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                                                                    CHAPTER 1 

1.1 Motivation 

Diffusiophoresis is the isothermal migration of colloidal particles in aqueous media 

induced by cosolutes concentration gradients such as salts (see Figure 1).1-7 This transport 

mechanism has attracted much attention since controlling the motion of colloidal particles in 

liquids is important for many applications including microfluidics,8-12 separation and 

purification techniques,12-15 coating industry,16, 17 enhanced oil recovery,18-21 drug delivery,22, 

23 and detergency.24, 25 

 

Figure 1. Colloidal particle (yellow) in a salt concentration gradient (orange background). 

Black arrow indicates the migration of the particle due to diffusiophoresis from high to low 

salt concentration. 

Experimental studies regarding diffusiophoresis of charged particles are widely 

reported in recent literature but there is no experimental investigation on colloidal particles 

that are electrically neutral. An important class of water-soluble colloidal particles is 

represented by hydrophilic neutral particles whose interfacial properties are modified or 

governed by polyethylene glycol (PEG). PEG is a neutral water-soluble polymer that has been 

employed for coating the surface of inorganic nanoparticles,26, 27 proteins,28 micelles,29, and 

vesicles30, 31 (see Figure 2 left). Due to the low toxicity of this synthetic polymer, PEG-based 

nanoparticles are extensively used in industrial and pharmaceutical applications. Thus, it is 

important to determine and understand the mechanism of salt-induced diffusiophoresis for this 

Salt Gradient
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type of colloidal particle. We are particularly interested in the diffusiophoresis of non-ionic 

micelles formed by tyloxapol as a model PEG-based globular colloidal particle (see Figure 2 

right) in the presence of gradients of salts with salting-out properties at room temperature. 

 

Figure 2. Example of PEGylated particle (left) and PEG-based non-ionic micelle (right). 

Tyloxapol (see Figure 3) is a commercially available nonionic surfactant that was 

chosen in this investigation because it has the advantage of a very low critical micelle 

concentration ( *C  = 0.0358 g L-1) and low polydispersity. Hence, it forms thermodynamically 

stable spherical micelles with a negligible amount of free surfactant in aqueous solutions.  

 

Figure 3. Chemical structure of tyloxapol. 

In general, micelle diffusiophoresis is important because these colloidal particles can 

host nonpolar molecules. Hence, understanding micelle diffusiophoresis is also important for 

manipulating the motion of small guest molecules, relevant to detergency,29 extraction,32 

catalysis,33, and applications as carriers for the delivery of therapeutic agents.34 Furthermore, 

controlling the motion of micelles by salt-induced diffusiophoresis would be also valuable for 

PEGylated Particle Non-Ionic Surfactant Micelle

Hydrophilic PEG group

5@m10@n
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enhancing micelle insertion into dead-end pores, with applications in the extraction of 

hydrocarbons from porous rocks10, 21 relevant to enhanced oil recovery19 and soil 

remediation.32  

Sodium and magnesium sulfates were chosen as salts with salting-out properties.35  In 

general, sulfate salts are known to significantly affect thermodynamic and transport properties 

of aqueous PEG solutions.6 Thus, we hypothesize that these cosolutes can also produce 

diffusiophoresis of PEG-based colloidal particles in water. 

This dissertation is outlined in the following way: 

In Chapter 2 we provide an introduction on surfactants and their aqueous solutions. 

Chapters 3 to 5 focus on our experimental investigation on micelle thermodynamic stability 

and the effect of salts on the thermodynamic stability of micelles. It is well-known that 

micellization occurs above a well-defined surfactant concentration known as critical micelle 

concentration, (cmc or *C ). However, the value of cmc may depend on cosolute concentration 

and type. In our case, it is important to assess how salts affect the cmc of non-ionic surfactants. 

Hence, we introduce a novel method for cmc determination that was successfully used to 

determine the effect of salts on surfactant cmc.  In general, we also need to determine the range 

of experimental conditions in which micelles are thermodynamically stable and 

diffusiophoresis measurements can be performed. Thus, for completeness, it is important to 

note that salts, at high concentrations, may also affect thermodynamic stability of aqueous 

surfactant solutions leading to phase separation (cloud point). Our cloud points experimental 

results at 25 ºC will be given in Chapter 11.   
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Chapters 6 to 8 provide the theoretical background on isothermal diffusion in 

multicomponent liquid systems based on non-equilibrium thermodynamics, diffusiophoresis, 

and their relationship to thermodynamic properties. We also introduce the concept of salt 

osmotic diffusion and how this is important to explain the diffusiophoresis results, based on 

the preferential hydration of PEG. Related equations will be used to describe and theoretically 

examine the experimental results reported in Chapter 11. 

Chapters 9 to 12 focus on the experimental investigation of diffusiophoresis of 

tyloxapol micelles in the presence of sodium and magnesium sulfate at 25 ºC. These 

experimental results are theoretically examined using non-equilibrium thermodynamics and a 

preferential-hydration model. Additionally, since sulfate salts were also found to enhance 

surfactant self-assembly in water, the role of salt-induced aggregation on micelle 

diffusiophoresis was also theoretically examined using a two-state aggregation model. Finally, 

a mass-transfer model was employed to evaluate micelle diffusiophoresis in the presence of 

steady-state salt concentration gradient. 
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CHAPTER 2 

SURFACTANTS 

2.1 Micellization of Sur factants 

Surfactants or tensides, are amphiphilic organic molecules with a hydrophobic chain 

covalently linked to a hydrophilic group. The chemical nature of the hydrophilic group is 

commonly used to classify surfactants as ionic, non-ionic, or amphoteric (see Figure 4).36 

Surfactants are widely used in applications that include drug solubilization,37 drug delivery,38 

enhanced oil recovery,39, 40 detergency,41 catalysis,42 soil remediation,43 and protein 

crystallization and purification.44 

 

Surfactant Unimer Ionic 

(Cations, anions) 

Non-Ionic 

(Polyoxiethylene) 

Zwitterionic  

(Sulfobetaines) 

 
 

Sodium Dodecyl Sulfate 

 

Triton X-100 

 

Alkyl Betaine 

 

Figure 4. Surfactant unimer and classification by the hydrophilic group. 

 

In an aqueous solution, and above a specific concentration known as critical micelle 

concentration (cmc or *C ), surfactants unimers form aggregates. These aggregates are 

considered self-assembled colloids and are subdivided into several subgroups such as micelles, 

vesicles, and bilayer membranes (see Figure 5). Each subgroup plays an important role in many 

Polar headNon-polar tail
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aspects of colloid and surface science, both as model probes that help us to understand the 

basic principles of molecular interactions and in the practical applications of those principles.45  

 

 

Figure 5. Most common surfactants aggregate structures.45 

 

In this work, we are particularly interested in micelles in aqueous solutions. Micelles 

are in a dynamic equilibrium with the surfactant unimers in the bulk solution. The average 

number of unimers within a micelle is known as the aggregation number. Micellization in 

water is a consequence of the hydrophobic effect.46 This produces globular nanoaggregates 

with the nonpolar hydrophobic chains forming the core of the micelle and the hydrophilic 

groups positioned at the micelle-water interface, thereby optimizing micelle interaction with 

its surrounding aqueous fluid (see Figure 6).  

