e; € 3 with 7 # j. First, recall the definition of the sectional curvature:

(R(ei, e5)ej, €:)

(ei, ei)(ej, e5) — (ei, €5)?

K(ei, €j> =

However, since /3 is an orthonormal basis, the quantity in the denominator is exactly 1, so

K(ei,ej) = <R(ei76j)ej7€i> (41)
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Before working with the formula above, we have some observations. First of all, in order to
easily calculate the covariant derivative of one vector field in the direction of another in the setting

of a Lie group, it will be more advantageous to use Koszul’s formula:
2(VyW, X) = VW, X) + W(X, V) = X(V, W) = (V, [W, X]) + (W, [X, V]) + (X, [V, W])

on the vector fields in 5. Furthermore, since all of the calculations below are applied to left-
invariant metrics on G, the derivative of the metric in the first three terms above are zero, and we
get

2(VyW, X) = =(V,[W, X]) + (W, [X, V]) + (X, [V, W])

Next, observe also that [W, X| = WX — XW = —(XW — WX) = —[X,W]. Hence, the
Lie bracket is antisymmetric, and thus, using the bilinearity of the metric, we can rewrite the above

once more to get

Definition 18. The structure constants of a Lie group G are constants C’fj so that for every

ei,ej e inT,(Q),

lei,ej] = Z ijek

k

In the case of an orthonormal frame (as it is in our hypothesis), it is easy to see that C’fj =

(les, €j], ex). Furthermore, by the antisymmetry of the Lie bracket as above, we have
koo k
Cij = _Cji (1)

This symmetry of the structure constants will be of vital importance later on.
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Finally, since  is an orthonormal basis, we have

Veiej = Z<Vei€j7€k>ek (*)

k

We can now return to Equation (4.1). Using the definition of the Riemann tensor and the

bilinearity of the metric, we can expand the equation as
K(ei, €j> = <V€ivej€j, 6@) — (Vejveiej, €Z'> — <V[ei76j]€j, 6i> (43)
We now focus on the first term of (4.3) above. First of all, we have:

Vejej = Z<vejej7€k>ek
k
1
=3 > (eg lers e5]) + (egs ers €5]) + (ers e €51))ex
k
1 j
- 3 > 2Ce
k
- ZC,Z,jek
k
where we have used the orthonormal expansion of the covariant derivative in (*), Koszul’s

formula (4.2) and the fact that [V, V] = 0.

Hence,

Ve Vee; = Ve (Z o,g‘jek)
k
= ZC’,@jVeiek)
k
o1
== Z O]jg] . 5 Z(Veiek, 6[>61
k l

- %chzj(<eiv e, ex]) + (e, [er, €i]) + (e, [ei, ex])er

1 ) .
= 5> CL(Ci+ Cli+ Cipe
kil
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where we used the R-linearity of the connection and Koszul’s formula (4.2).

Therefore, taking the inner product via the metric with e;, we get:

I oo
(Ve,Veej,6) = 5 Z Ci, (O + Cii + Cip)lers e)
kol

= 52@%( i+ Ch+ Ch)
K

e @4
k

since the basis is orthonormal.

Expanding the second term in (4.3) in terms of the structure constants as above, we have:

Vee; = Y (Ve er)es

= %Z((eu len, ej]) + (ej, [er, &) + (ex, [€:, €;]) ) ex

1 ) )
= 52 (Cy+ L+ Che
k

where we used Koszul’s formula (4.2).

Hence,

]_ i 1
Vejv&;ej = Vej <§ Z(Ck] t Clz:z + CZ)ek)
k
I i oy
) Z(Cllcj + O + CE) Ve, e
k

1 . . 1 .
= 52 (Ciy+ L+ T 5D (Cl+ T + Ciyen
k l
1 . , A
= 7D (Cly+Cli+ CH(Clh+ T + e

k.l

by the R-linearity of the connection and a re-indexing of the covariant derivative V. ey.
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Therefore, taking the inner product via the metric with e;, we get:

1 , A
(Ve,Veeje) = 7D (Ciy+ Chi+ CE)(Ch + Tl + Ch) v, )
l

1 . . ‘ .
= D (Gl + CL + CE)(Cl + CE + Cly) (4.5)
k

since the basis is orthonormal.

Last but not least, we will expand the last term of (4.3). Expanding the term, we get

<v[€i,ej]€j7 ei) = <VZ ijekeja ei>
k
= Z o K (Ve €5, €i)
- Y < ¥k + Gl >
= Z L(CF + Ch + CF) (e e0)
= Z CE(CE + CY, + Cf) (4.6)
where we use, again, Koszul’s formula (4.2), the bilinearity of the metric, and the fact that the
basis is orthonormal.

Now, taking (4.4)-(4.5)-(4.6), we get that the sectional curvature of the plane spanned by e; and

e; will be
K(ei,ej) = Z%- Zk
k
- Z(ij + O+ CH)(Co + CE + C3)

- Z CE(CE + Tl +CL) (4.7)
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Now, expanding the terms above, we have

K(eie;) = Y CLCh
k

CE + CLCYy + CECY, + CECE + CF

i1 i~ ik ij 1] i~ jk

- > CiCl + CLCE + CriCly + CLCS + €
k
1 k vk k ~J k i
k

Using the symmetry outlined in () to simplify the above, we get

K(eie)) = =Y C4Ch
k

i~ ik ij 13 ij gk

= 1 2 (=CiuCh = CiCl = ClCi — CiCh — CRCl = ChCh + CCi + CECE + CEC)
k

1y ~1g

1 . ,
- 52 G505 — Gl + G5 G,
k
Hence,

-3 (IS B T S VIS B
K(ei,ej) = Z <T(CZ§)2 + Z(ka)Q + Z<Cjk)2 = ChCh + 505(0112 — Cy;) + §Cjkcz']k:)
A

(4.8)

4.4 Return to the Proof:

Now, we are ready to prove Theorem 6.

Proof of Theorem 6: Notice that by definition, we have S® = {(a,b, c,d) € R*|a®+b*+ % +d? =
1}. However, we can identify the 3-sphere as the set S = {(z,w) € C?||z|* + |w|* = 1}.

Now, let ¢ : S — SU(2) by
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Viewing ¢ as the restriction of a smooth map ¢’ from C? = R* to M,(C) = RS, we can see
that ¢’ is a smooth map between the two parent spaces. Furthermore, ¢ is a bijection from S to
SU(2).

Thus, since S = S® and SU(2) are submanifolds of C? and M;(C), ¢ restricted to S must also
be a diffeomorphism (¢ = ¢’ but restricted to S, so ¢ must also be smooth and has smooth inverse.
Along with being bijective, we get the diffeomorphism claim.)

Now, we know from the above discussion that the tangent space at the identity of SU(2) is

precisely su(2). Hence, a basis for the tangent space 7, (SU(2)) comprises of the matrices

¢t 0 0 1 0 2
e = , €0 = y €3 =
0 — -1 0 v 0
By a simple check, one can see that these form an orthonormal basis for the tangent space with
respect to the modified Frobenius inner product (A, B) = —itr(AB). Let g be the left-invariant
metric determined by this inner product. (The full construction is long, but the rough idea is that we
define the inner product above at su(2) = 7,(SU(2)), and propagate that inner product by the left
action of G on itself. More precisely, for every pair of vectors u, v € T,(SU(2)), where g € SU(2)
is arbitrary, define (u,v), = (dLy-1(u),dL,~1(v))e, where dL,-1 denotes the differential of the
left multiplication map by ¢~ 1).
By another calculations, using the Lie bracket [A, B] = AB — BA, we see that [e;, es] =
2e3, [ea, €3] = 2e1, [e1, €3] = —2e.

Now, define on su(2) the scaled left-invariant metric g,, given by

pror=j=1

po 1=j =2
gulei,ej) =

pz 1=j=3

0  otherwise
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Then, note that the basis {e;} for i = 1,2, 3 above is no longer orthonormal with respect to g,,.

However, if we set ¢; = \/e/T, then the set {¢;} for i = 1,2, 3 is an orthonormal basis for the tangent

space.
Let us calculate the sectional curvature K (e, €5) of SU(2), which is now identified with the
3-sphere!

Expanding (4.8) above, taking n = 3 in the case of S, we have:

3 1
K(Ela 52) = —Z ((0112)2 + C'122)2 + (052)2) + Z ((0121)2 + (0122)2 + (0123)2)
1
+ 7 ((C) + (Co)” + (C2)°) = (O + CiaCy + C1yCy)
1 1
+ 3 [C1o(CF, — Cly) + CH(C3, — C3y) + CF,(C3) — Cy) | + 5(0510121 + C3,Cy + Cp3Cly)

(4.9)

Note that by our the symmetries of the structure constants, we have the terms with the two

matching lower indices will vanishes, for instance C3, = 0. Now, we also have the following

Cl = (e [ei€5])
€k

vl
_ m@k, les, e5]) (4.10)

Furthermore, by the above calculations, note that the bracket here is cyclic. Hence, if £k = 7 or
k = 7, then the bracket operator will yield a vector different from e, which will turn to O when
taking the product with e;, by definition of g,. Consequently, all of the terms with an upper index
matching one of the lower indices, for instance, 0112 will also turn to O.

Hence, the sectional curvature will simplify to

3 1 1 1 1
K(€17 62) = —1(052)2 + 1(0123)2 + 1(0213)2 + 5 [052(0331 - C§2)] + 502130123
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After plugging in to (4.10), we can see that

DO
§
w

3 _
012 -

:

Hafho

|
[\
é‘

¥)

C%h=-C3 =
13 31 T

5

1 _ 1 _
C'23 - _032 -

v M2 3

Finally, plug the coefficients back into the formula for K in (4.9) and simplify, we will get

2 2 2
S L R T T

K(er,e0) =
(1 2) Hifte  H1p3 o3 251 |25) M3

Similarly, the other scalar curvatures can be similarly derived, and we have

2 2 2

K(€1,63) = —3 A -+ Hs + H1 +—+—— —
Hips  pifte Hefts M1 M3 M2

2 2 2

K(epes) = —3-1p M8 L 2 242 =
Hapte  Haf2  Hips Mo M3 M

Taking twice the sum of the above 3 equations, we will get the scalar curvature of S?. It is

S = QZK(Q,EJ’)

i<j

1 1 1
- —2(’“ + 2y “3)+4<—+—+—)
Hafty  pgiy Hifho M1 K2 M3

Since we are dealing with a Riemannian metric, the parameters i1, jio, jt3 must all be positive.

