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ABSTRACT 

The title of the thesis will be “Pell’s Equations: History, Methods and Number 

Theory.” The thesis will comprise three parts, each corresponding to one of the topics 

mentioned in the title.  

The first part will discuss the history of Pell’s Equation. Pell’s Equation is an 

equation of the form 𝑥! − 𝐷𝑦! = 1, where 𝑥 and 𝑦 are variables in which integer 

solutions are sought and 𝐷 is an integer. We will first take our look at the history of this 

equation at the time of Fermat. We will examine how he challenged his colleagues to 

solve certain specific polynomials, such as 𝑥! − 61𝑦! = 1. The task was to find all the 

integer solutions. Over a hundred years later, Lagrange would solve this equation through 

the use of continued fractions. We will then go into how Pell’s Equation has even a 

longer history in India. We will discuss how these problems were being discussed and 

solved as early as even the 6th century CE. In fact, the very equation 𝑥! − 61𝑦! = 1 was 

solved by the Indian mathematician Bhâskara II. The methods used by the Indians 

mathematicians are described in this part as well, since they are no longer well known, 

and therefore of historical interest. We will conclude this part by describing how Pell’s 

Equation was known even in the time of Archimedes. The so-called Cattle Problem 

would not be solved completely until the 1980s with the use of supercomputers.  

In the second part of this thesis the methods of solving Pell’s equation will be 

discussed in detail. The basic concepts in the theory of continued fractions will be 

introduced. It is built upon the Euclidean algorithm. A complete description of the 

structure of all solutions to any Pell’s equation will be given in this part. The specific 

equation 𝑥! − 61𝑦! = 1 will be solved a second time using the continued fractions. 



	   iv	  

  A third method of solving Pell’s equations, this time through an existence proof, 

will be discussed in the third part of the thesis. While an existence proof does not directly 

exhibit a solution, it can often throw light on the essence of a problem even more 

effectively than an algorithmic approach. The proof will be based on the idea of 

approximating irrational numbers by the rational ones. The relevant properties required 

will be introduced in conjunction with a careful study of the most essential parts of the 

theory of continued fractions. These properties will be proved in full. 

In the final section of this thesis, some of the many connections between Pell’s 

equation and modern mathematics will be explored, though very briefly. The solutions of 

a Pell’s equation are always infinite in number. It will be shown that they have an elegant 

structure known as a group in abstract algebra. Moreover, it will be shown that this group 

forms a part of algebraic number field. Thus, Pell’s Equation turns out to be an essential 

part in the mathematical development of quadratic number fields. In conclusion, beyond 

the comparisons between the Indian methods and the modern concepts, and beyond the 

existence proof and the much wider and highly active field of Diophantine 

Approximations, the theory of continued fractions and the results of Lagrange can be 

seen to give rise to a broader, more philosophical question: is the notion of numbers and 

their classification purely dictated by what one may vaguely call “the truth,” or can it 

perhaps be a mental construct, subject to, or even dictated by, our perception of “truth”? 
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INTRODUCTION 

 In this thesis, a survey of Pell’s equations will be given. Pell’s equation is a 

quadratic polynomial equation of the form 

𝑥! − 𝐷𝑦! = 1, 

in that all integer solutions are sought for 𝑥 and 𝑦 beyond the easily thought of solutions 

𝑥 = ±1 and 𝑦 = 0. This intriguing topic is part of a large field of study in mathematics 

called number theory and has an ancient history. Despite its seemingly unimportant 

appearance, it was independently discovered at least three times, in ancient Greece by the 

Pythagoreans, in India in the 7th century CE, and in France and the rest of Europe during 

the Scientific Revolution, just before the discovery of the methods of calculus. The 

history of Pell’s Equation will be discussed in the first part of this thesis; the methods of 

solving Pell’s Equation using continued fractions will be discussed in the second part; the 

theoretical development of the theory and a discussion of the impact of these methods on 

modern mathematics and the philosophical aspects of mathematics in general will occur 

in the third part of thesis.   

Various methods for solving the Pell Equations will be discussed throughout the 

course of this thesis. A look at the various techniques and algorithms in reference to other 

problems will also be observed. The properties of the continued fractions along with a 

discussion on quadratic irrationals will also occur. The link between algorithms and 

abstraction is explored. In particular, the thesis will undertake a study of the existence of 

solutions for Pell Equations without actual calculations. One of the major points of 

emphasis will be on how expansions of continued fractions give the best possible rational 

approximations for an irrational number.  
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The last section of this thesis will be an exploration of how the Pell Equation 

relates to modern number theory. This will be done through a study of the quadratic 

irrationals in light of the Pell Equation. Finally, an exploration of the nature of rational 

and irrational numbers will occur in order to discuss the future of number theory and 

modern mathematics. 

PART I: HISTORY. 

The Story Of Pell’s Equations In Reverse Chronological Order 

 Many Americans equate doing mathematics to solving equations, mostly 

polynomial equations. How often does one hear people complaining about the 

quintessential mathematics problem of  “solving for 𝑥”! With many secondary students in 

the United States, this “problem” is what mathematics is all about.  

When one studies the history of mathematics across the world, one indeed sees 

that solving polynomial equations in one form or another occupied the mind of 

mathematicians in many cultures from Greece to China. However, the types of 

polynomials involved and the way they are solved are far more varied than what one 

tends to encounter in secondary schools. 

For the purposes of this thesis, one type of equation that has fascinated the 

mathematicians for two millennia will be studied: the Pell Equations, or Pell’s equations. 

Pell’s equation is a quadratic polynomial equation of two variables of the form  

𝑥! − 𝐷𝑦! = 1, 

where 𝐷 is a non-square integer, and we seek integer solutions for 𝑥 and 𝑦 beyond the 

trivial solutions 

𝑥 = 1,𝑦 = 0          and          𝑥 = −1,𝑦 = 0. 
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  One of the founders of the study in the West of this equation was Pierre de Fermat 

(1601 – 1665 CE). He first mentioned this equation to his colleague Frénicle de Bessy 

(1605 – 1675 CE) in a letter in February 1657. He stated in his letter “the nature of every 

non-square number is that there exist an infinite number of squares, which when 

multiplied by the non-square and unity is added, give a square number.” This statement 

suggests the assertion that Pell’s equation always has infinitely many solutions. He then 

challenged Frénicle to find a general solution to this type of equation. Fermat gave an 

illustration of the general problem: “For example, what is the smallest square, which 

multiplied by 61 and adding 1, makes a square?” He proposed another version that used 

109 instead of 61. “If you do not send the general solution,” said Fermat, “send me the 

particular answers of the two numbers I have chosen, so as not to give you too much 

trouble.” 

The two specific equations proposed by Fermat are, therefore,  

𝑥! − 61𝑦! = 1        and        𝑥! − 109𝑦! = 1. 

A surprising fact is that the smallest solutions in positive integers for  𝑥 and 𝑦  for 

𝑥! − 61𝑦! = 1 are  

𝑥 = 1,766,319,049          and        𝑦 =   226,153,980.  

The least positive integer solutions for  

𝑥! − 109𝑦! = 1 

are 

𝑥 =   158,070,671,986,249          and          𝑦 =   15,140,424,455,100.  

The enormous size of these numbers brings particular interest to these solutions. In 

addition, it is obvious to the observer that Fermat knew these solutions, and his 
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suggestions were nothing but attempts to show his mathematical prowess: he chose 61 

and 109 precisely because of the difficulty of finding solutions. 