 

Figure 6. Surfactant micellization equilibrium (mass-action model, see Section 2.2). Left: 

surfactant (tenside) unimer (T). Right: Spherical micelle (M). 

 

Micelle Vesicle Bilayers
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In concentrated micellar solutions, micelle-micelle interactions lead to structures with 

higher aggregation numbers. Correspondingly, the geometric shape of surfactant aggregates 

changes from spherical to rod-like (worm-like) to lamellar (see Figure 7). The thermodynamic 

stability of structures with higher aggregation numbers also depends on temperature and 

solution ionic strength.47, 48 

 

Figure 7. Types of surfactant aggregates forming in solution.48 

 

2.2 Thermodynamics of M icellization 

Micelle formation is typically described by two primary models that allow us to 

understand the energetics of the process of self-association or micellization. The first model is 

the mass-action model (see Figure 6), in which the micelles (M) and free surfactant (T, for 

tenside) are considered to be in chemical equilibrium (T Mm ), where m is the aggregation 

number. The second model is the phase separation model, in which micelles are considered to 

constitute a new phase (pseudo-phase) formed in the mixture at and above the cmc ( *C ). Note 

that cmc is a saturation concentration for the surfactant unimers and essentially represents their 

ñsolubilityò. 36, 45, 49 The phase separation model and cmc can be deduced from the mass-action 

model thermodynamics by considering chemical equilibrium between free unimers and 

Spherical Rod Lamellar

Surfactant Concentration
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micelles.  To make connection between the two models, we start by considering the simpler 

case for dimer formation ( 2m= ). Here, we can write: 

2
2 2

d 1

1

( )

C

K C
b= =                                                                                     (2.1) 

where 
2C  and 1C  indicate the equilibrium molar concentrations of dimers and unimers, 

respectively,  and 2b is the dimer equilibrium formation constant and dK is the corresponding 

dissociation constant with the units of concentration. We then generalize eq. (2.1) for arbitrary 

m: 

M

1

d 1

1

( )
m m m

C

K C
b

-
= =                                                                                      (2.2) 

where MC  is the micelle concentration and mb  is the micelle formation constant. We now show 

that dK in eq. (2.2) becomes the micelle critical concentration when m>>1. This limit is 

relevant to micellization because m is typically large.  

The total concentration of surfactant, pC , is linked to micelle and free surfactant concentration 

by the mass balance: 

P 1 M= +C C mC                               (2.3) 

If we use eq. (2.2) to substitute 
MC  in eq. (2.3), we can write: 

1
P 1 1 1 1

d

( )
( )

m
m

m

C
C C m C C m

K
b

-
= + = +                                                                                    (2.4) 



9 

 

If we then take the first derivative of eq. (2.4) with respect to 1C , we obtain: 

1

2P 1

1 d

1

m

dC C
m

dC K

-

å õ
= + æ ö

ç ÷
                   (2.5) 

Finally, we take the reciprocal of eq. (2.5), to write: 

1

1

P 2 1

d

1

1

m

dC

dC C
m

K

-
=

å õ
+ æ ö
ç ÷

                  (2.6) 

Equation (2.6) is now examined in the case of 1>>m . If 1 dC K< ,  
2 1

1( / ) 1-<<mm C K  in the 

denominator. This leads to: 

1

P

1=
dC

dC
                    (2.7) 

Integration of eq. (2.7) starting from P 0=C  yields:   

1=C C               when   
P d<C K                                         (2.8) 

This means that all the surfactant is in the unimer form when 
P d<C K .  

We then consider the case of P dC K> . Here, we have: 
2 1

1 d( / ) 1mm C K ->> in eq. (2.6). This 

means that: 

1

P

0=
dC

dC
                                                                                                                       (2.9) 
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Integration of eq. (2.9) starting from P dC K=  yields: 

1 dC K=       when  
P d>C K                                                             (2.10) 

From eqs. (2.11) (2.10), we can appreciate that dK  is a saturation concentration, i.e., the 

surfactant cmc. The phase-separation model will be further discussed in section 2.3. 

For the case of ionic surfactant, we have to consider the more complex equilibrium. 

For example, in the case of negatively charged unimers (T-) with monovalent inorganic 

cations (C+) we have: 
( )T C (T C ) m q

m qm q- + - -+ . Since each surfactant head is negatively 

charged, micellization occurs along with partial counterion adsorption, to reduce head-head 

electrostatic repulsion. Typically, the number of counterions adsorbed on micelle is smaller 

than micelle aggregation number. This implies that micelle net charge remains negative. 

Although the mass-action model for this case is more complex than the one previously shown 

for neutral surfactant, a critical micelle concentration can be deduced also in this case. 

However, it is important to note that the cmc of ionic surfactants is predicted to strongly 

decrease with salt concentration due to the common-ion effect 36, 45. On the other hand, the 

effect of salt concentration on the cmc value of non-ionic surfactants is not well understood 

and may strongly depend on salt type. 
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2.3  Critical  M icelle Concentration 

As previously mentioned, the minimal surfactant concentration above which micelles 

form is known as the cmc, here denoted as *C . The *C  value of a surfactant plays a crucial 

role in characterizing and optimizing the thermodynamic stability of micelles and 

solubilization of drugs, substrates, or petroleum-related compounds. Thus, the experimental 

determination of *C  values has always been a primary goal of surfactant characterization.45, 47 

The presence of additives such as salts typically causes a decrease in the *C  value of ionic 

surfactants. Historically, *C  values have been determined from the plot of a solutionôs physical 

property (surface tension, absorbance, fluorescence, turbidity, colligative properties, 

equivalent conductivity, self-diffusion, nuclear-magnetic, and electron paramagnetic 

resonance),29, 50-58 as a function of surfactant concentration.59 The resulting curve normally 

exhibits a sharp change of slope when micelles start to form. Figure 8 illustrates several 

physical properties such as osmotic pressure, light scattering, surface tension, conductivity, 

and self-diffusion are plotted as a function of surfactant concentration.  

 

Figure 8. General behavior of several physical properties as a function of surfactant 

concentration (ionic/non-ionic) at constant temperature.60 
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At low surfactant concentrations, most surfactant properties are similar to those of 

common solutes such as inorganic salts or neutral osmolytes in water. However, all surfactant 

properties shown in Figure 8 exhibits an abrupt change at a particular concentration that is 

consistent with a ñphase transitionò; i.e., the formation of micelles. The surfactant 

concentration at which a sudden change in a measured property is observed is taken as the 

value of *C . These techniques usually require multiple-sample preparation (at different 

concentration) and analysis; some are restricted to ionic surfactants (conductivity) or involve 

the use of probes and/or lacked the precision needed to accurately determine the effect of 

cosolute concentration on *C  . Due to the limitations of individual methods and the urgency 

of surfactant characterizations, there is a continuous demand for the development of new 

methods for rapid and precise *C  determination.61-67  

In our case, we are interested in sulfate salts for the diffusiophoresis experiments. Thus, 

we want to determine how sulfate salts affect the critical micelle concentration of non-ionic 

surfactants with PEG functional groups. This presented an opportunity for us to develop a 

novel methodology that allows not only to determine *C  but also to precisely determine *C  as 

a function of salt concentration and surfactant type (ionic or non-ionic).  