Now, let yu; = k, p1o = k%, i3 = k® for a parameter k£ > 0, then
S=-=20+k?+k ") +4k '+ Lk >+k7°)

We can choose k so that £ is small (let k£ approach 0). In that case, the k—* term will dominate,

and so the scalar curvature will tends towards —2k~* < 0. Hence, g, 1s the metric desired, and the
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proof is done. O

4.5 Manifolds of Dimension 3 or Higher:

In fact, it is known that any manifolds of dimension 3 or higher always admit a metric of
negative scalar curvature. However, whether there exists a metric of positive scalar curvature on
these manifolds is still an open question within the research community. In this thesis, we aim to
get a better understanding of this question through an analysis of a special case of a Riemannian
manifold, outlined in the chapters to come.

One may ask, how about manifolds of dimension 1 or 2? In fact, for a 2-dimensional manifold,
the Gauss-Bonnet theorem dictates the possible sign of the Gaussian curvature (and hence, the
scalar curvature) of the manifold. For instance, applying the Gauss-Bonnet theorem to the 2-sphere

S?, we have

/KdA = 27X (S?),

where X(S2) is the Euler characteristic of the sphere, which is 2, and K is its Gaussian curvature.
Hence, f KdA = 47 > 0. Since K is a continuous function on the sphere, it must be the case
that K > 0 at some point on S?. Hence, there does not exist a Riemannian metric for which S?
has negative Gaussian curvature (which is half of its scalar curvature), since by saying that S has

negative Gaussian curvature, we mean that it has negative Gaussian curvature everywhere.
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CHAPTER S. SCALAR CURVATURE AND CARTESIAN PRODUCTS OF
MANIFOLDS

After having laid out the basics of the scalar curvature in the case of S?, in this chapter, we will
prove the first known result considering positive scalar curvature metrics in a special construction

of Riemannian manifolds. In particular, we will prove the following theorem

Theorem 7. Let M and N be compact Riemannian manifolds, and suppose that M admits a metric

of posiitve scalar curvature (PSC). Then, there exists a metric on M x N that is a PSC metric.

However, before going to the proof of the theorem, we need to prove two other results.

5.1 The Relationship between the Scalar Curvature of the Product Manifold to the Scalar

Curvature of the Component Manifolds:

First, we have

Lemma 2. Let M and N be Riemannian manifolds with metrics g, and g, and scalar curvatures
Sy and S5 respectively. Then the scalar curvature of M x N, the product of M and N, will be
S=5+ 5.

Proof. Let M and N be Riemannian manifolds with local coordinate functions {z',--- 2™} and
{y',--- ,y"} respectively and p € M, ¢ € N. Then, by the result in page 4 of [1], the product
M x N has local coordinates {z!, -+ 2™ y' - y"}.

Also, the tangent space of the product 7{,, ;) (M x V) is, by Lemma 1.43 in [1], the direct sum of
the tangent spaces of the individual component. In other words, 77, ,y(M x N) = T,(M) ®T,(N).
Hence, every tangent vector to the product manifold can be decomposed uniquely as the sum of
two tangent vectors of the two constituent manifolds.

Now, the metric on the product manifold is defined as follows. For X,Y € X(M x N), by
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above, we can write X = X; + Xy and Y = Y] + Y5 where X1,Y; € X(M) and X5, Y, € X(NV).

By Lemma 3.5 in [1], with 7 and ¢ are the projections of M x N to M and N respectively:

9g(X)Y) = gi(X1, Y1) + g2(X3, Y2)

= 91D p(X,Y),

where we have used the definition of the pullback of a tensor and the definition of the projection
map.
Specifically, this definition implies that the components of g will be as follows.

On the product manifold, the local coordinate vector fields will be 0;,, - - - , 0;

s Ojyy e, 05,
the union of the coordinate fields on M and N, where the first m coordinate fields are vector
fields on M and the last n fields are on N (pg. 7 of [1]). Hence, for g, we will have that on
the first m coordinate vector fields, g is nothing but g; (since g, does not work on the last n
coordinate fields). Similarly, on the last n coordinate vector fields, ¢ = g». However, on the
cross terms (one from the first m coordinates and one from the last n), g = 0 (Since, for instance,

9(31'”7 aju) = 9(5iu +0,0+ 8@) = gl(aiua 0) + 92(07 ajv) = 0).

Hence, in these coordinates, the matrix for the metric is

a partitioned (m + n) x (m + n) matrix.

Now, notice that an implication of Corollary 3.58 in [2] is that the Riemann tensor (and conse-
quently the Ricci tensor) on M x N will be related by Ryy (Z) = (R1)x,v,(Z1) + (R2) x,v, (Z2),
where X = X; + Xo, Y =Y+ Yoand Z = Z; + Z, with X, Y17 € X(M) and X5, Y5, Z5 €
X(N) and Ry,R, are the Riemann tensor in M and N respectively (in the Lemma, the right-hand
side of part 1 and 2 is our proposed Ryy (Z)).

In particular, the components R ju Of the Riemann tensor of M x N matches that of R, for
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1, 7, k, 1 < m, matches that of R, form + 1 < 4,4, k,l < m + n and is zero otherwise.

Finally, the scalar curvature S of M x N, is

m-+n

_ ij Dk

S = E g"R ikj
1,5,k=1
m m+n

= g ikj g ikj
ij,k=1 i jk=ma1

= S1+ 5.

We used the fact that the inverse metric of the product manifold behaves exactly like g. All the
indices have to start either at 1 or at m + 1 because the “cross terms” are all zero. Either the value
of g or of the Riemann tensor are zero at those values (for instance, if ¢ starts at 1 but j starts at
m +1,then g = 0.Ifi,j < mbutk > m+1,thenR";kj =0).

Hence, we get that S = 57 + .55, as desired. OJ

5.2 The Change in the Scalar Curvature of a Manifold under a Scaling of the Riemannian

Metric:

The second result that we need to prove Theorem 5 is

Lemma 3. Let M be a Riemannian manifold with metric g, and lett > 0 be arbitrary. Denote S the
scalar curvature of M with respect to g. Then, tg is another metric on M, and the scalar curvature

S’ of M with respect to tg will be S" = %S

Proof. The fact that tg is a metric on M is easy to see from the definition, since scaling a tensor by
a nonzero constant does not affect its symmetry or its nondegeneracy.
For all the computations below, denote the quantities with a prime the quantities corresponding
to the scaled metric, and the ones without a prime the quantities with respect to the old metric.
Notice that the scalar curvature depends on the Ricci tensor, which in turn depends on the
Riemann tensor, which ultimately depends on the Christoffel symbols. Hence, we will need to

investigate how the Christoffel symbol changes under a scaling of the metric. First, notice that if
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g is scaled by a factor of t, then ¢/, = tg,,, which means that ¢"** = % g"’ for all u and v, since if

this was the case, then ¢"Vg.,, = % 9" tguy = Oy, Which is what we want.

We have, by the formula of the Christoffel symbols:

la

o= =g " (O(gly) + Oc(9hg) — Oalgse))

(%gad (8b(tgcd) + ac(tgbd> o ad(tgbc)))

= DN =N =

(% -t (0y(gea) + Oc(gna) — 8d(9bc)))

= %gad (8b(gcd) + ag(de) - gad(gbt:))

a
— be

Hence, the Christoffel symbols are invariant under a scaling of the metric.
Therefore, the component of the Riemann tensor does not change as well. In other words,

" = Rl since the formula of the components of the tensor only involves the Christoffel

symbols and their derivatives and by the above.

Now, the Ricci tensor of the new metric will be, by definition
Ric;-k = R’ejek = R, = Ricyy,
by the invariance of the Riemann tensor above. Finally, we have
' 1ik s | 1
S" =g’ Ricj, = ;gj Ricj, = ;S
by the inverse metric scaling as above. Hence, S’ = %S , as claimed. [l

5.3 Proof of Theorem 7:

Now, we are in the position to prove Theorem 7.

Proof of Theorem 7. Let M and N be compact Riemannian manifolds with metric g; and g, re-
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spectively. Furthermore, assume g, is a PSC metric on the manifold M.

The definition of the metric on the product manifold is defined in Lemma 2. Now, denote S}
be the scalar curvature of M under g; and likewise for S5. Hence, by Lemma 1, we have the scalar
curvature Sof M x Nis S = 57 + 9.

Now, proceed by scaling the metric g; on M by the real function f(¢) = t (we demand that
f(t) > 0). First, note that this function is actually a constant with respect to the coordinates of M.
Hence, the calculations in Lemma 3 is still valid.

When we scale the metric of M by ¢, the resulting scaling curvature of M will be S}, and thus,

it induces a new scalar curvature S’ of the product M x N. However, by Lemma 2, we have:

S = S]+ S5,

1

Now, notice that depending on the position of the point (p,q) € M x N (where p € M and
g € N) and because 5 is positive by the assumption that ¢, is a PSC metric on M, we can choose
a sufficiently small t so that in an open neighborhood of (p, ¢), the first term in (1) dominates the
second term, making S' locally positive (since .S is a continuous function on M).

So how can we make the construction global?

For each point (p;, q;) € M x N, choose a t; so that the scalar curvature S is locally positive
in an open neighborhood U; of (p;, ¢;). Then, it is easy to see that the collection U U; is an open
cover of M x N. However, M x N is compact (since M and N are, and Cartes;an products of
compact sets are compact).

n
Hence, by definition of compactness, there is a finite collection U = |JU; that also covers

7

M x N.
Notice that in each of the set U; in U, there is a corresponding ¢; that makes S locally positive
in that open set. Now, let &k = min{¢; : i = 1,2,--- ,n} (Since n is finite, the minimum actually

exists, and since the scaling function ¢ is mandated to be nonzero anywhere, k is also nonzero).
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Then, notice that the scaling factor £ on g; will make the scalar curvature positive globally on
M x N, since it will make S positive for every U; in the cover U of the product!
Hence, g = kg, & g- is the desired positive scalar curvature metric on the product manifold, as

claimed. L]

5.4 Remark:

This theorem provides an inspiration for us with this project. It basically asserts that if a
certain Riemannian manifold M admits a metric of positive scalar curvature, then when we do
the Cartesian product withanother Riemannian manifold /N, we can always ensure that there is a
metric for which the scalar curvature of M “dominates” the scalar curvature of /N, making the
overall scalar curvature of the Cartesian product M x NN positive.