 John Wallis (1616 – 1703 CE) and William Brouncker (1620 – 1684 CE) sought 

to solve the Pell Equations in England during the mid 17th century CE. They found a 

method to solve the Pell Equation proposed by Fermat but were not able to give a proof 

of the validity of their method. Fermat himself probably did know a general proof, though 

he never published it. Though he accepted the solution of Brouncker and Wallis, he 

privately enjoyed complaining about the incompleteness of their method.  

The Swiss mathematician Leonhard Euler (1707-1783 CE) sought to compile all 

of Fermat’s methods of number theory. Euler would discover the method of continued 

fractions to solve Pell equations.  He was also the one who named these equations after 

John Pell. He believed that the English mathematician had studied this type of equations. 

Pell did not study these equations. This being said, the name stood. 

The Italian mathematician Joseph-Louis Lagrange (1736 – 1813 CE) published a 

general theory on continued fractions that ended the search that Fermat began one 

hundred years before. However, even though Fermat seemed to be the first 

mathematician to study Pell’s equations, the Indian mathematicians had actually studied 

these equations over 500 years before. 

  Around 1150 CE, the Indian mathematician Bhâskara II (1114 – 1185 CE) 

studied equations of the form  

𝑥! − 𝑁𝑦! = 𝑘, 
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where 𝑁 is a non-square positive integer and 𝑘 is a rational number. He discovered a 

method called cakravâla, which can be referred to as the cyclic method. This method 

allowed him to find solutions where 𝑘 = ±1,±2,  or  ± 4.   

 However, the history of the cakravâla method was older than 1150 CE. It has 

been stated that Bhâskara II gave a more complete description and study of this method 

than anyone before him. Interestingly enough, one of Bhâskara II’s examples is 

𝑥! − 61𝑦! = 1. The difficulty of this example shows that the Indian mathematicians 

truly understood how to solve Pell Equations.  

Yet, Bhâskara II was continuing the work done by Brahmagupta (597 – 668 CE) 

in the 7th century CE. The cakravâla method finds solutions for 𝑥! − 𝑁𝑦! = 𝑘, when 𝑘 is 

±1,±2, 𝑜𝑟  ± 4. If 𝑘 is not 1, then one must work a little harder to find the solution to 

this type of equation. Bhâskara II cites Brahmagupta’s studies. Brahmagupta’s method is 

called bhavana, which means “production.” When a solution to 𝑥! − 𝑁𝑦! = 𝑘 exists 

with 𝑘 = ±1,±2, or  ± 4, this method finds a solution for this type of equation.  

Brahmagupta’s method was useful for solving some Pell’s equations such as 

𝑥! − 92𝑦! = 1  is 𝑥 = 1151,𝑦 = 120. The composition formula is the most important 

aspect of the bhavana method. Here is the composition formula:  

𝑥! − 𝑁𝑦! 𝑋! − 𝑁𝑌! = 𝑥𝑋 + 𝑁𝑦𝑌 ! − 𝑁 𝑥𝑌 + 𝑋𝑦 !. 

Yet, Brahmagupta’s method was not sufficient to solve every type of Pell’s equations.  

In fact, Bhâskara II’s method does not have to incorporate Brahmagupta’s method. 

The cakravâla method can solve all Pell’s equations alone. The necessity of the influence 

of past generations is what kept the two methods bonded. 
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  But the most surprising part of this story may be that the history of the Pell 

Equation goes even beyond the time period of the 7th to 18th centuries CE. Archimedes of 

Syracuse (287 – 212 BCE) first wrote of Pell-type equations during the third century 

BCE. In a poem, Archimedes asks a mathematical problem about the number of the sun 

god’s cattle. The mathematical problem can be translated as  

𝑥! − 410,286,423,278,424𝑦! = 1. 

 A. Amthor “solved” this equation in 1880 CE. Amthor factored the coefficient of 

the above equation as  

410,286,423,278,424 = 2 ∙ 3 ∙ 7 ∙ 11 ∙ 29 ∙ 353 ∙ 2! ∙ 4657! = 4,729,494 ∙ 2! ∙ 4657!. 

Thus, he only needed to solve 

𝑥! − 4,729,494  𝑦! = 1!    (This  is  an  exclamation  point.)  

To be a little more precise if (𝑥,𝑦) is a solution for the former, original equation for the 

Cattle Problem, then (𝑋,𝑌) is a solution for the latter problem, where 

𝑋 = 𝑥,𝑌 = 2 ∗ 4657 ∗ 𝑦. 

Therefore, if all solutions to the latter equation are known, then the solution set of the 

original equation can be determined as well. (Of course, there is still the problem of 

identifying those solutions where 𝑦 components are divisible by 2 ∗ 4657. But this is a 

separate and easier problem.)  

Amthor solved the latter equation and showed solved this equation and showed 

that the smallest positive integer value for 𝑦 has 41 digits. Amthor’s method is iterative. 

He showed that the 2329th step would produce the least positive integer solution for the 

Cattle Problem, which has 206,545 digits.  

For the sake of curiosity, the 41-digit number that was found by Amthor is 
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𝑦 = 50,549,485,234,315,033,074,477,819,735,540,408,986,340. 

The final solution, the 2329th iteration of the above, after the use of supercomputers, 

would appear in the 1980 – 1 issue of the Journal of Recreational Mathematics. (See 

Lenstra’s article.) 

Pythagorean Theorem And The Approximations Of 𝟐 

As has been stated previously, mathematicians from ancient Greece, ancient India 

and Enlightenment Period West studied Pell Equations. Perhaps humanity’s extended 

obsession with Pell-like equations lies in its origin with the Pythagorean Theorem:  

𝑥! + 𝑦! = 𝑧!, 

where 𝑥,𝑦, and 𝑧 are magnitudes corresponding to the three sides of a right triangle.  It is 

known that this relation leads to the discovery of incommensurable magnitudes, that is, 

magnitudes observing an irrational ratio. The best-known example occurs when one 

chooses 𝑥 = 𝑦 = 1. Then one has 𝑧 = 2 in the modern notation, and, of course, 2 is 

an irrational number.  

Pythragoras and his followers already developed means to approximating 2. 

Here the author quotes from Bertrand Russell’s A History of Western Philosophy: 

The square root of 2, which was the first irrational to be 

discovered, was known to the early Pythagoreans, and 

ingenious methods of approximating to its value were 

discovered. The best was as follows: Form two columns of 

numbers, which we will call the 𝑎’s and the 𝑏’s; each starts 

with 1. The next 𝑎, at each stage, is formed by adding the 

last 𝑎 and 𝑏 already obtained; the next 𝑏 is formed by 
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adding twice the previous 𝑎 to the previous 𝑏. The first 6 

pairs so obtained are 1, 1 , 2, 3 , 5, 7 , 12, 17 , 29, 41 , 

(70, 99). In each pair, 2𝑎! − 𝑏! is either 1 or −1. Thus 

𝑏/𝑎 is nearly the square root of 2, and at each fresh step it 

gets better. (p. 209) 

As Russell indicates, three of the six pairs of numbers given above are solutions 

to Pell’s equation 

𝑥! − 2𝑦! = 1. 

It is not known how much the Greek mathematicians knew of the Pell Equation or 

approximations of square roots. When the Greek mathematician Eutocius (480 – 540 CE) 

wanted to explain how the fractions 265/153 and 1351/780 are good approximations of 

3, he did so by stating that 

265! − 3 ∗ 153! = −2,      and      1351! − 3 ∗ 780! = 1. 