In the sections below, we demonstrate that the diffusion-driven dilution of micelles into 

solvent inside a vertical channel can be used to observe disaggregation at a well-defined 

vertical position.68 Specifically, we show that the diffusion-based spreading of the boundary 

between a micellar aqueous solution and pure water yields a one-dimensional spatial profile of 

surfactant concentration that can be then used to identify the value of the *C . This approach is 
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precise, noninvasive, applicable to both ionic and nonionic surfactants, and yields *C  values 

from single experiments without the need for multiple-sample preparation. 

2.4 Diffusion -Driven Dilution of Micellar Aqueous Solution 

In this section, our basic theoretical model, demonstrating why diffusion-based 

boundary spreading can be used to determine *C values, is outlined. Specifically, the one-

dimensional concentration profile, P( , )C x t , produced by the isothermal diffusion-based 

spreading of the boundary between a micellar aqueous solution of concentration P max=C C  

(with *

max>C C ) and water (
P 0=C ) is theoretically examined, with x and t being the position 

perpendicular to boundary and time, respectively (see Figure 9).  

 

 

Figure 9. Diffusion-driven dilution of micellar aqueous solution. (A) Initial boundary, top 

(pure water) and bottom (micelle) solutions, at t = 0. (B) Boundary spreading, micelle 

dissociation by dilution. (C) Initial P( , )C x t profile. (D) Boundary spreading P( , )C x t profile. 

Inset: Sharp slope change due to micelle dissociation and diffusion enhancement. 
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To derive the theoretical expression of 
P( , )C x t , we apply the pseudo-phase separation 

model (see Section 2.2) to a non-ionic surfactant. Micelle dissociation is expected to be 

sufficiently fast that can be assumed to instantaneously occur69 as surfactant concentration 

becomes lower than *C  due to dilution.  

 According to Fickôs first law of diffusion (see Chapter 7, Section 7.1, for more diffusion 

details), the mutual-diffusion coefficient, PD , for a surfactant-water mixture, is given by:69, 70 

1 M
P 1 M

P P

å õ å õ
= +æ ö æ ö
ç ÷ ç ÷

dC dC
D D D

dC dC
                                  (2.11) 

where 
1D  and MD  are the free surfactant (unimer) and micelle diffusion coefficients, 

respectively. We shall assume that these two parameters are constant and identifiable with the 

corresponding tracer-diffusion coefficients (See chapter 7, Section 7.1) and with MD  

significantly smaller than 
1D  due to the relatively large hydrodynamic radius of micelles 

compared to free surfactant unimers.71 Correspondingly, 1C  and 
MC  are the surfactant 

concentrations in the unimer and micellar states, with 
P 1 M= +C C C  being the total surfactant 

concentration. According to eq. (2.11), PD  is a weighted average of 
1D  and MD , with the 

derivatives, 1 P
dC dC and 

M P
dC dC , being the corresponding weights. These total derivatives 

originate from the concentration gradients of the individual species (free surfactant and 

micelle). 

According to the pseudo-phase separation model,72 we have 
M 0=C  and 1 P=C C  for 

CP < *C , and 1C = *C  for CP > *C . Hence, eq. (2.11) can be rewritten in the following way: 
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* *

P 1 M( ) ( )= - + -D D H C C D H C C                                                                                           (2.12) 

where H(z) is the Heaviside step function with H(z)= 0 and H(z)= 1 when z < 0 and z > 0, 

respectively. Based on this description, the mutual diffusion coefficient of a surfactant-water 

system exhibits a jump discontinuity point at the critical micelle concentration.69, 70, 73 This 

behavior is distinct from that of the self-diffusion coefficient, ( ) ( )P 1 P 1 M MP
= +D C C D C C D

,50, 56, 73, 74 which remains continuous at *

P=C C  because it is a weighted average based on 

species concentrations instead of their derivatives as shown in eq. (2.11).   

The concentration profiles, 
P( , )C x t , are extracted from Fickôs second law.73 According 

to eq. (2.12) this can be written in the following way: 

 
2

P P
1 2

µ µ
=

µ µ

C C
D

t x
              *

P( )<C C                                                (2.13) 

 
2

P P
M 2

µ µ
=

µ µ

C C
D

t x
              *

P( )>C C                                                 (2.14) 

The general solution of eqs. (2.13) and (2.14) is given by:75 

 
1/2

P 1erf ( )-= +C A B D y               *

p( )<C C                                                          (2.15) 

 1/2

p Merf ( )-¡ ¡= +C A B D y                *

p( )>C C                                                          (2.16) 

where y ſ (1/2)xt-1/2 is the reduced position, erf(z) ſ (2ˊ-1/2)Ā
2

0

z se ds-ñ  is the error function, and 

A,B,A´, and B  ́are constants to be determined.  
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If we set PC = 0 and P max=C C  at y = -Ð and y = +Ð, respectively (free-boundary 

condition75, 76), we deduce that A - B = 0 and A´+ B´ = maxC . Thus, eqs. (2.15) and (2.16) 

become: 

1/2

P 1[1 erf ( ) ]-= +C A D y    *

P( )<C C                                                           (2.17) 

1/2

P max M( )erf ( )-¡ ¡= + -C A C A D y   *

P( )>C C                                                          (2.18) 

To identify A and A ,́ we observe that CP = *C  corresponds to a unique reduced 

position, *y , attainable from both eq. (2.17) and eq. (2.18), with y Ò *y  and y Ó *y  

corresponding to CP Ò 
*C and CP Ó 

*C , respectively. Thus, by applying the continuity condition 

of CP = *C  at y = *y to eqs. (2.17)  and (2.18) we obtain: 

1/2 1/2
* * * *1 M

P max max1/2 * 1/2 *

1 M

1 erf ( ) 1 erf ( )
( ) ( ) ( )

1 erf ( ) 1 erf ( )

- -

- -

è ø è ø+ -
= - + - - -é ù é ù
+ -ê ú ê ú

D y D y
C C H y y C C C H y y

D y D y
          (2.19) 

Note that the behavior of CP(y) described by eq. (2.19) is equivalent to that predicted 

for the diffusion of a solute through two different media interfaced at*y .75 However, the 

position, *y , is typically known in this mass transfer problem, contrary to our case. 