In our project, we will consider a similar situation as in the theorem, but on a single manifold.
In other words, given a manifold M, we can split the tangent bundle into the direct sum of two sub-
bundles, and we aim to find out a condition on one of the sub-bundles and the geometric properties
of M so that this sub-bundle will have a “dominating” scalar curvature and hence, making the
entire manifold admit a metric of positive scalar curvature. The detailed investigation will be in

Chapter 7 below.
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CHAPTER 6. SCALAR CURVATURE AND CONNECTED SUMS OF MANIFOLDS

In this chapter, we will provide some details to the proof of Gromov and Lawson in their
paper [5] about the relationship between the existence of positive scalar curvature metrics on two
Riemannian manifolds and the existence of such a metric on their connected sum. However, before
going to the actual proof, we need to discuss the theory of Riemannian submanifolds, especially

the shape tensor of a Riemannian submanifold.

6.1 Riemannian Submanifolds:

All of the following results can be found in Chapter 4 of [1].

Definition 19 ([1]). Let M be a submanifold of a Riemannian manifold (N, qg), p € M and i :
M — M be the inclusion map. If i*(g) : T,(M) x T,(M) — R by i*(g)(u,v) = g(di(u), di(v))
is a metric on M, then M is called a Riemannian submanifold of N. A Riemannian hypersurface

is a submanifold M of N so that dim(T,(M))* = 1.

6.1.1 Tangent and Normal Vectors

Let M be a Riemannian submanifold of N. Then, the tangent space 7,,(M) is a subspace of

T,(N). Hence,T,,(N) can be decomposed as

Tp(N> = Tp<M> D Tp<M)J_

where T,(M)* is the orthogonal complement of 7,,(M). As a consequence, a vector x € T),(N)
can be decomposed as x = tanz + nor x, where tanz € 7,(M) is called the tangent vector to

M and nor x = T,(M)> is called the normal vector to M.
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6.1.2 The Induced Connection and the Shape Tensor

If M is a Riemannian submanifold of N, then the Levi-Civita connection V¥~ on N induces a
natural connection on M by restricting the smooth vector fields U and V on N to the vector fields
U’ and V' smoothly on N, then the covariant derivative V# V" is just the covariant derivative Vi V/

orthogonally projected to 7,,(M).

Definition 20 ([1]). Let M be a Riemannian submanifold of N. The function I1 : X(M) X
X(M) — X(M)*, where X(M) denotes the set of smooth vector fields on M, by I11(U,V) =

nor(VYV) is called the shape tensor (or the second fundamental form tensor) of M.

The shape tensor is very useful to us because it gives rise to an essential ingredient in the proof,

the Gauss equation.

Theorem 8. Let M be a Riemannian submanifold of N, and u,v € T,(M). Let K(u,v) and
K'(u,v) be the sectional curvatures of the plane spanned by u and v of M and N respectively.

Then
I (u,u), I1(v,v)y — (II(u,v), [1(u,v))

= K'(u,v <
K(u,v) = K'(u,v) + (u, u) (v, v) — (u,v)?

The eigenvalues of the matrix representation of the shape tensor in any orthonormal basis of
the tangent space are called the principal curvatures of )M, denoted by A. Each corresponding
eigenvector v is a principal direction of M, and a curve whose tangent vectors are principal

directions is called a principal curve of M.

6.2 The Existence of Positive Scalar Curvature Metric on the Connected Sum of Two Rie-

mannian Manifolds:

After laying out the foundation, we will prove the main theorem in this chapter.

Theorem 9 (Gromov-Lawson). If (X1, g1) and (Xs, g2) are compact n-manifolds, with n > 3,
having positive scalar curvature metrics, then their connected sum also has a positive scalar cur-

vature metric.
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Proof. Throughout this proof, when referring to the principal curvature of a hypersurface, it is
understood that we refer to its principal curvature with respect to the unit normal vector which re-
spects the orientation of the parent manifold, since the principal curvature depends on the direction
of the normal vector.

Given (X1, g1) with scalar curvature S > 0 and p € X7, consider a normal coordinate ball D
centered at p of radius r. The ball is defined as D = {z1e; + -+ + x,e, = x : ||z]| < r} where
{e1,- -+ ,e,} is an orthonormal basis of T),(X}).

Then, let D’ = exp,(D) be a geodesic ball of radius r;. By the same argument, on X», given
q € Xs, there exists a geodesic ball B centered at ¢ of radius . Let r = min(rq, 7). We will
proceed with the construction below using r. For the sake of simplicity, assume that » = r; (if oth-
erwise, for the construction below, we can always reduce D’ to another geodesic ball of a smaller
radius, which is contained in D', so the exponential map is still a diffeomorphism).

Now, we aim to change the metric on D’ so that the new metric agrees with the old one at 9D’
and near p it resembles the product metric of R x S"~!, where S"~! is a sphere of a certain radius.

Let r(z) = ||z|| be the distance of a point in D’ to the origin p, and set S"'(¢) = {z € D" :
] = €.

Now, we have the following lemma:

Lemma 4. All principal curvatures of the hypersurface S"~(¢) are of the form _71 + O(e) for €
small. Furthermore, let g, be the induced metric on S"'(¢) and go,c be the standard Euclidean

metric on the sphere (sectional curvature E% ). Then, as € approaches 0, g. approaches g .

Using this lemma, we can proceed with the proof as follows:

Consider the product D’ x R and define a hypersurface M C D’ x R by the relation

M = {(z,t) : (l=]l,t) € 7}

where 7 is a curve in the (r, t)-plane that starts on the positive r-axis and ends parallel to the

t-axis. This is the picture of ~.
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desmos

n 0 1ype here to search

Note that the metric on M is induced from the metric on D starting at its boundary and ends
with a metric of S"7!(€) x R near the origin. If € is small, then by the convergence condition in
Lemma 4, we can alter the metric near the origin so that it is similar to a metric of positive scalar
curvature which is a product of the e-sphere Euclidean metric with R.

Now, we will choose 7 in more detail so that the curvature k(s) of 7 is always less than or
equal to 1.

Let ¢ be a geodesic ray in D’ emanating from the origin p.

Then, notice that the velocity of the line ¢, which is in 7},(D’ x R) is tangent to the hypersurface
¢ x R. Furthermore, the geodesic ¢ with that velocity initially lies totally in £ x R. Hence, ¢ x R
is totally geodesic in D’ x R by Proposition 4.13 in [1].

Furthermore, the normal field of M along the intersection « = M N (¢ x R) lies tangent to
¢ x R.

It follows that o will be a principal curve of M.

Now, notice that y above can be viewed as the “cross-section” of M N (¢ x R) when identify-
ing the r-axis as the ray ¢ and the t-axis as R. Hence, 7 is exactly the curve «a above, and so the
curvature of « is the curvature of .

By Lemma 4 above and the construction of M, the other principal curvatures will be of form

(=* + O(r)) sin 6, where 6 is the angle between the normal to M and the t-axis.
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Let ¢ € a be arbitrary. Let vy, - - - , v, be an orthonormal basis for 7, (/) consisting of prin-
cipal directions so that v; is tangent to « (since the second fundamental form is symmetric, this is
possible, by the spectral theorem in linear algebra) and let A, - - - , \,, be the associated principal
curvatures.

In the Gauss equation above, if we replace the vectors v and w by two vectors in the above
orthonormal basis, we immediately get K;; = Kéj + \i)\; where K;; and K;j are the sectional
curvatures of the plane spanned by v; and v; of M and D’ x R.

Note that by the above observation, A, = k and A, = (=* + O(r)) sinf forp = 2,3,--- , n.

Now, let % be the direction of the velocity of the geodesic ¢ above. Observe that since D’ x R
has the product metric, it follows that

/
Ki; = K% _cos®6

orJ

1 D’

fori,j =2,--- ,n, where K’ is the sectional curvature of I’

Why is that the case?

The second equation is clear from the structure of D’ x R (since in the directions 2,3,...,n,
D’ x R is essentially just D’ shifted along the R-axis)

Now, we will prove the first equation:

Recall that by the above, we have that A\; = k (the curvature of «, which is isometric to ~) and
the corresponding principal direction is v; along . Since we want to find a relationship between
the sectional curvature of D’ and D’ x R, we need to project v; onto the manifold D’.

Notice that % = 0,, the radial geodesic direction, is orthogonal to % = 0, a vector in the
t-axis. The set {0,, 0, } is an orthonormal set.

Hence, when v; is projected back onto the plane spanned by the two vectors above, we get
that v; = (—cos )0, + (sin6)d; (Note that v, is perpendicular to the outward normal and 0, is

perpendicular to 0y, so the angle between v, and 0, is exactly 6.).
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Now, let R’ and R”’ be the Riemann tensor of D’ x R and D’, respectively. Also, let j corre-
spond to the vector v; above (which is tangent to M and also S™~*(r)).

By the sectional curvature formula, we get:

Ky, = K'(v1,v))
= (R, 4, (v1),v5)
= (B cout)0+smoyonay (= 08 0)0, + (sin €)0,), v; ) (By above)
= cos? (R, ,.(9,),v;)(By the multilinearity of R’ and the product metric)
= cos> 9<R§T'7vj (0r),v5)

/ !
= cos’ 0K (0,,v;) = ngCOS26
or?

whereby the restriction of R’ to the 2 vectors above coincides with R”" acting on those vectors.
Hence, the first equation follows.
Now, using Gauss equation above and the formula, the scalar curvature of M at the point (X,t)

will be

S = ) Ky

i#J'
= ZKU +ZK11 + Y Ky
i#£L,j#L, 570
- : 1 D 1
= Z (K% cos? 0 + k (——+O )sm@) +Z ( .0, €O 20+ k (—— —|—O(r)> sin&)
=2 arJ T
: 1 :
+ ) (Kg + (ﬁ +O(1)) sin? 9)
i#1 js«él g
: - 1
_ D D :
= ZZKaT cos” 0 + Z K;; +2Zk (—; —|—O(r)> sin 0
1#Lj#Lj#i Jj=2
+ Z <ﬁ + O(l)) sin” f(Rearrange terms)
i1,

Use cos? # + sin? @ = 1 and combining the first two terms, and taking the sum of the last two
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terms, we will get

/ 1
ZZK?T cos? 0 + Z K —2(n—-1) <;+O(r)>ksin9

i#1, #1571

(n—1)(n—2) (% + 0(1)) sin?

. - . 1 .
QZKaDT + Z Kilj? —QZKé’j&nZ@—Q(n—l) (;—FO(T))kSlHe

A1 j=2

(n—1)(n—2) (12 + 0(1)> sin? 6
: (0 0 1
D' _op:.D DY L :
S 2 Ric (87’ (‘37“) sin?@ —2(n — 1) (r +O(7’)) ksin 6
(n—1)(n—2) (% + O(l)) sin? @
r
gD’ _ {2 Ric”' (0,,0,)sind — (n — 1)(n — 2) (% + O(l)) sin 9] sin 0
r

{2(71 ) (% + 0(7«)) k] sin 0 ©.1)

where SP" and RicP" are the scalar curvature and the Ricci tensor of D’.