  Diophantus (third century CE) did explore Pell Equations, albeit with only 

rational solutions. However, the translation of Diophantus’s Arithmetika inspired Fermat 

to explore deeper into number theory.  

It seems that the Cattle Problem was not explored much past its postulation in 

ancient times. For example, none of the commentaries on Archimedes’ work discusses it. 

The scene changed in 1773 when it was rediscovered by G. E. Lessing and published. 

Was Archimedes able to solve his own problem? No one knows the answer.  
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Euclidean Algorithm And Linear Equations In Two Variables 

The origin of Pell’s equations in the East may be traced back to the discovery of 

Euclidean algorithm, another foundational result that was, like the Pythagorean Theorem, 

discovered independently in many ancient cultures.   

Recall that the Euclidean algorithm is used to find the greatest common divisor of 

two integers, say 𝑎 and  𝑏. One may assume without losing generality that 𝑎 > 𝑏 > 0. The 

algorithm consists of a sequence of divisions with remainder. A concrete example is 

illustrated with  

𝑎 = 146          and        𝑏 = 22. 

Then the first steps is 

146 = 6 ∗ 22+ 14. 

Now one uses the original divisor, in this case 22, and the remainder, in this case 14,and 

perform the division again. This process is repeated until the remainder becomes 0: 

22 = 1 ∗ 14+ 8; 

14 = 1 ∗ 8+ 6; 

8 = 1 ∗ 6+ 2; 

6 = 3 ∗ 2+ 0. 

The last nonzero remainder is the greatest common divisor. In this case, it is 2. One 

records this as  

gcd 146, 22 = 2. 

Now if one begins with the last but one equation and back solves, one can express 

the greatest common divisor (in this case 2) as a linear combination of 𝑎 and 𝑏, in this 

example 144 and 22. An easy calculation in this specific case shows that 
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2 = −3 ∗ 146+ 20 ∗ 22. 

This observation allows one to solve linear equations in two variables 

𝑎𝑥 + 𝑏𝑦 = 𝑐. 

As usual, one assumes that 𝑎, 𝑏, and 𝑐 are integers and seeks integer solutions. If one 

writes  

gcd 𝑎, 𝑏 = 𝑑, 

then 𝑑 must divide 𝑎𝑥 + 𝑏𝑦 for any solution (𝑥,𝑦), hence 𝑑 divides 𝑐. Conversely, if this 

last condition is satisfied, then one may construct a solution by first finding a solution for  

𝑎𝑥 + 𝑏𝑦 = 𝑑 

and then simply multiply both sides by  𝑐/𝑑. Therefore, the linear equation above is 

solvable if and only if the constant term of the equation, which is 𝑐, is a multiple of 𝑑, the 

greatest common divisor of the coefficients of the variables.  

Generalization In China 

 The Euclidean Algorithm was independently discovered by several ancient 

cultures. However, it is interesting to observe that the Greeks, the Chinese, and the 

Indians generalized this basic technique in different ways. Roughly speaking, the Chinese 

developed the concept along the lines of congruence relations. The Indians investigated 

higher degree polynomial equations, and the Greeks incorporated the algorithm into their 

study of geometry. Since the Chinese contributions are the least relevant to the topic at 

hand, it will be only briefly considered in this section. 

It is possible to show that, if the equation 𝑎𝑥 + 𝑏𝑦 = 𝑑 is solvable, then there are 

infinitely many pairs of integers (𝑥,𝑦) that solve the same equation. The pattern of these 
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solutions can be seen through the study of congruence equations. One says that 𝐴 and 𝐵 

are congruent to each other modulo 𝑛, if 𝑛 divides 𝐴 − 𝐵. When this happens, one writes 

𝐴 ≡ 𝐵           mod  𝑛 . 

It can be seen that a linear equation of two variables  

𝑎𝑥 + 𝑏𝑦 = 𝑐 

is essentially equivalent to the congruence equation of one variable  

𝑎𝑥 ≡ 𝑐           mod   𝑏 . 

Because this topic is not the main focus of this thesis, it is sufficient to say if 𝑑 =

gcd(𝑎, 𝑏) is a divisor of 𝑐, then the equation is solvable, and starting from any specific 

solution 𝑥!, the solutions for 𝑥 are determined by the formula 

𝑥 = 𝑥! + 𝑘 ∗
𝑏
𝑑   ,          where  𝑘  is  an  integer. 

If one were to solve for the corresponding linear equation of two variables 𝑎𝑥 + 𝑏𝑦 = 𝑐, 

one would have two solutions for 𝑥! and 𝑦!. The solutions would be 

  𝑥 = 𝑥! + 𝑘 ∗
!
!
, 

  𝑦 = 𝑥! − 𝑘 ∗
!
!
 

 where k is an integer.  

Congruence was known by the mathematicians of Greece, India, and China. In 

addition, all three cultures discovered the concept of congruence separately and 

independently of one another. However, C. F. Gauss (1777 – 1855 CE) created the 

official notation and definition. 

Chinese mathematicians studied systems of linear congruence equations. The 

method they developed for solving such systems is now called the Chinese Remainder 
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Theorem. It was discovered by the 3rd century CE, and is one of the foundational results 

in elementary number theory.  

In addition, Chinese mathematicians also considered higher degree polynomial 

equations. However, the Chinese did not seek to find the integer solutions.  Instead, they 

desired to have approximations of solutions in real numbers. A method was developed by 

the 11th century, which is similar to what is called Horner’s Method in the West, after 

William Horner (1786 – 1837 CE). There is no evidence that Pell-type equations were 

considered in ancient China.  

Generalization In India: Brahmagupta’s Law Of Composition 

 In India, the kuttaka method, also known as the pulverizer method, is used to find 

integer solutions for a two variable linear equation. The name is apt, because the 

divisions in the Euclidean Algorithm do create ever smaller remainders until the greatest 

common divisor is found. This method was used by both Brahmagupta and Bhâskara I 

(600 – 680 CE). Therefore the method was known to Indian mathematicians in order to 

solve the Pell-like equations. The Indian mathematicians sought rational and integer 

solutions for the Pell-like equations. This is different from the Chinese approach, which 

seeks approximate solutions in real numbers.  

Bhâskara I and Bhâskara II were not related to each other but were simply both 

known as Bhâskara. Historians refer to them as Bhâskara I and Bhâskara II in order to tell 

them apart. 

One of the most important aspects of Brahmagupta’s theory is the composition 

formula already noted before. It is recorded here again for reference: 

(𝑥!! − 𝑁𝑦!!)(𝑥!! − 𝑁𝑦!!) = (𝑥!𝑥! + 𝑁𝑦!𝑦!)! − 𝑁 𝑥!𝑦! + 𝑥!𝑦! !. 
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 The significance of this identity is that the product of two expressions of the form 

𝛼! − 𝑁𝛽! is of the same form. The verification proof of this identity is routine. However, 

a proof helps reveal the relevance of this identity in modern algebraic number theory. 

This proof will be referred to later in the thesis.  

Proof: Assume that 𝑥!, 𝑥!,𝑦!,𝑦! and 𝑁 are all positive. Then   

(𝑥!! − 𝑁𝑦!!)(𝑥!! − 𝑁𝑦!!) 