After choosing values of *C , 
MD , and 1D , eq. (2.19) can be used to generate theoretical 

profiles of surfactant concentration, CP(y), provided that *y  is also known. The value of *y  

can be linked to that of *C  by imposing that diffusion flux (see chapter 7, section 7.1), J, is 

also a continuous function at *=y y due to mass conservation: 

* *y y y y
J J- +­ ­

=                                                                                                                                                      (2.20) 
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To obtain the explicit form for eq. (2.20), the two limiting expressions of the concentration 

gradient, dCP/dx at *-­y y and *+­y y  can be deduced from eq. (2.19): 

 

*2
1

*

/1/2
1/2 *P 1

1/2 *

1

( )
1 erf ( )

p
-

--
-

-

­

=
+

y D

y y

dC D e
t C

dx D y
                                                          (2.21) 

 

*2
M

*

/1/2
1/2 *P M

max1/2 *

M

 ( ) ( )
1 erf ( )

p
+

--
-

-

­

= -
-

y D

y y

dC D e
t C C

dx D y
                                                              (2.22) 

After inserting eq. (2.21) and (2.22) into Fickôs first law, J = -DPĀdCP/dx,77  with DP = 1D  for 

*-=y y  and P M=D D  for *+=y y , eq. (2.20) yields the following relation between *C  and *y

: 

*2

M 1

1/2 1 11/2 **

M 1

* 1/2 *

max 1 M

1 erf ( )

1 erf ( )

å õ
- - -æ ö

ç ÷

-

å õ +
=æ ö

- -ç ÷

y
D DD D yC

e
C C D D y

                                                                                  (2.23) 

It is important to observe that values of y cannot be experimentally identified before 

*C  determination. Indeed, the reference position of y = 0 varies with respect to that fixed by 

an external reference frame (see Chapter 7. Section 7.2), depending on the value of * maxC C . 

It is therefore convenient to introduce the experimentally accessible position, Y, with the 

reference value of Y = 0 always corresponding to the profile midpoint at max 2=C C . 

Correspondingly, we replace y with Y + yc in (2.19), with yc being the value of y at max 2=C C . 

The value of yc can be linked to that of *y  after substituting max 2=C C  in eq (2.19). If 

experiments are designed such that Cmax/2 > *C , we have: 

1/2 *
1/2 M

M c *

max

1 erf ( )
erf ( ) 1

2(1 / )

-
- -

= -
-

D y
D y

C C
                                                                                        (2.24) 
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In summary, eq. (2.19) shows the link between the surfactant concentration profile 

caused by diffusion-based boundary spreading and *C . While CP(y) is a continuous function, 

this model predicts that its first derivative, dCP/dy, displays a discontinuity point at *=y y  due 

to the sharp change in diffusion coefficient, see eq. (2.12), at this location. In chapter 4, result 

section 4.2, we will show a modification of the model to fit our experimental data. 
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  CHAPTER 3  

MATERIALS AND METHODS  

3.1 Materials 

We determine *C for three well-known surfactants in water at 25 °C. These surfactants 

are Triton X-100 (TX-100), as an example of a nonionic surfactant, sodium dodecyl sulfate 

(SDS), as an example of an ionic surfactant, and poly(oxyethylene) (4)-Lauryl Ether (Brij-30) 

to examine method sensitivity as this nonionic surfactant has a significantly low *C value. TX-

100 (647 gĀmol-1) and Brij-30 (362.55 gĀmol-1) were obtained from Sigma-Aldrich and SDS 

(288.37 gĀmol-1) was obtained from Merk. We also characterized the dependence of *C on salt 

type and concentration for the case of TX-100. The salts are sodium chloride (NaCl; 58.44 

gĀmol-1), sodium sulfate (Na2SO4; 142.04 gĀmol
-1), and sodium thiocyanate (NaSCN; 81.07 

gĀmol-1), all obtained from Merck. Sodium thiocyanate was heated in an oven at 100 oC for 7 

hours and kept in a desiccator. The other materials were used as received without further 

purification. Deionized water was passed through a four-stage Millipore filter system to 

provide high-purity water (0.06mS) for all the experiments.  

3.2 Solution Preparation 

In the case of Na2SO4, a binary salt-water stock solution was prepared due to salt 

hygroscopicity. Its composition was determined from density measurements and the known 

density-composition relation:78  

2 4

0

Na SO s

0 1.5 0 2 0 2.5

s s s

0.997045 0.129483( )

0.0086616( ) 0.0061207( ) 0.0007909( )

d m m

m m m m m m

= +

- - +
                               (3.1) 
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where ms is salt molality and m0 ſ1 mol/kg.  All other salts and surfactant solutions were 

prepared by weight using a Mettler-Toledo AT400 analytical balance. Molar concentrations 

were obtained from the density of solutions and reported molecular weights.  

3.3 Density Measurements 

All density measurements were made with a Mettler-Paar DMA40 density meter, 

thermostated with water from a large, well-regulated (±0.001ºC), water bath. The densitometer 

has a vibrating tube with the temperature controlled by a thermostat attached to a water bath 

that is 25.00±0.01°C. The solution density, d, is related to the period of vibration of the tube, 

Tv , by the following: 

2

vd A BT= +                                                                                                                                (3.2) 

where A, B are two instrumental constants. The determination of these constants is based on 

the period of two reference systems: air (dair = 0.00115 g cm-3) and water (dwater = 0.997045 g 

cm-3). An accurate value of the density of air was estimated by a state equation that shows 

dependence on the pressure, temperature (25.00 °C), and humidity. 

3.4 Boundary Spreading Experiments.  

All diffusion-based boundary spreading experiments were made with the high-

precision Gosting diffusiometer operated in its Rayleigh interferometric optical mode.76, 79-81 

A boundary-spreading experiment begins with the preparation of a sharp boundary (using a 

peristaltic pump) between a surfactant-water solution (bottom solution) and water (top 

solution) inside a vertical channel of a Tiselius cell (Figure 10a). For experiments with TX-

100 in the presence of salts, a surfactant-salt-water solution (bottom solution) is interfaced with 
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a salt-water solution (top solution) at the same salt concentration. Except for the Brij-30 case, 

all surfactant aqueous solutions exhibit higher density than the corresponding surfactant-free 

solutions, and they are therefore located at the bottom of the vertical channel to prevent 

convection.  

As diffusion occurs, boundary broadening occurs (Figure 10b). Experiments are completed 

before the boundary spreads throughout the diffusion channel so that the compositions at the 

two-channel extremities remain the same within the experimental error and the free-boundary 

condition applies. 

 

Figure 10. Diffusion-based boundary spreading between (a) two solutions within a Tiselius 

cell. (b) Concentration profile evolution, CP(x,t), as boundary spreads. (c) Interferometry 

pattern measured by Gosting diffusiometer. 