As can be seen from the formula (6.1) above, we will prove that there exists a § = 6, > 0 so

that the resulting “bending” of the curve v will give an M with positive scalar curvature. See the

picture below.

desmos

Here, the 6 is the angle with which the straight line makes with the r-axis
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The reasoning can be seen as follows:

First of all, assume that p < 1, and consider the portion of M corresponding to the portion of
7, where, say & <r < R.

Notice that Ric” /(v, v), where v is a unit vector on the tangent bundle of D', is a bounded
function on the closure of D’. Hence, when considering Ric” (Or, 0y), there is a positive constant
C} so that RicD/(ar, oy) < Ch.

Notice that by our hypothesis above, we have chosen v so that k(s) < 1. Also, by above, the
Ricci curvature is bounded above by a constant. Hence, the Ricci term in the bracket is bounded
above by a constant as well. Now, since the error term O(r) and O(1) are bounded by constants
on [£, R], it follows that the two bracket terms in (1) above, when combined, is bounded above
by a constant K (can be positive or negative) on the above interval. Hence, from (1), we can
immediately deduce that S > SP " — K sin 6 for some constant K.

Now, since sin # tends to 0 as 6 gets smaller and smaller, there is an angle 6, so that the sin 6,
is sufficiently small so that K sinf, < SP'. On the interval § € (0, ], then, we will have that
S > SP" — Ksinf > 0.

It only remains to construct k£ and show what the curvature will stay positive when we decrease
r below our threshold %.

Now, let vy be the straight line indicated in the figure. Hence, £ = 0 on 7y, so as  becomes
small, the scalar curvature of M will, by (1), turns to

(n —1)(n — 2)sin? 6
2

S=5"+ +0(1)

since the Ricci term is bounded
Now, proceed by choosing a point (7, ty) € 7o so that r( is small. Now, bend v, starting at this
point with a curvature function that has the form of a “smooth” trapezoid with the “base” of %ro

and “height” of Si;;o‘). See the picture below.
0
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1] + °

desmos

Note that since n > 3, by the formula above, S will continue to be positive corresponding to
this line segment. Also, the total amount of bend will be Afy = f kds ~ %.

Notice that we will prove that the scalar curvature of M will be positive from the point r( to
the start of the second bend. Then we can apply the argument for subsequent bends (the curvature
function of v on which depends on the “starting angle” of such a bend) until we get to the point
where the angle 6 = 7. Also, the curve resulting from the bend cannot get down below the line
r= %0, since the length of the bend is %0, and it starts at rq.

Note that on the first bend, we have that k(s) < %. Hence, notice that when r < ry, when

we group every term in (1) (except the terms involving % and r%) together, we have:

S = P - [2 Ric? (8,,8,) sinf + 2(n — )O(r)k — (n — 1)(n — 2)O(1) sin e] sin ¢

2(n — 1)ksiné N (n—1)(n—2)sin?6
r 72

When r < rg is small, we can see that the combination of the first two terms above is bounded
below by a positive constant (since O(r) and O(1) are bounded by constants, and by changing the

angle 6, to be smaller if necessary).
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Furthermore, since k(s) < %, we have that

. 2(n—12k sin 6 + (n—lzgn—2)

sin® 6

2(n—1) sin @ sin Oy (n—1)(n—2) . 2
Z - 2ror + 72 sin” ¢

> (n—1)sin? 6 + (n—lzgn—2) Sin2 90

r2

— (=i _3) > 0

Hence, overall, during the first bend up to the start of the second bend, we have that S > M >
0, where M is a positive constant. In other words, during the above process of bending, S will stay
positive.

Notice that when finishing the first bend, we will finish off with another straight line ; going
from the endpoint of the bend to the ¢-axis (corresponding to the portion of the k(s)-graph to the
right of the “trapezoid”, which has the value of k(s) = 0) and by that time, the angle change will
be 0 ~ Oy + Af = 6 + oo,

Now, since - is a straight line, by the same argument as above, the scalar curvature of M will

be
(n —1)(n — 2)sin® 0,
2

S =38+ +0(1)

Now, proceed, as above, by choosing a point (71,%;) € 1 so that r; is small and bend ~; with
a similar curvature function, only now, we adjust the “base” of the trapezoid to be %7’1 and the
“height” to be %(notice that we can adjust the curvature function k(s) by adjusting the “height”
to be smaller if necessary so that the angle change A# can range from 0 to %. This must be
necessary in order for the last bend in the process to be able to reach a final angle of Z, since

within the last bend, we may adjust the angle change to reach the exact desired angle).

~ sinfy
~ T

Hence, the angle change now would be A6, 1

. Also, the curve resulting from the bend
cannot get down below the line r = =}, since the length of the bend is %, and the bend starts at r;.
Notice that by the same inequality argument as above (but now, replacing ry by r; and 6, by 6,

in every instances, noticing that now r < r), we see that S > 0 during this bend, also
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Moreover, after the second bend, we will have another straight line v, and another angle
0y = 60, + Af;. Repeat the process exactly as above, changing the curvature function accord-
ing to the starting angle of each bend, and choosing an 7, suitably (since the curve do not get down
to %), we will have that S > 0 on the second bend

Repeat the process above for subsequent bend, remembering to change the curvature accord-
ingly until we get to an angle of # = 7 by building up the Af accordingly, we will get that S > 0
when 7 is below our threshold of %

Hence, M, which helps D’ to achieve a metric very close to the form S"7!(¢) x R near the
origin (by Lemma 4), has a positive scalar curvature metric.

During the course of doing this operation on X, do a similar deformation on X5, (namely, with
a geodesic ball B’ C B of radius p; and a hypersurface N C B’ x R).

By the exact same process as above, we know that N, which helps B’ to achieve a metric very
close to the form S™!(¢) x R near the origin (by Lemma 34), has a positive scalar curvature
metric. Hence, connecting the two manifolds via the extension of M and /N along the portion cor-
responding to the straight line of ~y in the very first picture (and correspondingly, along the portion
corresponding to the straight line of a curve 4/ when constructing N in X5), using a homotopy of
metrics from the metric on X; to that on X5 we will form the connected sum of the manifolds,
which admits a positive scalar curvature metric.

In the part of the construction above, we used this result, whose proof is in Section 6.4, con-

cerning the linear homotopy of two metrics.

Lemma 5. If g is a metricon M C D' x R and h is a metric on N C B’ x R, each inherits
the metrics of D' and B’ at their boundary and ends with metrics which converge to the Euclidean
metric of S""'(¢) x R near the origin, then the linear homotopy ¢'(t) = (1—t)g+thfor0 <t < 1

will help the connected sum of X1 and Xy admit a positive scalar curvature metric overall.

(We should note that to properly join the two hypersurfaces M and N together, we will need to
compare the two constructions above on X; and X5, and take the minimum of the quantities em-

ployed when constructing the hypersurfaces (i.e., the minimum s of 7, above and its counterparts
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when constructing /N, etc.) and form the connection according to that minimum)

Hence, the proof is done. [

6.3 The Proof of Lemma 4:

There are two claims in the proof that we postponed until this section and the next one. In this
section, we will prove Lemma 4 that we saw being used extensively throughout the proof. Also, in

this section, the metric g used here is totally irrelevant to the metric g used in Lemma 5 above.

Proof of Lemma 4. Notice that by the formula quoted in Chapter 3, the metric on the sphere D’
near a normal coordinate neighborhood has the form:

1
9ij(w) = i + Z0ua?x Ry (0) + O(Jl2])%) = 85 + O([l[*) = 8 + O(€")

PqJ

Notice that since S = S™!(¢) is a submanifold of D’ (and of X), the tangent space T,(S5)
is an (n-1)-dimensional subspace of 7),(X). Hence, by the theory of basis from linear algebra,
T = T,(S) will have an orthonormal basis consisting of (n-1) vectors in the basis for the tangent
space of X.

Without loss of generality, we can rename the vectors so that the orthonormal basis for T
is spanned by e, - - - ,e,. Hence, since e; is orthogonal to these vectors, we must have that e;
is a normal vector to S. Furthermore, assume that e; = (1,0,---,0) in 7,,(X) with standard
coordinates. (we can do this by arranging the axes accordingly)

Now, we claim that the curve (s) = (ecos (£) ,esin (£),0,---,0)ison S.

Notice that using the metric on D as above, we can see that
2 2 2T 2. 2(T\ _ o 4
[v(@)]I” = gi1€” cos o) TonesmT{—) = O(€")

because the cross terms will have the Kronecker delta equals 0, and have terms involving € and
when multiplied with the two components, will result in terms bounded by €*. Also, we are using

the delta portion of the metric to carry out the computations, because the error terms have exactly



46

an analogous reasoning as above.

Then, when ¢ is small as in question, the error term is negligible, so we eventually have that
||7(x)|| = € for all points on the curve. Hence, the curve is on S, as claimed.

Now, the covariant derivative of the velocity vector v = fl—Z(O) along itself, when expanded,

will have components according to the formula

d2’7k
E _
(Vor)” = ds?

d~7
0

0+ 5 02 o).

4 ds
where we used the summation convention for the indices i and j. Now, note that taking two deriva-

tives of ~y, we have:

7'(s) = <—%cos (E) ,—%sin (E) 0, ,0) :

Evaluating at 0, we immediately have that 7/(0) = e5 and 7”(0) = —Ze;.

Since by the above setup, e; is normal to .S, we have that the second fundamental form of S
acting on the vector v above will be given by the tensor metrically equivalent to the shape operator
as defined in O’Neill([1]), or equal to (I (v, v), e;) (where 11 is the shape tensor of S). Calculating

this using the metric on D, and notice that only the first component of II(v, v) is important (since
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the inner product is with e;, whose components are all 0 except for the first), we have

(II(v,v),eq) = (norV,v,eq)
= <V’Uv7€1>
2.1

- o) (0T 0 T 0)
= gnu(x) (—% + Féz)

where we have used the decomposition of V,v to its tangential and normal components to the
hypersurface 5" !(¢) and the formulas for ~,+/, the metric tensor and the Christoffel symbols
(where in the formula for the Christoffel symbol I'},, which involves the derivative of the metric,
by an estimation of the metric as bounded by terms involving €2, we can see that the expansion for
I'1, has terms bounded by ¢).

Note that by the above, we have that the second fundamental form acting on the unit vector
v = Z—Z has form —% + O(€). By a change of coordinates, we get that this identity is true for all
tangent vectors to S. Hence, the principal curvature of S is —% + O(e), as claimed.