= 𝑥! + 𝑁𝑦! 𝑥! + 𝑁𝑦! 𝑥! − 𝑁𝑦! 𝑥! − 𝑁𝑦!  

= 𝑥!𝑥! + 𝑁𝑦!𝑦! + 𝑁 𝑥!𝑦! + 𝑥!𝑦! 𝑥!𝑥! + 𝑁𝑦!𝑦! − 𝑁 𝑥!𝑦! + 𝑥!𝑦!

=    (𝑥!𝑥! + 𝑁𝑦!𝑦!)! − 𝑁 𝑥!𝑦! + 𝑥!𝑦!
!

= 𝑥!𝑥! + 𝑁𝑦!𝑦! ! − 𝑁 𝑥!𝑦! + 𝑥!𝑦! !.                    QED 

Applying this identity to Pell-type equations, one sees that the following holds. 

Brahmagupta’s Proposition- If (𝑥!,𝑦!)  is a solution for 𝑥! − 𝑁𝑦! =   𝑘! and 𝑥!,𝑦!  is 

a solution for 𝑥! − 𝑁𝑦! =   𝑘!, then 𝑥!,𝑦!  is a solution for 𝑥! − 𝑁𝑦! =   𝑘!𝑘!, where  

𝑥! = 𝑥!𝑥! + 𝑁𝑦!𝑦!          and          𝑦! = 𝑥!𝑦! + 𝑥!𝑦!. 

If 𝑘! = 𝑘! = 1, then this proposition can be used to generate further solutions for 

the Pell equation 

𝑥! − 𝑁𝑦! = 1. 

However, Brahmagupta was able to use it cleverly to aid his study for a solution. This 

technique will be illustrated via a concrete example, one that Brahmagupta himself 

solved. 

 Consider Pell’s equation with 𝑁 = 92: 

𝑥! − 92𝑦! = 1. 

Brahmagupta observed first that 𝑥 = 10,𝑦 = 1 gives  
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10! − 92 ∗ 1! = 8 = 𝑘. 

Then, he composed the triple 10, 1, 8  with itself. That is, he applied Brahmagupta’s 

Proposition with 

𝑥! = 𝑥! = 10,𝑦! = 𝑦! = 1, and  𝑘! = 𝑘! = 8. 

Then he obtained a new triple (𝑥,𝑦, 𝑘) with  

𝑥 = 10 ∗ 10+ 92 ∗ 1 ∗ 1 = 192,𝑦 = 10 ∗ 1+ 10 ∗ 1 = 20, 𝑘 = 8 ∗ 8 = 64. 

Thus  

192! − 92 ∗ 20! = 64. 

Dividing both sides by 64, he got 

24! − 92 ∗
5
2

!

= 1. 

This action gives a rational solution to the Pell equation, namely (24, 5/2, 1). This is not 

quite what one wants, since integer solutions are sought. However, when one composes 

this triple with itself, an integer solution is obtained. Applying the Proposition again, this 

time one gets 

𝑥 = 1151,𝑦 = 120, and  𝑘 = 1. 

As one has already observed, an infinite number of integer solutions can now be 

generated by further composition. 

Brahmagupta’s Bhavana Method 

Unfortunately, Brahmagupta’s method is not guaranteed to yield a solution for 

Pell’s equation. He was able to show, however, that if an integer solution for a Pell’s 

equation  

𝑥! − 𝑁𝑦! = 𝑘 
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where 𝑘 = −1,±2,±4, is given,  then an integer solution for 𝑘 = 1 can be obtained. This 

is referred to as the bhavana method. 

 This method will be illustrated with one example only, when 𝑘 = 2. Composing 

the triple 𝑥,𝑦, 2  with itself one gets  

𝑥! + 2𝑦! ! − 𝑁 2𝑥𝑦 ! = 2!. 

Dividing both sides by 4, one gets a rational solution 

𝑥! + 2𝑦!

2

!

− 𝑁 𝑥𝑦 ! = 1. 

Upon closer examination, one sees that    

𝑥! + 2𝑦! ! = 4− 4𝑁𝑥!𝑦! 

is even, hence 𝑥! + 2𝑦! is even. Therefore, 

𝑋 =
𝑥! + 2𝑦!

2 , 𝑌 = 𝑥𝑦 

is an integer solution for  

𝑋! − 𝑁𝑌! = 1. 

The verifications for the other cases are similar, and will be omitted. 

The Cacravâla Method Of Bhâskara II 

 The Cacravâla method provides a way to find a solution to one of the Pell-type 

equation specified, so that the bhavana method can be applied. “By this method,” states 

Bhâskara II in his work Bijaganita, published in 1150, “there will appear two integral 

roots corresponding to an equation with ±1,±2, or ±4 as interpolator (constant).”  

 To construct such a solution with a given 𝑁, Bhâskara II begins with a triple 

(𝑥,𝑦, 𝑘) such that  

𝑥! − 𝑁𝑦! = 𝑘. 
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Observe that one will always have (𝑚, 1,𝑚! − 𝑁) for any integer 𝑚, because 

𝑚! − 𝑁 ∗ 1! = 𝑚! − 𝑁. 

The composition of (𝑥,𝑦, 𝑘) and (𝑚, 1,𝑚! − 𝑁) gives  

𝑥𝑚 + 𝑁𝑦 ! − 𝑁 𝑥 + 𝑦𝑚 ! = 𝑘 𝑚! − 𝑁 . 

Dividing both sides by 𝑘!, one obtains 

𝑥𝑚 + 𝑁𝑦
𝑘

!

− 𝑁
𝑥 + 𝑦𝑚
𝑘

!
=
𝑚! − 𝑁

𝑘   . 

This identity will be called Bhâskara’s Lemma; the name is coined in Datta and Singh’s 

work History of Hindu Mathematics. 

The cacravâla can now be described. One first chooses (𝑥,𝑦, 𝑘) so that 

gcd(𝑥,𝑦) = 1 and so that 𝑘 is small. The former requirement is easily met, since if it 

were not so, one could simply divide both sides of the equation by the squaring the 

greatest common divisor to get another integer triple. One also notes that the relation 

gcd(𝑥,𝑦) = 1 implies gcd(𝑘,𝑦) = 1. This requirement is for practical purposes only, and 

thus the size of 𝑘 needs no precise definition. The requirement that 𝑘 be small is made to 

facilitate the computation; thus it can be handled on a case-by-case basis. So no specific 

formula for 𝑘 is given here.  

One now seeks a value of 𝑚 such that  

𝑥 + 𝑦𝑚 ≡ 0          (mod   𝑘 ) 

This congruence equation is solvable because gcd(𝑦, 𝑘) = 1, and the Indian 

mathematicians could have used the kuttaka method. Choose, for practical reasons, a 

value of 𝑚 so that 𝑚! − 𝑁 is small in absolute value.  

 When 𝑚 has been so determined, it follows that the triple in Bhâskara’s Lemma, 
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𝑥𝑚 + 𝑁𝑦
𝑘 ,

𝑥 + 𝑦𝑚
𝑘 ,

𝑚! − 𝑁
𝑘 , 

consists of integers only. Also, one has 

𝑚! − 𝑁
𝑘 < 2 𝑁. 

Therefore, one can apply this method over and over again, and the bounded nature 

of the third part of the triple ensures that the integer values must repeat themselves. This 

may be the reason for the terminology of cacravâla. Bhâskara claims in his Bijaganita  of 

1150 CE that this process eventually leads to a triple satisfying the conditions of the 

bhavana method. This means that the cacravâla solves all Pell’s equations when 

combined with the bhavana method.  