The light source used for generating the Rayleigh interference pattern is a HeӇNe 

Uniphase laser with wavelength ɚ = 543.5 nm. A cell holder is located inside a water bath. The 

temperature of the bath was regulated (±0.001 °C) at 25.00 °C. The cell holder has the function 

to support a Tiselius cell, where diffusion occurs, and a mask, which consists of a double 

window. Here, the laser beam is split into two parts: one going through the diffusion channel 
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of the Tiselius cell and one passing through the water bath (reference channel). A pair of two-

cylinder lenses focus the diffusion channel onto the detector, where the Rayleigh interference 

pattern is observed and recorded (Figure 11).  

Figure 11. Scheme of Gosting diffusiometer operating in Rayleigh interferometric optical 

mode. 

If a homogeneous liquid (solution or water) occupies the entire diffusion channel, then 

a set of vertical parallel Rayleigh fringes will be generated. For liquid mixtures with a vertically 

nonuniform concentration, Rayleigh fringes shift horizontally as the refractive index inside the 

diffusion channel changes with vertical height. This gives direct information about the 

refractive index versus vertical position and leads to the determination of the surfactant 

concentration profile, as discussed below. 

Data from the Rayleigh interference patterns were collected with a linear charge-

coupled device (CCD) array (6000 pixels, 10 ɛm Ĭ 10 ɛm pixels), mounted vertically on a 

precision stage. For a given experiment, at least 10 interference patterns were collected at 

different times. For a given interference pattern, vertical positions along the recorded pattern 

were converted into the actual positions inside the diffusion channel, X, using the known 

magnification factor of 1.7108. Vertical positions were then converted into the corresponding 

reduced positions, Y Ԝ X·(2t)ī1/2, where t is the time at which the position was recorded after 
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the experiment start. The stage with this vertical array was stepped horizontally through the 

two-dimensional interference pattern to collect the data necessary to characterize a surfactant 

concentration profile.  

Data acquisition was controlled via computer, which also performed the subsequent 

data reduction. If one starts from a fringe location corresponding to the surfactant-free solution 

(CP = 0) inside the diffusion channel and vertically moves toward the surfactant solution (CP = 

Cmax) through the pattern, the horizontal shift of the fringe can be determined until becomes as 

large as the distance between two adjacent fringes. At this vertical position, one fringe is 

crossed. As the location of the initial surfactant solution is finally reached (CP = Cmax), a total 

of, J, fringes will be crossed. Note that the total number of fringes, J, is not an integer in general 

because it is directly proportional to the difference in refractive index between the surfactant 

solution and water. At a given reduced position, Y, a recorded fringe shift, j, is given by the 

sum of the number of fringes crossed and the fractional shift of a fringe. The vertical position 

associated with j = J /2 is set to correspond to Y = 0. 

To extract the corresponding surfactant concentration profile, CP(Y), we set CP/Cmax = 

j / J at any given Y. In other words, we assume that the solution refractive index is a linear 

function of surfactant concentration. This is an approximation since the refractive-index 

contribution of a free surfactant molecule is slightly different from that of a micellar surfactant 

molecule.73 Both approximations are not expected to affect the determination of *C within the 

method experimental error. An individual interference pattern obtained during a boundary-

spreading experiment can be separately analyzed for the determination of *C . Thus, the 

analysis of multiple interference patterns associated with a single experiment was used to 

extract the average and standard deviation of all *C  values extracted. 
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CHAPTER 4   

RESULTS AND DISCUSSION  

 

4.1 Boundary Spreading Characterization 

Representative concentration profiles, CP(Y), characterizing boundary spreading 

between micellar aqueous solutions and water are illustrated in Figure 12 A-C for TX-100, 

SDS, and Brij-30, respectively. The concentration gradients, dCP/dY, were numerically 

deduced from the CP(Y) curves. These are shown under the corresponding concentration 

profiles. 

 

Figure 12. Sigmoidal concentration profiles, CP(Y), are characterizing boundary spreading 

between a surfactant-water solution and water at 25 °C for TX-100 (A), SDS (B), and Brij-30 

(C). The bottom figures show the corresponding profiles of the concentration gradient, dCP/dY. 

Vertical dashed lines locate Y*, while the corresponding horizontal dashed lines locate *C . 

Solid curves are fit through the experimental data, which are discussed further below. 

C
P

d
CP
/d
Y
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In the absence of micelle dissociation, the CP(Y) sigmoidal curves are expected to be 

described by CP = (Cmax/2)· [1+erf(DM
-1/2Y)].75 Correspondingly, first derivatives should be 

described by a centrosymmetric Gaussian function: dCP/dY = Cmax·( D́M)-1/2·exp(-Y 2/ DM)]. 

However, our experimental data of CP(Y) (see Figure 12, top) show a significant deviation from 

this behavior due to dilution-induced micelle dissociation. This deviation becomes especially 

noticeable when inspecting the corresponding dCP/dY profiles (see Figure 12, bottom). Here, 

we can observe an abrupt change in slope at a well-defined value of Y = Y*. This is then used 

to identify the value of *C  for the surfactant in the corresponding C(Y) curve (see dashed lines 

in Figure 12). Since experiments were designed such that *C  < Cmax/2, Y* is located on the left 

side of the maximum of dCP/dY. Note that a sharp slope change occurs between Y* and the 

location of the maximum at Y å 0. Although the direct inspection of our experimental data is 

expected to give critical micelle concentrations by graphic interpolation, it is convenient to 

identify a mathematical expression that yields the value of *C  by applying the method of least 

squares to experimental data. This is described in the following section. 

4.2 Modified Pseudo-Phase Separation Model 

The basic theoretical model discussed in Chapter 2, Section 2.4, represents the starting 

point of this analysis. However, dCP/dY is predicted to exhibit a discontinuity point at Y = Y* 

according to the pseudo-phase separation model (see Chapter 2, Section 2.4), in disagreement 

with the experimental behavior in Figure 12 A-C.  This deviation, which makes the direct 

application of eqs. (2.19), (2.23), (2.24), in Section 2.4, to experimental data not practicable, 

is mainly related to a shortcoming of the pseudo-phase separation model. Indeed, it is expected 

that mass-action-law models82 more realistically describe the behavior of the diffusion 

coefficient as a function of surfactant concentration around Y = Y*. According to mass-action-
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law models, the diffusion coefficient DP(CP) in eq. (2.11) will exhibit an inflection point around 

C = *C .69-71, 83 Correspondingly, the gradient, dCP/dY, is expected to remain a continuous 

function at Y = Y*. However, the implementation of these models significantly increases 

mathematical complexity, making them also impracticable for our data analysis. Furthermore, 

even with a hypothetically exact thermodynamic description of micellization, the 

corresponding model for DP(CP) would remain approximate due to the assumption that 
1D  and 

MD  are constants, independent of concentration.73 Finally, in the case of ionic surfactants, the 

presence of the counterion further increases model complexity due to the common-ion effect, 

electrostatic dragging effects, counterion partial binding to micelles, and electrostatic and 

electrophoretic interactions.73, 84 Since we are specifically interested in the determination of 

* ,C  it is practically convenient to retain the pseudo-phase separation model for non-ionic 

surfactants and introduce corrections that would make this model suitable for examining 

experimental data for both non-ionic and ionic surfactants. 