For the second claim, note that g. can be induced via inducing g to S" (1), then push it
forward via the map f : S" (1) — S by f(x) = ex. When applying the pullback of g, via f, we

have, at the points x where ||z|| = 1:

[ (ge)s = Z gij(ex) (Pullback definition)

1
— Z (éij + Z 625(51-“1:%(1]%%,(](0) + 0(63)) (Formula for the metric)
p.q

7:7‘7‘

It follows that as e approaches 0, f*(g.). also approaches the usual Euclidean metric (since the

terms involving € vanishes).
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Looking at the terms after the first equal sign above, we can conclude the same thing for g..

Hence, the second claim follows. O

6.4 The Proof of Lemma 5:

The next claim that we will prove is Lemma 5 above, which helps to connect the two manifolds

together via a connected sum and using the linear homotopy of metric.

Proof of Lemma 5. Note that g and h are both represented by n x n symmetric matrices. Hence,
now, consider the manifold U formed by the connected sum of M and N via there straight line
portion and the space € of all n X n symmetric matrices with entries being in §(U), the space of
smooth functions on U. We can endow {2 with the norm

| Al = max max{|a;], |Orai;, |OcDras;|, |a”|, |Opa® |}
€y 1,5,k,

where the upper indices denote the entries of the inverse matrix.

Notice that by Lemma 4, we know that as the radius € (which corresponds to the straight line
portion of 7y on M and ~' on N) goes to 0, the metric g and & in the hypothesis both go to the usual
Euclidean metric e of the sphere of sectional curvature 6%

Hence, since the metrics are matrices, we must have the convergence follows entry-wise. In
other words, 11_{% Gij = 113% hij = e;; for all 4, j. Hence, by the sum law of limits, we get that
lim(hi; — gij) = 0.

Using the definition of limits, the above expression means that given a « > 0, there exists a
number v > 0 so that whenever we have |¢| < v, then |h;; — gi;| < us.

Now, using the Taylor expansion of the metric in Section 6.3, we have that

pqj

1 )
gij(x) =65+ Oun® S 2T R 5(0) + O(¢*).

p.q
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Taking two derivatives of the metric above, we will get

8kgij = &géu + 0(62) = O + O(€2>,

8k819ij = 0+O(€2).

Hence, again, when € goes to 0, both partial derivatives of g;; go to 0. A similar argument
shows the same thing for the partial derivatives of h;;. Therefore, by the same argument as above
(adjusting the bound v for |¢| if necessary by going back to our construction and make the s, the
minimum of 7y and its counterpart on /V as noted in the last part of the proof in Section 6.2, smaller
if necessary so that s < v), we have that given wuy, ug, uz > 0, there is a v > 0 so that when |e| < v,
|hij — gijl < ur, |Okhi; — Okgij| < uz, [OkOihij — OrOLgi5] < us

The argument above can be extended to all indices ¢,7 = 1,2,--- ,n. Now, we will consider

g (t) = (1 —t)g+thfor 0 <t < 1. Note that when |¢| < v, we have the following computations:

‘ggj(t) — g5l = (L =t)gij + thij — gij| = [t(hij — 9i5)] < W
|0k9i;(t) = Okgisl = |(1 —)Okgij + tOkhij — Okgij| = |t(Okhij — Okgij)| < ua
lakalgl’»j (t) — akalgij| = ’(1 — t)@kalgij + t@ké)lhij — 8k8lgij| = \t(&kﬁlhij — 8kﬁlgij)\ < Uus

by the above assertion and the fact that ¢ € (0, 1).

Also, ¢’ will be a rational function of the entries of g (using the formula for matrix inverses),
so the same reasoning as above (again, adjusting s if necessary) shows that given uy, us > 0, there
is a v so that when |e| < v, |¢"(t) — g | < uy and |Oxg" (t) — Okg™| < us.

Hence, by all of the argument above, we have proven that when ¢ is sufficiently small, then
lg'(t) — g|| is small where || - || is defined at the beginning of the proof.

Now, notice that the scalar curvature S is a continuous function in terms of the metric, its two
derivatives, the inverse metric and its derivative. Moreover, the domain U in question is compact.

Hence, S is actually uniformly continuous on U.
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By contradiction, assume that Sy ;) < 0 for some ¢, € (0, 1). Notice that since .S, is assumed
to be positive by the PSC construction in Section 1, this implies that the quantity |Sy ) — Sy >
K > 0. However, by above, we have that ||¢/(f) — ¢|| is small when ¢ is small. Hence, given a
C > 0, we can always have the condition that ||¢'(t) — g|| < C implies |Sy ) — 5,4 > K. Using
the negation of the definition of uniform continuity, we can see that .S is not uniformly continuous
on U, a contradiction.

Hence, our assumption is wrong, so ng(t) > (. Therefore, on U, there exists a PSC metric.

o0
Now, since the connected sum of X; and X is a compact set, let V' = | J V,, be an open cover

a=1
and V' = G Vi, be its finite subcover. Let {7,}" , be a partition of unity subordinate to this
a=1
subcover.

Note that in each set in the subcover, there always exists a metric of PSC (g if the subset
considered is in X, h if it is in Xy, ¢/(¢) if it is in U, and if the subset happens to contain both
portion, we use another set of bump function to “connect” the metrics smoothly).

Hence, let g = i 9:T;, where g; is a metric of PSC on the subset V; € V' and 7; € {7,}",.

i=1

Then, g is a metric on the connected sum which helps it to have positive scalar curvature, and the

proof is done. [
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CHAPTER 7. USING ORTHONORMAL FRAMES IN RIEMANNIAN GEOMETRY

In this chapter, we will lay out some prerequisite knowledge and formulas for our research re-
sults, which we will discuss in Chapter 8. The approach which we will use in our project lies mainly
with the other viewpoint of Riemannian geometry, a viewpoint first developed by the French math-

ematician Elie Cartan. But first, we need some definitions and results.

7.1 Some Useful Constructions and Quantities:

7.1.1 The Tangent Bundle and Local Orthonormal Frame

Definition 21 ([2]). Let M be a n-dimensional smooth manifold. The set TM = || T,(M) is

pEM

called the tangent bundle of M.

We can impose the structure of a smooth 2n-dimensional manifold on 7'M. See[2] for explicit

details.

Definition 22 ([2]). Given the tangent bundle T'M of a manifold, a subbundle X of rank r of the
tangent bundle is an embedded submanifold of T M, so that for any p € M, X| , I8 a subspace of
T,(M) = TM|p of dimension r.

Given a Riemannian manifold (), g), one can ask whether there is a local basis for the tangent

space T'M at p in which it is easy to calculate. The answer is given in the following definition.

Definition 23. Let (M, g) be a Riemannian manifold. A set 5 = {ey,ea,- - ,e,} of vector fields
defined on a neighborhood U of p € M is a local orthonormal frame if {e,(x), ex(x), -+ ,en(x)}

is an orthonormal basis of T,,(M) for all x € U.

It follows from the local construction of a coordinate vector field and the Gram-Schmidt process
that for all p € M, we can construct a local orthormal frame field on a neighborhood of p.

Recall from linear algebra that given a basis for a vector space, we may be interested in its dual
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basis for the dual space. It turns out that in our approach, the dual basis is particularly important,

so we may have the following definition.

Definition 24. Given a local orthonormal frame = {e1, e, - ,e,} of T,(M), the dual basis
{e',e? -+ e"} for the dual space (T,M)* (sometimes called the cotangent space) is called the

dual coframe .

Notice that from the relationship established in linear algebra, we have e’(e;) = 5; for all
1 <, < n. Also, it turns out that each ¢’ for 1 < i < n is a differential 1-form, so the algebra
and calculus of differential forms applies in our case. For a more in-depth treatment of differential

forms, see [6].

7.1.2 Useful Geometric Quantities

From this point on, unless stated otherwise, let 5 = {ej,es, - ,e,} be a local orthonormal
frame field around p of a Riemannian manifold M and all calculations will be with respect to this

basis. Also, we assume that all of our calculations occur in a neighborhood U of p.

Given a Riemannian manifold (M, g), one nice property of an orthonormal frame 5 = {ej, €9, - - -

is that g(e;, e]-) = ¢0;; forall 1 < 7,5 < n. However, because of not being the coordinate frame
fields, in general, the Lie bracket [e;, e;] # 0. However, we can use the Lie bracket to define a new

set of functions useful for our calculations.

Definition 25. The structure functions of (3 are the functions cfj so that

k

i, e;] = Cijek
Notice that in the case of M being a Lie group and the vector fields e; being left-invariant for
all 1 < 4 < n, the structure functions are constant, so we recover the definition of the structure

constants discussed in Chapter 4. Also, the antisymmetry of the Lie bracket implies that cfj = —c?i.

Definition 26. The Christoffel symbols with respect to the orthonormal frame [ are the functions
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'k so that
ij
Veiej = I‘Zek

Notice that the Christoffel symbol with respect to the orthonormal frame cannot be computed
by the formula in Chapter 2, since these are not coordinate vector fields. Hence, we use the
boldfaced symbol to distinguish the two cases: the orthonormal frame field and the coordinate

frame field. However, the following proposition tells us the formula for the symbols in this case.

Proposition 4 ([2]). Let (M, g) be a Riemannian manifold with local orthonormal frame [3. Given

the structure functions as above, then

v

1 . .
F?j = 5(01‘{‘ — Cip + Cry)-

With the Christoffel symbols calculated, we can define the Riemann tensor as in Chapter 2.
However, in this case, since ( is an orthonormal frame, we have to account for the nonvanishing

Lie bracket in our definition of its component.

Definition 27. The component of the Riemann tensor in the local orthonormal frame is
R jpei = Ve, Veej = Ve Ve e = Vig €.

However, we can study the curvature quantities of a Riemannian manifold M under the local

orthonormal frame in an easier way by introducing two new objects.

Definition 28 ([2]). The connection forms of a Riemannian manifold M under (5 are differential

I-forms &’ ; so that for all X € X(M)
Vx(e) = ;(X)ej.

It turns out that the collection of all the connection forms form an n X n matrix w of 1-forms,

with components calculated by



54

Theorem 10. Ler (M, g) be a Riemannian manifold with local orthonormal frame (. Then
W, = I‘;iep .

This is immediate, since if we plug the formula above to the definition of the connection form

above, we get the equality holds true.

Definition 29. The curvature form of a Riemannian manifold M with respect to [3 is the matrix of
differential 2-forms 2 given by
Q=dw+wAw,

where the exterior derivative is taken entry-wise and the wedge product is taken just like usual

matrix multiplication.