Remarks On The Cacravâla Method 

André Weil has remarked, in his Number Theory: An Approach through History 

from Hammurabi to Legendre, that the cacravâla method can be used in such a way that 

the kuttaka is not used. This method will produce an answer every time to the Pell 

Equation. 

 The author has not provided proofs for the facts in the previous sections. A 

numerical example will be given below, and the exploration of the proofs for these facts 

will occur later in the thesis when we discuss continued fractions. 

The Pell Equation 𝒙𝟐 − 𝟔𝟏𝒚𝟐 = 𝟏 

 “What is that number whose square multiplied by 67 or 61 and added by unity 

becomes capable of yielding a square? Tell me, O Friend, if you have a thorough 

knowledge of the method of the Square-nature.” 
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 Bhâskara II instituted the above challenge in his Bijananita, according to Datta 

and Singh’s History of Hindu Mathematics. The solution for 𝑁 = 61 will be presented 

below; it is essentially the same as the solution given by Bhâskara II himself. 

 One starts with the solution (8,1,3) for the auxiliary equation 

𝑥! − 61𝑦! = 3, 

which is easily solvable. One knows to combine this with the triple  

𝑚, 1,𝑚! − 61  

according to the cacravâla. Bhâskara II’s Lemma then gives the triple 

8𝑚 + 61
3 ,

𝑚 + 8
3 ,

𝑚! − 61
3   . 

The general solution for the linear congruence equation 

𝑚 + 8 ≡ 0           mod  3  

is 

𝑚 = 1+ 3𝑡,          𝑡  is  any  integer. 

Let 𝑡 = 2. Then one obtains 𝑚 = 7. Substituting this into the triple above, ones finds the 

essential triple 

39, 5,−4 . 

Therefore 

39! − 61×5! = −4. 

With extraordinary luck, this immediately reaches the stage where the bhavana method 

affords a shortcut. Thus the rest of the solution follows the standard procedure used by 

the bhavana method. Dividing both sides by 4, one gets the triple 

39
2 ,

5
2 ,−1 . 
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Composing this triple by itself, one gets  

39
2

!

+ 61
5
2

!

, 2 ∗
39
2 ∗

5
2 , 1 =

1523
2 ,

195
2 , 1 . 

Now by composing this new triple with the triple two lines above that again, one gets an 

integer triple 

29718, 3805,−1 . 

In order to get the constant term 1, one composes the latest triple by itself, thereby getting 

the triple 

1766,319,049, 226,153,980 . 

This was the solution Fermat evidently had in mind when he challenged Frénicle and the 

World in 1657 CE. Bhâskara had already solved it in 1150 CE.  

PART II: METHODS 

Continued Fractions And The Euclidean Algorithm 

 The focus shifts now to the idea of the Euclidean algorithm and the search for 

good rational approximations for a given number. Both have been discussed in 

connection of Pell’s equations. It turns out that these two ideas are actually connected. 

This connection can be effectively shown through the concept of continued fractions. 

Continued fractions will be explained by means of an example that was used to explain 

the Euclidean algorithm.  

 Thus let  

𝑎 = 146          and        𝑏 = 22. 

Then the first step of the Euclidean algorithm is 

146 = 6×22+ 14. 

This can be rewritten as  
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146
22 = 6+

14
22 = 6+

1
!!
!"

  . 

The last expression appears odd, but it is easy to explain the rationale behind it. Since the 

remainder of the division, 14, is less than the divisor, 22, the fractional part in the second 

expression above, 14/22, is less than 1. By taking the reciprocal, a fraction, 22/14, 

which is greater than 1 is created. Thus the next step of the Euclidean algorithm can be 

performed.  

The next steps can now be written side by side. 

22 = 1×14+ 8;                   
22
14 = 1+

8
14 ;                     6+

1
!!
!"

= 6+
1

1+ !
!"

=   6+
1

1+ !
!"
!

. 

14 = 1×8+ 6;             
14
8 = 1+

6
8 ;               6+

1
1+ !

!"
!

= 6+
1

1+ !
!!!!

= 6+
1

1+ !
!!!!

!

. 

8 = 1×6+ 2;                   
8
6 = 1+

2
6 ;                     6+

1
1+ !

!!!!
!

= 6+
1

1+ !
!! !

!!!!

= 6+
1

1+ !
!! !

!!!!
!

= 6+
1

1+ !
!! !

!!!!

  .   

This type of fraction corresponds to the steps of the Euclidean algorithm. This 

type of fractions is called a continued fraction. Notice that the numerator at any stage of 

the development is always 1.   

It is now easy to explain the connection between the Euclidean algorithm and 

approximation: Given a rational number 𝑎, its continued fraction expression is obtained 

through the Euclidean algorithm. Thus, the full expression is equal to 𝑎. Each truncated 

version of the continued fraction is an approximation of 𝑎. Since truncating the continued 
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fraction expression of 𝑎 corresponds to discarding the remainder of a division in the 

Euclidean algorithm, one can conclude that the more terms in the expression, the better 

the approximation. 

 Each truncated version is called a convergent of the continued fraction. Because 

of the fact that all the numerators are 1, one adopts the following notation. The integral 

part of the fraction will only be recorded, and then the denominators. A semicolon will 

separate the integral and fractional parts, and commas separate the various denominators. 

For example, the continued fraction above is denoted as  

𝑎 =
146
22 = 6; 1  ,1, 1, 3 . 

The convergents of these continued fractions are  

𝐶! = 6,                    𝐶! = 6; 1 ; 

𝐶! = 6; 1, 1                   𝐶! = 6; 1, 1,1 ; 

𝐶! = 6; 1, 1, 1, 3 . 

Let’s see how the convergents approximate the rational number 𝑎 = 146/22.  

𝐶! =
6
1 = 6,                    𝐶! = 6; 1 =

7
1 = 7; 

𝐶! = 6; 1, 1 =
13
2 = 6.5,                  𝐶! = 6; 1, 1,1 =

20
3 = 6. 6; 

𝐶! = 6; 1, 1, 1, 3 =
73
11 = 6. 63. 

 One could observe that, given a rational number 𝑎, the convergents follow certain 

patterns: 

(1) The convergents of even indices form an increasing sequence of underestimates; 

(2) The convergents of odd indices form a decreasing sequence of overestimates; 
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(3) The development of the continued fraction terminates after a finite number of 

steps. That is, the final convergent is equal to the given rational number.  

Although only one example has been computed so far, the above observations all turn out 

to be true. However, the theoretical discussion will occur later in the thesis.  

The Geometric Euclidean Algorithm And Continued Fractions For Real Numbers 

 The Greek mathematician Euclid discovered in the West the Euclidean algorithm 

as seen in his book Elements, which was written around 300 BCE. One version of the 

algorithm appears in Book VII. This version of the algorithm aligns to what is known as 

the Euclidean algorithm.  The second version of the algorithm appears in Book X, and is 

possibly infinite. This version of the algorithm is known as the geometric Euclidean 

algorithm. 

 From the viewpoint of modern mathematics, one may say that the geometric 

Euclidean algorithm centers on the ratio of a pair of real numbers, while the “original” 

Euclidean algorithm centers around a pair of rational numbers. One can state simply state 

the geometric ratio as the ratio of a real number 𝛼 and 1.  