As a first modification to the pseudo-phase separation model, we impose that dCP/dY 

is a continuous function at Y = Y*. This is achieved by assuming that DP is a continuous function 

at C = *C  as expected from the chemical-equilibrium model. If we then set DP to be the same 

at y Ÿ y*- and y Ÿ y*+, eq. (2.20) (see Section 2.4) becomes a continuity condition for the 

concentration gradient: dCP/dy|yŸy*
- = dCP/dy|y Ÿy*

+, consistent with the experimental behavior. 

Correspondingly, eq. (2.23) must be replaced by: 

*2

M 1

*

*

1/2 1 11/2 *
M 1

1/2 *
max M1

1 erf ( )

1 erf ( )

å õ
æ ö
æ ö
ç ÷

-
- - -

-

å õ
æ ö
ç ÷

+
=

- -

y
D DD yDC

e
C C D D y

                                                                               (4.1) 

In Figure 13 we show theoretical concentration profiles calculated from eq (2.19) with 

*C /Cmax =0.25 and 
1 M/ 10=D D . For comparison, we have applied both eq. (2.23) (dashed 
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curves) and eq. (4.1) (solid curves). We can see that CP(Y) for the modified pseudo-phase 

separation model smoothly changes around Y = Y*. Correspondingly, dCP/dY remains a 

continuous function at Y = Y*. Note that the slope of dCP/dY retains its discontinuity at Y = Y* 

as we can appreciate from the more rapid increase of dCP/dY after Y = Y*.  

 

Figure 13. Left, theoretical concentration profile, CP(Y), extracted from eq. (2.19) based on 

the modified model (eq (4.1); solid curve) with 1 M/D D  =10 and *

max/C C  =0.25. For 

comparison, the corresponding concentration profile of the basic model (eq. (2.23); dashed 

curve) is included. The right figure shows the corresponding profiles of the concentration 

gradient, dC/dY. Vertical dashed lines locate Y*, while the corresponding horizontal dashed 

line locates *

max/C C . 

Furthermore, we can see that an inflection point in the behavior of dCP/dY occurs at Y 

> Y* followed by a maximum, in qualitative agreement with the experimental behavior in 

Figure 12A-C. On the other hand, the dCP/dY curve generated from the basic pseudo-phase 

separation model exhibits a marked discontinuity at Y = Y* with dCP/dY sharply increasing. 

Moreover, the slope of dCP/dY (d2CP/dY2) even switches signs from positive to negative as Y 

increases. Due to this discontinuity point, the behavior of dCP/dY lacks the inflection and 

maximum points that emerged in the curve generated from the modified model.  
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The proposed modification alone Is not sufficient for a satisfactory application of the 

method of least squares to our data as it fails to correctly describe the magnitude and location 

of the experimental maximum of dCP/dY. This failure is also caused by a concentration 

dependence of DM, a problem that becomes especially important for ionic surfactants such as 

SDS. In this case, the counterion dragging effect on micelle diffusion, which is ignored in our 

model, makes micelle diffusion significantly increase with surfactant concentration.73, 84 To 

overcome this issue, a second modification is introduced in the model by revisiting eq. (2.24), 

which links yc (Y = 0) to y* (Y = Y*). We specifically generalize eq. (2.24) into: 

*

1/2 *
1/2 M

cM

max

1 erf ( )
erf ( ) 1

2 (1 / )a

-
- -

= -
-

D y
D y

C C
                                                                                                             (4.2) 

Where we have introduced a new fitting parameter, Ŭ (with Ŭ =1 in eq. (2.24)). Replacing eq. 

(2.24) with eq (4.2) makes CP(Y) theoretical curves no longer satisfy the condition of C = Cmax 

/2 at Y = 0 in general. Thus, we chose to apply the method of least squares to experimental 

values of CP(Y) on the left side of the maximum of dCP/dY, ending around dCP/dY inflection 

point as shown by the solid curves in Figure 13A-C. On the other hand, the lowest experimental 

value of CP(Y) to be examined was chosen to correspond to å5% of Cmax, to reduce errors 

associated with experimental noise. Furthermore, this lower limit significantly reduces 

deviations of experimental data from the theoretical behavior of CP(Y) in the case of ionic 

surfactants, for which a strong concentration dependence of D1 at very low surfactant 

concentrations is known73 to occur. Despite these two chosen boundaries, the number of 

experimental data points to be analyzed around the critical micelle concentration remains large. 

Extracted values of *C  for the three investigated surfactants are reported in Table 1. These are 
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in excellent agreement with the corresponding literature values 85-89 within the experimental 

error. 

Table 1. Values of *C  of surfactant-water solutions at 25 °C 

Surfactant Cmax/mM *C /mM 

SDS 32.00 8.03±0.06 a 

Brij -30 0.2551 0.051±0.002 

TX-100 1.689 0.236±0.008 

a Values of C* are averages of values extracted from different interference 

patterns. Corresponding errors are 2×standard deviations. 

 

 

4.3 Effect of Salt on Critical Micelle Concentration 

As mentioned in chapter 1, we are interested in studying diffusiophoresis of tyloxapol 

micelles. Hence, we were looking to determine the effect of salts on tyloxapol cmc. However, 

the very low cmc of this surfactant (an order of magnitude lower than our method detection 

limit)  did not allow us to detect the cmc for this surfactant from the concentration profiles. 

Nonetheless, because tyloxapol ( see Figure 3) is an oligomer of triton X-100 (see Figure 7) 

we decided to study the effect of salt on TX-100 cmc.  This characterization is relevant to 

tyloxapol because of similarities in surfactant chemical structures (PEG groups). 

The precision of *C  data. (å3% for TX-100) is sufficiently high that the effect of salt 

concentration and type on *C  could be successfully characterized in the case of this nonionic 

surfactant. We have specifically considered Na2SO4, as representative sulfate salt that will be 

used for the diffusiophoresis studies. Additionally, for completeness, we considered   NaCl, 

and NaSCN due to their relevance to the Hofmeister series.83, 90, 91  In this series, anions such 
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as SO4
2ī display a great salting-out strength favoring the precipitation of water-soluble 

macromolecules such as proteins and PEG, whereas Clī is regarded as a mild anion located 

approximately at the midpoint of the Hofmeister series, separating salting-out from salting-in 

anions such as SCNī. This ranking was also observed in the case of polyethylene glycol (PEG) 

in water,5, 92 which represents the hydrophilic group of TX-100. However, PEG hydrophilic 

groups are not expected to undergo major environment changes upon micelle formation. Thus, 

salt effects should be mainly caused by ion interactions with hydrocarbon groups. Based on 

this argument, micelle disaggregation shares more similarities with protein unfolding. Here, 

anions such as SO4
2ī hinder protein unfolding and stabilize its native folded state while the 

SCNī anion should favor unfolding.71 For micelles, a salt-induced decrease ln C* corresponds 

to an increase in micelle thermodynamic stability.90  

 

Figure 14. The logarithm of critical micelle concentration, ln*C , as a function of ion 

concentration, for TX-100 at 25 °C in aqueous NaCl (circles), Na2SO4 (squares), and NaSCN 

(diamonds). Solid curves are fitting through experimental data. 