It turns out that there is a nice relationship between the entry of the curvature form matrix and

the Riemann tensor components calculated above. The relationship is

Theorem 11. Let (M, g) be a Riemannian manifold with local orthonormal frame 3 and the cur-
vature form matrix ). Then

1 )
kE _ k 7

With these quantities introduced, we can easily calculate the scalar curvature of M (defined as
in Chapter 2, except now, g;; = d;; due to 3 being orthonormal).

Observe that

Z ij(ek, e;) = Z §Rkjiqei N el(ex, e;)
k,j j
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where we used Theorem 11, the identity dz A dy(u,v) = dx(u)dy(v) — dzx(v)dy(u), the re-
lationship between the orthonormal frame vectors and their dual co-vectors, the symmetry of

the Riemann tensor, and the definition of the scalar curvature S respectively. Hence, all in all,
S = Z ij(ek, Gj)

Z7]
7.2 The Scalar Curvature of a Manifold in terms of the Structure Functions:

With the above formulas established, we can continue to derive one of the most important
formulas in our project, namely, the scalar curvature of a Riemannian manifold totally in terms of

the structure functions defined above.

7.2.1 The Curvature Form in terms of the Structure Functions

Let (M, g) be a Riemannian manifold with local orthonormal frame [ and corresponding struc-
ture functions c};.

First, notice that the Christoffel symbols of M with respect to the frame [ are, by Proposition
4,

1 D
I‘fj = §<CZ — Cjp + 1)

Hence, the connection form of M will be a matrix w with entries
ko 1kt — Lok i el
W =16 = 5(%’ —Cj T Im’)e

by Theorem 10.

Now, the curvature form of M is defined as a matrix of 2-forms {2 so that ) = dw + w A w.
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Hence, we have the following computations:

koo gk k
Q= dw", + (WAwW)";

— k k l
= dw"; +w" Aw'

= Ll e+ Lk e e AT - e
= %d(cfj — cék +c)Ne + %(CZ — cj-k + c).))de’

b (=l (e = St e A

= %eq(ci% — i e)et Ael + %<ci3 — e+ ¢ )de’

b N e - g dgen ae

where we use Leibnitz’s Rule and the linearity of the exterior derivative.

7.2.2 The scalar curvature calculations

In this section, we will derive the formula for the scalar curvature of a Riemannian manifold
M entirely in terms of the structure functions of its local orthonormal frame (3. First of all, notice
that by the result at the end of Section 7.1, we have the scalar curvature S of M in terms of the
curvature form of 3 is given by S = kz QF (ex, €5).

Before performing our calculatior;js, we will simplify the notation in this subsection by sup-

pressing the summation symbols, with an implicit understanding that the indices ¢ and j are

summed over from 1 to n. Hence, continuing our calculations with the curvature form found



57

in Section 7.2.1, we have

S = ij(ek,ej)

1 . . ) 1 ) ) .

- §6q(0§j — Cly T et Ne'(ex, e5) + §<Cf} — Cly + e )de’ (ex, €5)
1 .

+ Z(Cfnz —qp + kam)(céj — i+, )em NePler, e;)

= §€q(0fj — Clp + i) (0gr0ij — 0gj0i) + 5(05 — Cip + 1) (—¢kj)

1 m ;
+ Z(Cfnz -+ Ci:m)(céj — i+ ) (Omr0pj — Omjlpk),

where we used the two following facts. First, dx Ady(u,v) = dz(u)dy(v) —dz(v)dy(u). Secondly,

de'(er,e;) = er(e'(e;)) — ej(e’(er)) — €' ([en. €5])
= —¢'([ers &)
— —ei(cZ;»em)
= —ciie'(em) = =i

whereby we used the formula of de’, the relationship between the orthonormal frame vectors and
their co-vectors, the definition of the structure functions, and the linearity of differential 1-forms
respectively.

Continue simplifying by using the Kronecker delta symbol, we get

1 ; , 1 , ; ; ,
S = §€k(0§j - C;k + CIQJ) - 563‘(02]‘ - C?k + ) — ij(cfj — G, + )

1 ‘ . 1 . ‘
+ Z(Cllzl — ¢l + ngk)(cé'j —cy ;) — Z(C?z — e+ Ci:j)(dcj - C?l + cpp.)-
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Notice that the structure functions are anti-symmetric in their lower 2 indices. In other words,

cy; = —c&; and hence, cf; = 0. Simplifying the above formula, we get

1 : , 1 1, . ‘
S = _€k<cl7€j + C?gj) - 56;'(0'2]' + CZ]') - _ij<cfj = G, + )

2 2
(e (e — ch) — (e — o+ )y — k- ch)
= cxlely) — eslely) — gey(ch — i+ )
- Cizcjz - ;l(cflcgcj - (C;?z)z + C?lclik - Cchgej + C‘zjkC?l - (CZ )?)
() — by + clych)

L i j
= ek(cgcj) - €j<cij) - 5%(05 — Cjp T Chi)

1 . .
— i+ 1((@?1)2 + () = (chy)?) + cic
‘ 1 ‘
= er(cy) —ej(cgy) + ;1((623)2 +(c)? = (ey)?)
1, Ny 1w 1,
+ §CZCZIC - C]lzl‘/’;‘l - 5%05 - 5(%)2 - §Cjkcgkv

where we sum over all indices £, [ to get the scalar curvature.
There are more simplifications to make. First of all, rearranging the terms of the above, we

have

| 1 1., 1
S = ek(dcj) - ej(CZj) + Zl(cf )2 + Z(Cgk)2 - Z(Cij)Q
Ly i g 1, L,
+ chjcl]k - §Cjk%]’k - Cizc;l - 5%02'3‘ - 5(%)27

Since i, 7, k, [ are dummy indices, we can re-name them to simplify the calculations. Hence, in
the second term, we rename j to k and k to j. Moreover, in the third term, we rename k to [, j to

k, and [ to 7. Finally, in the sixth term, we keep j as is, but rename k to ¢ and [ to k. Doing the



renaming, we get

S = eulely) — (e + 3 (chy) + () — 3k
b Sl S el - Lefyet - Lel,?
= euldy) +enlcly) + 1)
+ %c;kcfk - %Cﬁkcfk - c’ézc§z - %C?ﬁjcfj - %(Cijf
= 20(cly) + (6 — cich — eyl — S(cly)?

In the second term, renaming j to ¢, [ to k and k to 7, then simplifying, we get,

1

j i L Lo
S = 2€k<cl7cj) + Z(%)Q - Cizcg'l - 5%053' - 5(%)2
j 1 Lo
= 2€/€<Cl]cj) - Cﬁlcg‘z - 5%05 - Z(ij)z'
Changing [ to 7 in the second term, we get
j ko Loow Loi
S = 2€k(cz7€j) — GGy — 501@;‘% - Z(%) )
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(7.1)

which is the desired equation. This formula will be very important for our later analysis of the

scalar curvature of M.
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CHAPTER 8. RESULTS AND DISCUSSION

With all the foundational knowledge established in Chapter 7, in this chapter, we will get to
our research result. We consider the following case:

Consider a n-dimensional Riemannian manifold (M, g) and its tangent bundle 7'M . Suppose
we can split 7'M into two orthogonal subbundle X and Y, with ranks 7 and s respectively. In
other words, TM = X @Y. Declare ¢ = (P~1)TgP~! to be a new metric on M, where P =
I« @ (al)4xs, where a is a positive constant. In other words, ¢’ = gy @ (a%gy), where gx is the
metric restricted to X, gy is the metric restricted to Y. Also, let 5 = {e1, €9, - , €, €41, ,€n}
be an adapted local orthonormal frame with respect to g. Denote S the scalar curvature of M
with respect to ¢/, S; the scalar curvature of M restricted to X and Sy the scalar curvature of
M restricted to Y (both with respect to g). Also, for our calculations below, denote the indices
corresponding to the first  coordinates with Roman letters and the last s coordinates by Greek
letters, which, for now, we may denote by (7).

We want to investigate what conditions on a, M, S and/ or S5 will ensure that S > 0.

8.1 The Change in the Adapted Frame under the Specified Change in the Metric:

We will start by proving

Theorem 12. For the rescaled metric as specified above, if ' = {€e|,¢e,,--- €.} is a local or-

thonormal frame with respect to ¢', then e, = Pe; forall 1 <i < n.

Proof. First, notice that if 5 and 3’ are two local basis for a subset of 7'M, then there is a unique
linear operator 7 that sends [ to 3. Let the matrix for that linear operator be X. In other words,
T(en) = Xe, =¢ forallm=1,2--- n.

Now, since /3 is an orthonormal basis with respect to g, we have that g(e;, e;) = d;; for all pair
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of vectors in 5. However, we can rewrite the above relation as
T
€; ge; = 61] (81)

Similarly, since 3" is an orthonormal basis with respect to ¢’, we have that ¢'(¢;, €;) = d;; for

all pair of vectors in 3, or
el g'el = by (8.2)

by the same reasoning.

Combining (8.1) and (8.2), we get

T T 10
€ g€ = €7 g¢€;

= ejge; = (Xeg) ((P7)Tg(P7))(Xey)

= efgej = el (XT(PTHN)g((P7)X)e;.

Notice that the last equation in the above calculations must hold true for every indices i, j =

1,2,--- ,n. Hence, the only case for that to happenisif g = (X7 (P~H)T)g((P~ 1) X) = (P7'X)Tg(P7'X).
Notice that we can choose P~!X = I, the identity matrix, to make the above equality valid.

Solving the equation above, we’ll get that X = P.
Hence, to find 4’, we will multiply every vector in 3 by the matrix P. In other words, the

basis ' = {Pey,--- , Pe,} will be an orthonormal frame with respect to ¢’, and Theorem 12 is

shown. O]

8.2 The Change in the Structure Functions under the Specified Change in the Metric:

Now, we will continue to investigate the change of the structure functions of 3’ induced by the

above change of the metric. However, first, we will relax the form of P a little bit.

Theorem 13. Let £, and c/’,;; be the structure functions of 5 and [3' respectively. If, in the form
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of P as above, a = f is a function that changes according to the location on M, then we have the

following relationship, written using (11):

ok
CGji = Gy
—~ 1
o = ?cio},
s k
C?oz = fcion
7 1 5
Cg = ?ei(f) + cigy
Co = o (When 87 a),
& 2k
Cap = Couf

¢p = [Ss—es(f) (when~ 7 B),

v _ v
Cop = fcaﬁ.

Proof. In the calculations below, we are considering the components of the bracket expressed by
the subscript of the respective frame vector. In other words, for instance, in Case 1, when we write
e}, €}], what we mean is the k-th component of the said bracket (or ([e}, €/])x, in matrix language).

Also, by Theorem 12, we have the following change in the frame field vectors:

There are 8 cases to consider.