Let the integral part of 𝛼 be denoted by [𝛼]. That is, [𝛼] is an integer such that 

𝛼 ≤ 𝛼 < 𝛼 + 1. 

Then the Euclidean algorithm goes as follows. First,  

𝛼 = 𝛼 + 𝛼 − 𝛼 . 

The quantity 𝛼 − [𝛼], which is called the fractional part, is a nonnegative number less 

than 1. If it is 0, then the algorithm is finished. If not, then one writes 

𝛼 = 𝛼 +
1
!

!! !

  . 



	   23	  

Now 1/(𝛼 − [𝛼]) is a positive real number greater than 1, and so one can repeat the step 

of taking out the integral part.  

From this discussion, it is shown that the geometric Euclidean algorithm for a real 

number 𝛼 is terminated in a finite number of steps if and only if 𝛼 is a rational number. 

Otherwise, one has an infinite continued fraction expansion for 𝛼.  

Continued Fraction Expansion For 𝑵 

 It was stated earlier in this thesis that the solutions to the Pell Equation provide 

good approximations to 𝑁, where 𝑁 is a positive, non-square integer. One can see that 

convergents of a continued fraction of a number 𝛼 can also provide good rational 

solutions to 𝛼. Therefore, one can ask if any solution to the Pell Equation 

𝑥! − 𝑁𝑦! = 1 

may be a convergents from the continued fraction expansion for 𝑁. This turns out to be 

true. Two examples will be given, and the general patterns will be displayed later.  

 Let us consider 𝛼 = 2 first. The integral part of 2 is 1. Thus  

2 = 1+ 2− 1 = 1+
1
!
!!!

  . 

To continue, one needs to get the integral part of 1/(√2− 1). One computes: 

1
2− 1

=
2+ 1

2− 1 2+ 1
= 2+ 1 = 2+ 2− 1 . 

Thus the integral part of 1/(√2− 1) is 2. One substitutes this into the fraction above and 

obtains 

2 = 1+ 2− 1  
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= 1+
1
!
!!!

 

= 1+
1

2+ 2− 1
  . 

Something interesting occurs. A comparison of the first and the last lines of the above 

computation reveals that  

2− 1 =
1

2+ 2− 1
  . 

One may substitute this expression into the denominator of the fraction on the right-hand 

side and get 

2− 1 =
1

2+ 2− 1
 

=
1

2+ !
!! !!!

  . 

Obviously, this pattern continues indefinitely. Thus one says that the continued fraction 

expansion of 2 is periodic. Using the same notation for periodic decimal expansions, 

one can write 

2 = 1;   2 . 

One may say that the period has length 1 for obvious reasons. 

 Similarly, one can verify that the continued fraction expansion of 3 is also 

periodic: 

3 = 1;   1,2 . 

In this example, one has a period of length 2.  
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Now there will be a computation of a few convergents of these continued 

fractions. This will be done to show how well the approximations the real numbers in 

question are, and whether any solutions for the corresponding Pell’s equations are 

obtained.  

 For 2 = [1;   2] one has: 

𝐶! =
1
1 = 1,                    𝐶! = 1; 2 =

3
2 = 1.5; 

𝐶! = 1; 2, 2 =
7
5 = 1.4,                      𝐶! = 1; 2, 2, 2 =

17
12 = 1.416; 

𝐶! = 1; 2, 2, 2 =
41
29 = 1.41379… ,                      𝐶! = 1; 2, 2, 2 =

99
70 = 1.41428… , etc. 

If one compares this list with the value  

2 = 1.41421…, 

one again sees that the convergents with even indices form an increasing sequence of 

underestimates, while the convergents with odd indices form a decreasing sequence of 

overestimates. Of course, this time none of the approximations are exact, since 2 is an 

irrational number.  

 One also observes the excellent quality of the approximation. For example,  

𝐶! − 2 ≈ 0.00007 <
1

10000  , 

though the denominator of 𝐶! is only 70. In fact, it will be established later that every 

convergent of a continued fraction provides a better approximation.  

 3 also shows the validity of the approximations of the convergents. For the sake 

of space, the author and the author’s advisor record the first six convergents only, and 

leave the remaining convergents to be obtained by the reader. 
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One has  

3 = 1; 1,2 = 1.7320508… 

𝐶! =
1
1 = 1,                    𝐶! = 1; 1 =

2
1 = 2; 

𝐶! = [1; 1, 2] =
5
3 = 1. 6,                    𝐶! = 1; 1, 2, 1 =

7
4 = 1.75; 

𝐶! = 1; 1, 2, 1, 2 =
19
11 = 1. 72,                    𝐶! = 1; 1, 2, 1, 2, 1 =

26
15 = 1.73, etc. 

In general, the continued fraction expansion for 𝑁, where 𝑁 is a positive, non-square 

integer, has the form 

𝑁 = 𝑎!;   𝑎!,𝑎!,… ,𝑎! . 

More precisely, the expansion is periodic. The periodic behavior begins with the first 

partial quotient 𝑎! and the length of the period is 𝑚. 

Structure Of All Solutions For Pell’s Equations 

 If 𝑥 and 𝑦 are two positive integers that satisfy Pell’s equation 

𝑥! − 𝑁𝑦! = 1, 

then 

𝑁 =
𝑥! − 1
𝑦!                     and                     𝑁 =

𝑥! − 1
𝑦   . 

The numerator of the second fraction is very close to 𝑥 if the absolute value of 𝑥 is 

relatively large, and so 𝑥/𝑦 provides a good approximation for 𝑁. One can see through 

the above demonstration that the convergents of the continued fraction expansion for 𝑁 

are also increasingly good approximations of 𝑁. Therefore it is possible to hope that the 

numerator and denominator of a given convergent of 𝑁 may produce solutions for the 

corresponding Pell’s equation.  
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As mentioned previously, in this section the precise algorithm for finding all 

solutions to Pell’s equation 𝑥! − 𝑁𝑦! = 1 among the convergents of the continued 

fraction for 𝑁 will be given. Before giving the detailed statement of the full result, 

however, let one first observe various aspects of it through concrete examples.  

 Begin with  

2 = 1; 2 . 

The first six convergents produce 

1! − 2×1! = −1; 

3! − 2×2! = 1; 

7! − 2×5! = −1; 

17! − 2×12! = 1; 

41! − 2×29! = −1; 

99! − 2 ∗ 70! = 1. 

One can see the formation of an alternating pattern with the constant being either −1 or 1. 

 For  

3 = 1; 1, 2 , 

the first six convergents give 

1! − 3×1! = −2; 

2! − 3×1! = 1; 

5! − 3×3! = −2; 

7! − 3×4! = 1; 

19! − 3×11! = −2; 

26! − 3×15! = 1. 
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Another alternating pattern is produced, with the constant terms −2 and 1.  

 In general, the values assumed by the expression  

𝑝!! − 𝑁𝑞!!,          𝑘 = 0, 1, 2,… 

where  

𝐶! =
𝑝!
𝑞!

 

are the convergents of the continued fraction expansion of 𝑁, are periodic due to the 

fact that the partial quotients for 𝑁 are periodic.  

More precisely, if the length of the period is 𝑚, then 

𝑥 = 𝑝!!!,      𝑦 = 𝑞!!! 

produce the first and least positive integer solution for  

𝑥! − 𝑁𝑦! = −1 !. 