 

-2.0

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

0 0.2 0.4 0.6 0.8 1

nSCS / M

ln
 (
C

 *
/ 

m
M

)



32 

 

Our experimental results of ln *C  are plotted in Figure 14 as a function of salt (S) 

osmolarity, S Sv C , where Sv  is the number of ions per formula unit and 
SC  is salt molar 

concentration. In the Na2SO4 and NaCl cases, ln *C  decreases as ion concentration increase 

with the salting-out effect induced by Na2SO4 being about three times larger than that induced 

by NaCl. On the other hand, the effect of NaSCN on ln *C  was found to be negligible within 

the experimental error. The determined effect of anion type on *C , which follows the 

Hofmeister series, is in good agreement with the literature.90 Extracted values of *C  for each 

salt are reported in Table 2. 

Table 2. Values of *C  of Triton-X100-salt-water solutions at 25 °C. 

Salt 
Cmax/mM *C /mM 

NaCl, 0.10 M 1.716 0.211±0.009 

NaCl, 0.20 M 1.708 0.205±0.005 

NaCl, 0.30 M 1.705 0.199±0.007 

NaCl, 0.45 M 1.537 0.174±0.009 

Na2SO4, 0.05 M 1.681 0.205±0.007 

Na2SO4, 0.10 M 1.687 0.184±0.005 

Na2SO4, 0.20 M 1.670 0.154±0.003 

Na2SO4, 0.25 M 1.702 0.146±0.003 

Na2SO4, 0.30 M 1.640 0.139±0.003 

NaSCN, 0.20 M 1.690 0.247±0.010 

NaSCN, 0.30 M 1.694 0.232±0.007 

NaSCN, 0.40 M 1.700 0.231±0.005 

NaSCN, 0.50 M 1.711 0.238±0.005 
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CHAPTER 5 

CONCLUSIONS 

 

Experimental one-dimensional concentration profiles, CP(Y), characterizing the 

spreading of the boundary between micellar aqueous solutions and water were successfully 

determined and analyzed for the determination of critical micelle concentrations, *C , in three 

surfactant cases (TX-100, SDS, and Brij-30). Position of *C can be identified by visual 

inspection of the corresponding concentration-gradient profiles, dC/dY (see Figure 12A-C). In 

the TX-100 case, CP(Y) was also characterized in the presence of a uniform salt concentration 

of Na2SO4, NaCl, and NaSCN.  

To precisely determine *C , a theoretical expression of CP(Y) was developed by 

considering the pseudo-phase separation model for non-ionic surfactants as a starting point. 

Modifications were then incorporated into the theoretical expression of CP(Y) allowing for 

limitations of the pseudo-phase separation model. This keeps mathematical complexity still 

adequate for applications to experimental data analysis of both non-ionic and ionic surfactants 

using the method of least squares. Due to model shortcomings, *C values are expected to be 

method dependent. Nevertheless, they were found to fall within the range of *C data reported 

in the literature. Within the framework of our method, the precision of the determined values 

of *C was found to be å3% and å0.01 gĿL-1 represents the lowest value of *C  that can be 

detected by Rayleigh interferometry based on Brij-30 results.  

While Rayleigh interferometry was employed for the characterization of CP(Y) in our 

experiments, concentration profiles can be in principle also extracted using other techniques 

such as absorption spectroscopy. This work provides the foundation of diffusion-based 
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methods for the determination of *C . These are non-invasive, require single-sample 

preparation, and apply to both non-ionic and ionic surfactants. 

Finally, the cmc of tyloxapol could not be detected from the concentration profiles due 

to its cmc been too low (0.003 g·L-1). Nonetheless, tyloxapol is an oligomer of TX-100 and we 

can assume that Na2SO4 also reduces the cmc of tyloxapol. This allows us to neglect the 

amount of free surfactant present in solution for the diffusiophoresis studies. 

Future directions for this method are to characterize the cmc of mixed surfactant 

micelles. Mixed micelles allow to enhance the properties of the micellar system by combining 

more than one surfactant, potentially broadening their applications. 
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CHAPTER 6 

 THERMODYNAMIC THEORY  BACKGORUND  

 

6.1 Ternary Colloidal Particle(P)-Salt(S)-Water(W) System 

The thermodynamic behavior of solutions plays an important role in the interpretation 

of diffusion and diffusiophoresis. Since micelles are colloidal particles, we review the 

thermodynamic theory of colloidal particles in water in the presence of salt in this chapter. We 

shall use the terms P, S and W to denote colloidal particles, salt and water (solvent), 

respectively.  It is also important to note that colloidal particles are electrically neutral and 

large compared to salt ions and water. 

Ternary systems can be described by four thermodynamic variables: pressure (p), 

temperature (T), and two composition variables such as molar concentrations of particles and 

salt, CP and CS. In our case, p and T are constant so they will be omitted to shorten notation. 

We will  focus on the case in which concentration of colloidal particles is low (diluted 

suspensions of colloidal particles with volume fractions less than 1%), while there is no 

limitation on salt concentration.  

To describe the thermodynamics of ternary systems, we start with Gibbs free energy. 

The Gibbs free energy (G) of a ternary solution consisting of Pn moles of colloidal particle, n
S 

moles of salt, and n
W

moles of water can be expressed as:93 

P W P P W WS S S( , , ) m m m= + +G n n n n n n                            (6.1)                                                                      
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The corresponding chemical potentials (mj with j=P,S,W) then are: 

S W

P

P ,

m
å õµ
¹æ ö
µç ÷n n

G

n
                  (6.2) 

P W

S

S ,

m
å õµ
¹æ ö
µç ÷n n

G

n
                   (6.3) 

P S

W

W ,

m
å õµ
¹æ ö
µç ÷n n

G

n
                                                    (6.4)                                                                                          

The Gibbs-Duhem relation shows how changes in chemical potentials are related to 

each other: 

 P P S S W W 0m m m+ + =n d n d n d                   (6.5)                                                                                                 

Since the chemical potential of a component in the mixture cannot change independently from 

the chemical potential of the other components, we need only two chemical potentials to 

describe ternary systems. In our case, we choose particle and salt chemical potential. We can 

express the system chemical potentials for the particle,
Pm, and for the salt, m

S
, as a function 

of particle concentration, 
PC , and salt  concentration

SC : 

0

P P S P P P P S( , ) [ln ln ( , )]m m= + +C C RT C f C C                 (6.6)                                                                          

0

S P S S S S S P S( , ) [ln ln ( , )]m m n= + +C C RT C f C C                            (6.7)                                                                          
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where 
0

Pm  and m
S

0
 are the standard chemical potentials, 

Pf  and f
S
 are the activity coefficients 

for the particles and the salt, respectively, R is the ideal gas constant and n
S
correspond to the 

number of ions from the salt. In our case, n
S

= 3 for Na2SO4 and S 2n=  for MgSO4. 