Case 1: If 1 < m,q,p < 7, then in this case, we may use the convention () to write

m =i,q=j,p= k. Hence, in this case, [¢], €] = c};e}, while [e;, ¢;] = c};ex. However, since
N / / /
1<i,5<r, [ei,ej] = [e;, e;] and €}, = ey, s0
ko ok
Cii€k = Cij€k. (8.3)
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Case2: If 1 < m,q < r,r+ 1 < p < n, then in this case, we may use the convention ()

to write m = i,q = j,p = «. Hence, in this case, [e], €] = cfie;, = Eigjfea. On the other hand,

[ei, €] = cf;eq. However, by the same reasoning as above, we get

fa?‘gea = Cji€a- (8.4)

Case3: If 1 < m,p < r,r+1 < ¢ < nthen in this case, we may use the convention () to

write m =i ,q = o, p = k. Hence, in this case, [}, ¢/,] = c& e} = c& ex. On the other hand,

[ 2Age

leiea] = lei fea]
= e(fea) = feati
= ei(f)ea + feiea — feaci
= e(f)ea + flei edl

= e(f)ea + fci e

Hence,

ke = ei(fea + fcker. (8.5)

Case4: If 1 <m < r,r+1 < ¢q,p < n then in this case, we may use the convention () to

—~

write m = i,q = «,p = . Hence, in this case, [¢},e.] = ¢/ e = cfafeﬁ. On the other hand,

) T (283

leiea] = [ei; fea]
= ei(fea) — feats
= ei(f)ea + feiea — feati
= ei(f)ea+ flei el

= ei(f)ea+ fehes.
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Hence,

—_~

cnfes = eilflea + fehes. (8.6)

Case5:If r+ 1 < m < n,1 < ¢, p < rthen in this case, we may use the convention ({t) to

—~ —~

write m = a,q = i, p = k. Hence, in this case, [, e}] = c¥.e} = c*.e;. On the other hand,

(eIt}

leor €] = [fea,ei]
= feati —ei(fea)
= feaei — feiea — ei(f)ea
= flea,ei] —ei(f)ea
= fcFer—ei(f)ea-

Hence,

ke = fchier —ei(f)ea (8.7)

Case 6: If r + 1 < m,p < n,1 < g < r then in this case, we may use the convention ({t) to

write m = v, g = i, p = [3. Hence, in this case, [}, €] = e e = cgifeg. On the other hand,

a’ Ve ot

lear el = [feas el
= feats — ei(fea)
= feats — feita — ei(f)ea
= [lea el —ei(f)ea

= fcaies — ei( fea
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Hence,

—~

ng’feﬂ = fcgieﬁ —ei(f)ea- (8.8)

Case7: If r + 1 < m,q < n,1 < p < rthen in this case, we may use the convention ({t) to

—~ —~

write m = a,q = 3, p = k. Hence, in this case, [e],, €] = c} e}, = ¢k sex. On the other hand,

lea €5l = [fea, feg]
= fea(fes) — fes(fea)
= fea(fles — fes(flea+ fPeacs — foeaes
= fea(fles — fes(f)ea + f*[eas ed]
= fea(fes — fes(f)ea + f2ckgen

Hence,

chser = feal(fles — feap(f)ea —|—f26266k. (8.9)

Case 8: If r + 1 < m,q,p < n then in this case, we may use the convention () to write

m = a,q=f3,p=". Hence, in this case, [e],, 3] = c)ze!, = c 5 fe,. On the other hand,

len, €5l = [fea feg]
= fea(fes) — fes(fea)
= fea(fles — fes(flea+ fPeacs — foeats
= fea(fles — fes(f)ea + f*[eas ed]
= fea(fes — fes(flea + f2c) ey
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Hence,

cz’yfvﬁfe7 = fea(f)esg — fes(f)ea +f2(:zyﬁev. (8.10)

Now, notice that in Case 1 and 2, the expansion of [e;, €] must be the same on both sides of
the equality. Hence, we must have matching coefficients when adding (8.3) and (8.4). Therefore,

matching the coefficients of e, and e, respectively in (8.3)and (8.4) yields

ko= (8.11)
& Lo (8.12)
Cij = ?Cij' .

ko= fc. (8.13)

and another pair of equations. Notice that if o = 3, then (8.6) will yield fcfﬁ =e(f)+f cf 55

—~

while if 5 # a, then the contribution of e, is negligible, and so fcfa =f cfa. Hence, combining

the cases, we have

cAf; = %ei(f)ﬂfg, (8.14)
E = & (when g+ a). 8.15)

A similar argument to (8.7) and (8.8) yields

o= fk (8.16)

3 1
Cgi = Cgi - _ei(f>a (8.17)

&= cfa(when B # a), (8.18)
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Finally, in Case (8.9) and (8.10), one equation we get is
ks =1 (8.19)
and similar to the other cases, we get two following equations

y = ey —ealf)(wheny # 5) (8:20)

cay = fcl, +ea(f)(Wheny # a). (8.21)

Summarizing even more, we will have 8 relations as below as the relations desired.

ok
¢ = Cij
— 1
ey = ?cf‘j,
ko k
Ci'coz = fciow
51 3
Cp = ?ez(f) + Cig>
¢ = Cho(when B +# a),
k& 2k
Cop = Cop

g = [fc)g—es(f)(wheny # B),
9l
Cop = fe,, 5
Hence, Theorem 13 is proven. [
Since the derivative of a constant function is 0, an immediate consequence of Theorem 13 is

Corollary 2. If f = a is a constant, then the structure functions will undergo the following
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changes.

CZ = cfj

G = a

ch = ad,

C:‘B/; =

= & (when 8 # q)
CEB = a’cey

cjﬁ = aclg, (wheny # j3)
C;TB = acy

8.3 The Relationship between the Scalar Curvatures S, 57, and S;:

In this section, we will prove

Theorem 14. In the set up as in the introductory paragraph to this chapter, we have the following

relationship, where the repeated indices are summed over their appropriate ranges:

1
S = 551 + 2@ 25y — Za cwcw
Ly s i L
+ (267 — cZk,c;] 2czkc§ﬂ — §cfﬂck5 — ClCl5 — §Cw‘cw'> a?
1 i 1 a
+ [ 2ep ckﬁ —cwclﬂ 2¢] c7 —§c,”caj Cy5Cij ~ 5CkaChs
1

8.3.1 Decomposing the Scalar Curvature in terms of the Indices of the Structure Functions

First, we need to express S explicitly in terms of the structure functions of both Greek and

Roman indices as indicated in the introductory paragraphs. However, we saw at the end of Chapter
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7 that in terms of the structure functions c%;, we have
n

n
1 1
J K J I K I \2
E 2ex(cxy) + E ~CIrCry T 5CKICL T Z(CKJ) .
JK=1 IJK=1

Now, using the convention (}), we can decompose the above formula as followed:

T T

. 1, 1,
S = Z 261{:(6]]@]‘) - Z C?kc’lzj - Qckjcf} - Z(ij>2
],k:]. J7k:1
r4s r+s 1 1
B &’ 2
+ Z 2e,(cg) — Z ConCap — 2035015 - Z(C%)
By=r+1 a,By=r+1
r+s 1 1
) . \9
P Y - - 1)
i=1 ~,8=r+1
r r+s T r+s 1
DI SERUIED ) DR LR SN s
j=1 y=r+1 Lj=la=r+l
r r4s r r+s 1
) D 2eleg) = DL Y chcis - Ckﬂ% 1(s)’
k=1 B=r+1 i,k=1 B=r+1
r r+s ] 1 1
+ Z Z _Cg'y g 26%62]» a Z(C’%)Q
j=1 a,y=r+1
r r+s ) 1 1
+ Z Z —czkcj —éczjc];] 4(0%)2
jk=1a=r+1
r r+s 1 1
+ Z Z —CZkC§5 - 503,8028 - 1(0%5)2-
k=1 a,f=r+1

Let us investigate the terms () containing the structure functions with both Greek and Roman
indices above. From now on, all the summation will be suppressed, with the implication that the

indices are summed over their appropriate range. When we rearrange the cross terms, they will
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2e,,(c);) + 2ex(chs)

B k J k j
CZ'yCzB Cakcij ( g Cj + Czkczﬁ) ( akcaﬁ + C()é"/cgé])

Li w1 a L Lo & 1 Lo &
Qckﬁciﬁ 2 WCZU (ﬁcvﬁczﬁ + §Ckﬁcaﬁ) - <2 Cy;Cij 5t QCkJCOcJ)

{0 = 3l - (G2 + ?) - (Gl + ).

Since the indices are summed over, they are dummy indices, and so we can rename one index

with another, provided that we only replace Greek indices with Greek indices and Latin with Latin.

Doing that, all the parenthetical terms above will simplify, and we get

Q = 2¢,(c;)+2eu(chy)

v B k 9
- chzﬁ - CakC’;] - QCWCZ]] - ank:coz,é’
1 . 1 . .
L kK ~ a7 _ i Yo Y
o k5Cis T 5% T GG T Gy

1 i \2 1 a \2 1 i \2 1 a \2
Z(%ﬁ) —Z(ij) —5(073‘) —5(%5)-



All in all, we will get the formula for the scalar curvature of M as

1, L o
+ 267(65/3) Cony € ﬁﬁ - 5075625 - 1(675)2
+ 2e,(c,) + 2enlcy)

— =k, c7 — 2 —2ck

iy 8 iy 1 afB

.l Y Y

-3 CraCis — chjcaj — €8G5 — G
1, 1 1, 1

a)?

2 7 \2 a \2
Z(%ﬁ) —Z(% —5(073‘) —5(%5)

I L o
4 267(05/3) ca,ycgﬁ 2075035 - 1(675)2
+ 267(67 )+ 2€k(ckﬁ)

— A=A =2 — 20akcaﬁ

Y18 (e%] iy g
-k T oy 4y
o CkCis — 5 %iCaj T Gy8%is T %i%ij

1, . 1

1 i \2 1 a \2 7 \2 a \2
Z(%,@) —Z(ij) —5(073‘) —5(%5)-

Rearranging the formula once more, we will get

S = Qek(c{;j)—l—%v(cﬁg

. 1 .

k ik

Cz’k:czzj - 5%%
1

cl ., —=c

czycfﬁ — 67
1, & 1

1, 1

Z(C%)z - Z(ng

B
avCap 92 Wﬁca/n’ Z(Cvﬁ)
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) + 267(0%) + 2616(055)
1
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1 2

Q
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iy ig

) o
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8.3.2 The Proof of Theorem 14
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With the decomposition of the scalar curvature according to the indices of the structure func-

tions established, we proceed to the proof of Theorem 14. In the computations below, we should

keep in mind the notations and conventions used in the previous theorems of this chapter.