Thereafter, the positive integers 

𝑥 = 𝑝!"!!,      𝑦 = 𝑞!"!!,            𝑘 = 1, 2, 3,… 

satisfy 

𝑥! − 𝑁𝑦! = −1 !!,          𝑘 = 1, 2, 3,…   

 One can observe that, when 𝑚 is even, then all the displayed solutions solve the 

Pell equation; when 𝑚 is odd, then the displayed solutions solve the two Pell-type 

equations 

𝑥! − 𝑁𝑦! = ±1 

alternatingly. 

 Moreover, if 𝑥,𝑦  is a solution for   

𝑥! − 𝑁𝑦! = ±1, 

then letting  
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𝛼 = 𝑥 + 𝑁𝑦, 

     𝛽 = 𝑥 − 𝑁𝑦 

and writing  

𝛼! = 𝑋 + 𝑁𝑌, 

       𝛽! = 𝑋 − 𝑁𝑌  

One has 

𝑋! − 𝑁𝑌! = ±1 ! . 

Indeed, this fact comes directly from Brahmagupta’s composition law.  

Finally, one records that if one starts with  

𝑥 = 𝑝!!!          and      𝑦 = 𝑞!!!, 

then the 𝑘!! power of 𝑥 + 𝑁𝑦 gives exactly   

𝑋 = 𝑝!"!!          and          𝑌 = 𝑞!"!!,            𝑘 = 1, 2, 3,… 

That is, all solutions for the Pell-type equations 

𝑥! − 𝑁𝑦! = ±1 

are produced by  𝑥 = 𝑝!!!  and  𝑦 = 𝑞!!! by taking powers as defined above. If 𝑚 is 

odd, and if ones only wants positive integer solutions for the Pell equation, then one only 

has to take the even powers.  

The Equation 𝒙𝟐 − 𝟔𝟏𝒚𝟐 = 𝟏 

 One can apply these deductions to the equation 

𝑥! − 61𝑦! = 1, 

the first of the two specific Pell equations Fermat proposed to Frénicle. The continued 

fraction expansion for 61 is  

61 = 7; 1, 4, 3, 1, 2, 2, 1, 3, 4, 1, 14 . 
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The length of the period is 𝑚 = 11. Moreover, since 𝑚 is odd, the first solution displayed 

in the discussion of the previous section,  

𝐶!!! = 𝐶!" =
𝑝!"
𝑞!"

  , 

yields the identity 

𝑝!"! − 61𝑞!"! = −1. 

Thus one needs to compose this solution with itself to get the least positive solution for 

Pell’s equation 

𝑥! − 61𝑦! = 1. 

Here one will use the composition through  

𝑝!" + 61𝑞!"
!
= 𝑝!"! + 61𝑞!"! + 2𝑝!"𝑞!" 61. 

The computations run as follows. Recall that 

𝑝!! = 0,      𝑝!! = 1,      𝑝! = 𝑎!𝑝!!! + 𝑝!!!,      𝑘 = 0, 1, 2,… 

𝑞!! = 1,      𝑞!! = 0,      𝑞! = 𝑎!𝑞!!! + 𝑞!!!,      𝑘 = 0, 1, 2,… 

Therefore, 

𝑝! = 7,      𝑞! = 1      ⟹       𝐶! =
𝑝!
𝑞!
=
7
1    ; 

𝑝! = 1 ∗ 7+ 1 = 8,      𝑞! = 1 ∗ 1+ 0 = 1      ⟹       𝐶! =
𝑝!
𝑞!
=
8
1    ; 

𝑝! = 4 ∗ 8+ 7 = 39,      𝑞! = 4 ∗ 1+ 1 = 5      ⟹       𝐶! =
𝑝!
𝑞!
=
39
5    ; 

𝑝! = 3 ∗ 39+ 8 = 125,      𝑞! = 3 ∗ 5+ 1 = 16      ⟹       𝐶! =
𝑝!
𝑞!
=
125
16    ; 

𝑝! = 1 ∗ 125+ 39 = 164,      𝑞! = 1 ∗ 16+ 5 = 21      ⟹       𝐶! =
𝑝!
𝑞!
=
164
21    ; 
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𝑝! = 2 ∗ 164+ 125 = 453,      𝑞! = 2 ∗ 21+ 16 = 58      ⟹       𝐶! =
𝑝!
𝑞!
=
453
58    ; 

𝑝! = 2 ∗ 453+ 164 = 1070,      𝑞! = 2 ∗ 58+ 21 = 137      ⟹       𝐶! =
𝑝!
𝑞!
=
1070
137    ; 

𝑝! = 1 ∗ 1070+ 453 = 1523,      𝑞! = 1 ∗ 137+ 58 = 195      ⟹       𝐶! =
𝑝!
𝑞!
=
1523
195    ; 

𝑝! = 3 ∗ 1523+ 1070 = 5639,      𝑞! = 3 ∗ 195+ 137 = 722      ⟹       𝐶! =
𝑝!
𝑞!
=
5639
722    ; 

𝑝! = 4 ∗ 5639+ 1523 = 24079, 𝑞! = 4 ∗ 722+ 195 = 3083⟹ 𝐶! =
𝑝!
𝑞!
=
24079
3083    ; 

𝑝!" = 1 ∗ 24079+ 5639 = 29718, 𝑞!" = 1 ∗ 3083+ 722 = 3805 

⟹       𝐶!" =
𝑝!"
𝑞!"

=
29718
3805   . 

 Thus, one can verify that 

29718! − 61 ∗ 3805! = −1. 

Let  

𝛼 = 29718+ 3805 61. 

Then 

𝛼! = 29718+ 3805 61
!
= 29718! + 61 ∗ 3805! + 2 ∗ 29718 ∗ 3805 61 

= 1,766,319,049+ 226,153,980   61. 

Therefore the least positive solution for our Pell equation is  

𝑥 = 1,766,319,049,      𝑦 = 226,153,980, 

and 

1,766,319,049! − 61 ∗ 226,153,980! = 1. 
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PART III: NUMBER THEORY 

A Recursive Formula For The Convergents Of A Continued Fraction 

 Suppose one is given the continued fraction expansion of a real number 

𝛼 = 𝑎!;𝑎!,𝑎!,… ,𝑎! ,… , 

and suppose one denotes the convergents by  

𝐶! =
𝑝!
𝑞!
  ,              𝑘 = 0, 1, 2,… 

Then the relation among the quantities can be given by the following recursive formulas. 

One defines 

𝑝!! = 0,          𝑝!! = 1; 

𝑞!! = 1,          𝑞!! = 0. 

Then, for all integers 𝑘 ≥ 0, we have 

𝑝! = 𝑎!𝑝!!! + 𝑝!!!,                    and                    𝑞! = 𝑎!𝑞!!! + 𝑞!!!. 

 One sees that the formulas give the correct results for 𝑘 = 0 and 𝑘 = 1. Therefore 

one only needs to show the inductive step. For this step, one observes that, in general, 

𝑎!;𝑎!,… ,𝑎! ,𝑎!!! = 𝑎!;𝑎!,… ,𝑎! +
1

𝑎!!!
  . 

Now the inductive hypothesis gives the identity 

𝑎!;𝑎!,… ,𝑎! = 𝐶! =
𝑝!
𝑞!
=
𝑎!𝑝!!! + 𝑝!!!
𝑎!𝑞!!! + 𝑞!!!

  . 

Therefore, one computes 

𝑎!;𝑎!,… ,𝑎! ,𝑎!!! = 𝑎!;𝑎!,… ,𝑎! +
1

𝑎!!!
=

𝑎! +
!