Activity coefficients satisfy the ideal-dilute conditions: 

P S0, 0 P P Slim ( , ) 1­ ­ =C C f C C             (6.8) 

P S0, 0 S P Slim ( , ) 1­ ­ =C C f C C                                  (6.9)                                                                             

In the context of diffusion (see chapter 7, section 7.1), thermodynamic driving forces are linked 

to the first derivatives of chemical potentials. We therefore deduce expressions of first 

derivatives from (6.6) and (6.7): 

S S

P P
PP

P P P

ln
1

ln

m
m

è øå õ å õµ µ
é ù¹ = +æ ö æ ö

µ µé ùç ÷ ç ÷ê úC C

fRT

C C C
                                                          (6.10)                                                                                                          
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                            (6.11)                                                                    
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å õ å õµ µ
¹ =æ ö æ ö
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                 (6.12)                                                                  
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m n
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è øå õ å õµ µ
é ù¹ = +æ ö æ ö

µ µé ùç ÷ ç ÷ê úC C

RT f

C C C
                           (6.13)                                                               

It is important to note that SPm  (see eq. (6.12)) and PSm  (see eq. (6.11)) are mathematically 

linked to each other. To show this, it is convenient to introduce two new composition variables: 
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P P W
/¹m n n                    (6.14)                                                                                                                                      

S S W/m n n¹                                            (6.15)                                                                        

We then take the cross-derivative, 
PP S( )mµ µ mm of the particle chemical potential (eq. (6.3)): 

WSP
P

P

PS S ,

m
è øå õ å õ
é ùæ ö æ ö

æ öæ ö é ù
ç ÷ç ÷ é ùê ú

µ µ µ
=

µ µ µ
n nm

m

G

m m n
                  (6.16)

And substitute  Pn  with 
P Wm n (see eq. (6.14)) in eq. (6.16) to obtain: 

WSP
P

P

W PS S ,

1m
è øå õ å õ
é ùæ ö æ ö

æ öæ ö é ù
ç ÷ç ÷ é ùê ú

µ µ µ
=

µ µ µ
m nm

m

G

m n m m
                            (6.17)                                                              

Following the same approach for the other cross-derivative, 
SS P( )mµ µ mm , (see eq. (6.3) and 

substituting 
S S W=n m n (see eq. (6.15)), we obtain: 

S P W
S

S

P W P S ,

1m
è øå õå õ
é ùæ öæ ö

æ ö æ öé ù
ç ÷ ç ÷é ùê ú

µ µ µ
=

µ µ µ
m m n

m

G

m n m m
                          (6.18) 

The expressions in the square brackets in eqs. (6.17) and (6.18) are two mixed second-order 

partial derivatives of G that are equal to each other. This implies that 

SP

SP

S P

mmå õ å õµµ
=æ ö æ ö

µ µç ÷ç ÷ mm
m m

                              (6.19)                                                                                                 

Equation (6.19) is used to relate SPm (see eq. (6.12))  to PSm  (see eq. (6.11)) in the following 

way. We first write the total differentials for both chemical potentials: 
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                   (6.20)                             
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                                                         (6.21)                                            

We then take four partial derivatives of Pm and Sm with respect to both 
Pm  and m

S
: 

S S S

SP P
PP PS

P P P

m
m m

å õ å õ å õµµ µ
= +æ ö æ ö æ ö

µ µ µç ÷ ç ÷ ç ÷m m m
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m m m
                                                                              (6.22)                                                          
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                                                          (6.25)                                                                          

At this stage, we need to find and expression for each /µ µi jC m  ( , ¸km k j) in eqs. (6.22) to 

(6.25). This requires us to examine how the volume, V, of a ternary system depends on 

composition. We therefore write: 

P S W P P S S W W( , , )= + +V n n n n V n V n V                                                                                          (6.26)  
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where,                                                                                              
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                                           (6.29)                                                                       

are the partial molar volumes of the three system components. Thus, molar concentrations can 

be written as follows: 

P P P
P

P P S S W W P P S S W

= = =
+ + + +

n n m
C

V n V n V n V m V m V V
                                                                 (6.30)                                                

S S S
S

P P S S W W P P S S W

= = =
+ + + +

n n m
C

V n V n V n V m V m V V
                                                             (6.31) 

We use these expressions of concentration (eqs. (6.30) and (6.31)) to take partial derivatives 

with respect to pm  and m
S
. Keeping in mind Gibbs-Duhem equation: 

P P S S W W 0n dV n dV n dV+ + = or equivalently, P M S S W 0m dV m dV dV+ + =. We obtain: 

S

WP P P
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P P P S S W P P S S W

1
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å õµ
= - = -æ ö
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nC V m
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m m V m V V m V m V V V
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P

S P WP
S P2

S P P S S W( )

å õµ
=- =-æ ö

µ + +ç ÷m

V m nC
V C

m m V m V V V
                                                                     (6.33)                                               
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S

S P S W
P S2

P P P S S W( )

å õµ
=- =-æ ö

µ + +ç ÷m

C V m n
V C

m m V m V V V
                                                                     (6.34)                                                                 

P

S S S W
S S2

S P P S S W P P S S W

1
(1 )

( )

å õµ
= - = -æ ö

µ + + + +ç ÷m

C V m n
V C

m m V m V V m V m V V V
                                    (6.35)                    

Substituting eqs. (6.32) to (6.35) into eqs. (6.22) to (6.25) allows us to write: 

S

WP
P P PP S P PS

P

(1 )
m

m m
å õµ

è ø= - -æ ö ê úµç ÷m

n
V C V C

m V
                (6.36)                                                                       

P

WP
S S PS S P PP

S

(1 )
m

m m
å õµ

è ø= - -æ ö ê úµç ÷m

n
V C V C

m V
                          (6.37)                                                                                  

S

S W
P P SP P S SS

P

(1 )
m

m m
å õµ

è ø= - -æ ö ê úµç ÷m

n
V C V C

m V
                                                                       (6.38)                                                 

P

S W
S S SS S P SP

S

(1 )
m

m m
å õµ

è ø= - -æ ö ê úµç ÷m

n
V C V C

m V
                                                                       (6.39) 

Finally, substitution of eq. (6.37) and (6.38) in eq. (6.19), which related PSm with SPm , yields: 

S S PS S P PP P P SP P S SS(1 ) (1 )m m m m- - = - -V C V C V C V C                                                (6.40) 

Equation (6.40)  can be rearranged in the following way: 

SP PS PP
P P S S P S S P

SS SS SS

(1 ) (1 )
m m m

m m m
- = - + -V C V C V C V C                                                           (6.41) 




































































































































