Proof of Theorem 14. By the calculations in the previous subsection, we have

Sl

26k(cj ) + 265 »y,B) + 267(0%') + 2é7c<cfﬁ)
-~ 1 -
k CJ - _ckjcf] E(Cij)g

8 o & \2
ngcaﬁ - 5‘336035 - Zl@%)

e’ —ck 07 —26707 —2cakcaﬁ

iy i3 YY)
1—— 1~ ~ =
c& 'Y o T M AT
2 Ckﬁ Czﬁ 2 CyiCaj — Cy%ip T Cy5Ci5

1 -~ 1~ 1 —~ 1 ~

Now, using the fact that f = a is constant by assumption and Corollary 2 to Theorem 13 above,

we can relate the new structure functions back to the old structure functions in the formula above.



Expressing the formula above in terms of the old structure functions, we get

26k(c,ij) + Qaeﬁ,(k;cfﬂ) + 2&67(1{?6‘,7‘”) + 26k(c£ﬁ)

k ik i \2
Cikczj'j — Cg;Cij — Z(ij)

1 a
(acd,)(acks) - 4

C;chfﬁ (acik)(acij) —2d),c); - 2(“&)(“&5)

261@((7113') + 26‘267(055) + 2a237(cij) + 26k(¢£ﬁ)

. 1 . .
k ik i \2
Cikczj - 5%%’ - Z(%)

1 1
B 2 2 2
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ciC Zﬁﬁ — GQCZij —2¢] 67 — 2a? cgkcgﬁ

. 1 .
2 k o Y 20 i
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Rearranging the terms above, we get

1 1 .
1, L5 a
+ 2a2ew(c§5) —a czwcgﬁ - §a207/3035 - Zla2(cvﬁ)2

1 )
Cj k C] kB 1 k i i 1 7 \2 2
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(2t
1

1 . 1 9
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1
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1
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07 k C,; kB 1 k i i 1 i \2 2
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Using the convention that repeated indices get summed over their appropriate ranges, we can

write S above as follows:

1
S = S;+d%S, — Za cwcw
%2¢. (¢ koo 2" P Lk i L i 2
+ { 264(€3) — CarCa; — 2CarCas — 5CisChs ~ C1aCis ~ 50 | @
2e(c, 2¢].cl; ! il L
+ er(Crg) — cmclﬂ chcl— —c,”caj C35Ci; ~ 5CkaChs

1/1 o o
T2 (@) (CjCi)-

Therefore, Theorem 14 is proven. O]
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8.4 Corollaries of Theorem 14:

In this section, we will discuss the consequences of Theorem 14 when the metric is collapsed
in the sub-bundle Y (in other words, when a increases without bounds). However, first, we will

discuss foliation theory and some important geometric conditions on a manifold ).

8.4.1 Foliation Theory

In this section, we will define some extra conditions on a manifold M that are helpful for our

later discussions. We have

Definition 30. Let Y be a sub-bundle of T'M of constant rank of a smooth manifold M. Y is
called involutive if for all vector fields U,V € T'(M,Y'), we also have [U,V] € I'(M,Y), where T

denotes smooth sections of the bundle Y .
A famous theorem concerning involutive sub-bundles of a manifold is

Theorem 15 (Frobenius’ Theorem). If Y is a sub-bundle of T'M of constant rank on a smooth

manifold M, then Y is involutive if and only if Y is the tangent space of a foliation of M.
For an exposition on foliations on Riemannian manifolds, see [7].

Corollary 3. Let (M, g) be a Riemannian manifold, and B = {ey,--- ,e,,¢e,41, - €,} be a local
adapted orthonormal frame. Then, using the notation below, a sub-bundle Y of M is involutive if

and only if ¢, 5 = 0 for all o, 3 , .
The definition of an adapted frame is technical, but one can find it in [2].

Definition 31. Let (M, g) be a Riemannian manifold and Y be an involutive sub-bundle of M.
Let X = Y. Then we say the metric g is bundle-like with respect to Y if for all x € M, there
exists a local adapted orthonormal frame B = {ey, -+ e, .11, - ,e,} defined on an open
neighborhood U of  so that X |y = span{ey,--- ,e.}u,Y|v = span{e, 1, - , e, }u, and for all
a,j, lea, €] € T(UY).
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Corollary 4. Let (M, g) be a Riemannian manifold and Y be an involutive sub-bundle of M. Let
X =Y. Then g is bundle-like with respect to'Y if and only if for all x € M there exists a local
adapted orthonormal frame B = {ey,- - , €., €41, , €, } in an open neighborhood of x so that

forall a, 3, k, c’fm- =0.

Definition 32. Let (M, g) be a Riemannian manifold. We say that g is nearly bundle-like with
respect to a vector sub-bundle Y of M if there exists a local orthonormal frame in an open neigh-
borhood around every point v € M so that the inequality Sy > 267(6%-) — c’;kcgj — QCzkcgﬁ —

ct ., where Sy is the scalar curvature of M restricted to Y, holds true.

1k i T S O A
2k T 8% T 2%

This definition is what we have come up with to aid the statement of our theorem, and in the
future, we are working towards a clearer geometric interpretation of the condition above to better

understand the structure of such a metric and a sub-bundle.

Corollary 5. Let (M, g) be a Riemannian manifold and Y be a sub-bundle of M. Then if Ss, the
scalar curvature of M restricted to Y, is positive and g is bundle-like with respect to Y, then g is

also nearly bundle-like with respect to Y .

Proof. Notice that if g is bundle-like with respect to Y, then by Corollary 4, for all z € M, there

exists a local orthonormal frame in an open neighborhood around x so that for all «, j, k, we have

k.:

Coij

0. Hence, along with the condition that Y is involutive, which, by Corollary 1, implies that
cfyﬁ = 0, the right-hand side of the inequality specified in the definition of a nearly bundle-like
metric vanishes to 0.

Hence, since Sy > 0 by hypothesis, we have

— k k B k
Sy > 0= 2e,(c;) = CarCli — 2CarCap — §cwc§€5 — €l Clg —

i
2 CyjCyj>

which implies, by Definition 3, that g is nearly bundle-like with respect to Y. Hence, the corollary

is proven. 0

‘We have
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Definition 33. A distribution'Y of M is called everywhere non-involutive if there exists two vector

fields U,V € I'(Y) so that U, V|, ¢ Y, forall x € M.

8.4.2 Corollaries of Theorem 14

In this section, we will conclude our thesis with a few corollaries that tells us about the topo-
logical and geometric conditions on a Riemannian manifold and the constant a as in Theorem 14
that will make S positive provided that we know S, > 0. This is the goal that we set up in the
beginning of the project.

We will begin with

Corollary 6. If the sub-bundle Y is involutive, then the formula in Theorem 14 becomes

1 1
S = =S 28
2 1+2a 2
2 b —ock & L i oy L\ o
+ (2l kCaj T “CakCap T 5CiBkE T G5 T 5%i%i | ¢

1 - 1
2ey, ckﬁ —cl c - 2¢], c7 — §cajcgj — il — 50%/302‘5)

(3) e

A consequence of this corollary is

+
»Jkln—/—\

Corollary 7. If, in addition to the hypothesis in Corollary 6, we also have that Y is nearly bundle-

like, then there exists a constant A > 0 so that for alla > A, S > 0.

Another corollary of Theorem 14 is

Theorem 16. If the metric g is bundle-like with respect to Y then the formula in Theorem 14
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becomes

1 1
S = =5+ =d%S.
21+26L 2

j 1 e i 1 a o
b (2en(ey) — el = 26l = el — o — gl )
1/1 o0
T (@) (ckjckj)'
In particular, there exists a constant A > 0 so that for all a > A, Sy > 0 implies that S > 0.

Finally, we have a nice corollary to determine in which case, there is a metric of negative scalar

curvature on M.

Theorem 17. If Y is everywhere non-involutive, then there exists a constant A so that for all

a>A S <.
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APPENDIX A. THE VOLUME OF THE N-DIMENSIONAL SPHERE

In this appendix, we will calculate the volume of a sphere of radius R in n-dimensional space.

The purpose of this calculation is that, by the result in Chapter 3, we have that the volume of
a ball in an n-dimensional manifold M is related to the volume of the ball of the same radius in
flat space by a formula involving the scalar curvature S. Hence, since the volume of the ball in
flat space is known, by taking the derivative of the volume function in r, we can interpret S as the
volume rate of change of a certain ball in M.

We will begin by examining the Gaussian integral, which has the value

o0

/ e dy = N3

Now, taking both sides to the power of n, we get

oo n

/ e dx

— OO

I
3
wl3

However, expanding the left hand side and collapsing the product of integrals into a single in-

tegral (just like for the 2-dimensional case of the Gaussian integral), we get:

NIE

™

= /e_(”C%Jr"'”%)dxl e dxy,.
R?’L
We will evaluate the right hand side by changing to n-dimensional spherical coordinates.

First of all, note that the volume element in n-dimensional spherical coordinate is calculated by

dV = dwxy---dwx, = r" 1 dr dA, where dA is the volume element in the (n-1)-spherical coordi-

nate.

Hence, we have the following calculations:
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0|3

— /e_(l‘%—‘r.”—"_m%)dl’l . .. da_’/‘n

R

— / / r”‘le""erdA(where S=Y is the (n-1)-sphere with radius 1)

0 g(n—1)
o0
_ _ 2
= /T"le’"dr / dA
0 S(nfl)

o0

= A(S"(1)) / e dr,

0

where the coefficient in front of the integral is the area of the (n — 1)-sphere with radius 1.

For the integral, let u = 2. Hence, du = 2rdr and 7"~2 = w2 . Hence, the integral becomes

o0

1 n
— / wz e tduy
2

0

which is half of the gamma function I' (%)

Hence, we combine the equation above and the gamma function to get

NI
~—

Hence, we have calculated the (n — 1)-dimensional volume of the unit (n — 1)-sphere. Now,
consider the transformation 7" : R"~! — R"~! by T'(x) = rz. Clearly, T is a linear transformation,
and furthermore, 7" sends the unit (n — 1)-sphere to a sphere of radius r of the same dimension.
Hence, from linear algebra, we have that A(S" 1 (r)) = |detT’| - A(S"V(1)) = r"~ 1. I%’(T—%%) (the
geometric meaning of the determinant of a transformation).

Now, the volume of the n-dimensional ball of radius R can be calculated by integrating the



areas of the cross sectional (n — 1)-spheres from O to R. Hence, the desired formula is

vV = /A(S("l)(r))dr

where we used the identity 2I'(x) = I'(z + 1).
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