!!!!
𝑝!!! + 𝑝!!!

𝑎! +
!

!!!!
𝑞!!! + 𝑞!!!

   

=
𝑎!!!𝑝! + 𝑝!!!
𝑎!!!𝑞! + 𝑞!!!

=
𝑝!!!
𝑞!!!

  . 
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  This completes the proof of the recursive formula.  

Immediate Consequences Of The Recursive Formula 

 The recursive formula allows several useful results to be proved quickly.  

 First, a simple induction shows that one has the identity 

𝑝!𝑞!!! − 𝑝!!!𝑞! = −1 !!!,                    𝑘 = 1, 2,… 

This identity shows that the convergent  

𝐶! =
𝑝!
𝑞!

 

features reduced fractions, that is, one has  

gcd 𝑝! , 𝑞! = 1. 

Indeed, a common divisor is a positive integer factor for both 𝑝! and 𝑞!, and the identity 

above show that the common divisor divides 1. So the factor is 1. 

In addition, the identity above also shows that 

𝐶! − 𝐶!!! =
(−1)!!!

𝑞!𝑞!!!    
 

through a direct computation.  This difference is positive when 𝑘 is odd, and negative 

when 𝑘 is even.  

Moreover, one has, when 𝑘 ≥ 2,  

𝐶! − 𝐶!!! =
𝑝!
𝑞!
−
𝑝!!!
𝑞!!!

=
𝑝!𝑞!!! − 𝑝!!!𝑞!

𝑞!𝑞!!!

=
𝑎!𝑝!!! + 𝑝!!! 𝑞!!! − 𝑝!!! 𝑎!𝑞!!! + 𝑞!!!

𝑞!𝑞!!!
=
𝑎! 𝑝!!!𝑞!!! − 𝑝!!!𝑞!!!

𝑞!𝑞!!!

=
𝑎! −1 !!!

𝑞!𝑞!!!
  . 
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This computation shows that the convergents 𝐶!,𝐶!,𝐶!,… form an increasing sequence, 

since 𝑞! , 𝑞!!! and 𝑎! are positive integers. Similarly, the convergents 𝐶!,𝐶!,𝐶!,… form a 

decreasing sequence. This sequence, combined with the identity for 𝐶! − 𝐶!!!, shows 

that every convergent with an odd index is greater than every convergent with an even 

index. Finally, one can observe from the recursive formula that the sequence {𝑞!} is a 

strictly increasing sequence of positive integers. This means that, if one writes 𝐷! = 𝐶! −

𝐶!!!, the sequence {𝐷!} tends to 0.  

 Thus one can summarize a few important conclusions that follow from this 

discussion. 

(1) Let 𝛼 be an irrational real number. An application of the geometric Euclidean 

algorithm produces an infinite continued fraction expansion [𝑎!;   𝑎!,𝑎!,… ]. The 

partial quotients are all positive integers except possibly for 𝑎!, which can be any 

integers.  

(2) The sequence of convergents {𝐶!!}!!!! with even indices is strictly increasing, 

while the sequence of convergents {𝐶!!!!}!!!!  with odd indices is strictly 

decreasing. Both have the same limit, namely 𝛼.  

(3) Writing 𝐶! = 𝑝!/𝑞!, one has  

𝛼 −
𝑝!
𝑞!

<
1
𝑞!!

  . 

 Incidentally, the last inequality shows that there are infinitely fractions of the 

form p/q such that the above inequality holds. This is a theorem first proved by P. G. L. 

Dirichlet (1805 – 1859). This property allowed him to prove the solvability of Pell’s 

equation without the geometric Euclidean algorithm or continued fractions. This proof of 

Direchlet’s property will be given. 
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Dirichlet’s Existence Proof 

Let 𝑁 > 0 be a positive integer that is not a perfect square. Then 𝑁  is irrational. For 

every fraction of integers 𝑝/𝑞,𝑝, 𝑞 > 0 satisfying 

𝑁 −
𝑝
𝑞 <

1
𝑞!  , 

one may multiply both sides by 𝑞 and get 

𝑝 − 𝑞 𝑁 <
1
𝑞  . 

This implies  

𝑝 < 𝑞 𝑁 +
1
𝑞   

and thus 

𝑝 + 𝑞 𝑁 < 2𝑞 𝑁 +
1
𝑞 < 3𝑞 𝑁. 

Therefore, one has the basic inequality 

𝑝! − 𝑁𝑞! = 𝑝 − 𝑞 𝑁 ∙ 𝑝 + 𝑞 𝑁 <
1
𝑞    ∙   3𝑞 𝑁 = 3 𝑁. 

Since there are only finitely integers between −3 𝑁 and 3 𝑁, there are infinitely many 

pairs of positive integers (𝑝, 𝑞) such that  

𝑝! − 𝑁𝑞! = 𝑚,                  − 3 𝑁 < 𝑚 < 3 𝑁. 

One may assume that 𝑚 > 0.  

One now considers the positive integer pairs (𝑝, 𝑞) with 𝑝! − 𝑁𝑞! = 𝑚. There 

are infinitely many pair which implies that one may choose two pairs, suppose (𝑝, 𝑞) and 

(𝑠, 𝑡), such that 

𝑝 ≡ 𝑠  mod   𝑚                 and                𝑞 ≡ 𝑡  mod   𝑚 . 
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 One now claims that the expression 

𝑝 − 𝑞 𝑁
𝑠 − 𝑡 𝑁

  , 

after rationalizing the denominator, will have integer coefficients. Indeed,  

𝑝 − 𝑞 𝑁
𝑠 − 𝑡 𝑁

=
𝑝 − 𝑞 𝑁 𝑠 + 𝑡 𝑁

𝑚 =
𝑝𝑠 − 𝑞𝑡𝑁

𝑚 +
𝑝𝑡 − 𝑞𝑠
𝑚 𝑁 = 𝑋 + 𝑌 𝑁. 

To show that the coefficients are integers, one observes that 

𝑋 = 𝑝𝑠 − 𝑞𝑡𝑁 ≡ 𝑝! − 𝑞!𝑁 = 𝑚 ≡ 0          mod   𝑚  

and 

𝑌 = 𝑝𝑡 − 𝑞𝑠 ≡ 𝑝𝑞 − 𝑞𝑝 = 0          mod   𝑚 . 

It is straightforward to check that (|𝑋|, |𝑌|) is a solution to the Pell’s equation 

corresponding to 𝑁, that is,  

𝑋! − 𝑁𝑌! = 1. 

It must be shown that this is not the trivial solution. That is, one needs to show that 𝑌 ≠ 0. 

However, if 

𝑌 = 𝑝𝑡 − 𝑞𝑠 = 0, 

then 

𝑞!𝑚 = 𝑞! 𝑠! − 𝑁𝑡! = 𝑞𝑠 ! − 𝑁(𝑞𝑡)! = 𝑝𝑡 ! − 𝑁(𝑞𝑡)! = 𝑡! 𝑝! − 𝑁𝑞! = 𝑡!𝑚. 

This would imply that  

𝑞 = 𝑡, 

which is a contradiction. Therefore 𝑋 , 𝑌  is a nontrivial solution for Pell’s equation. 

The proof is now complete.  
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Remark On Good Approximations And Best Approximations 

This proof can be simplified by saying that if there are good rational 

approximations of 𝑁, then some of these approximations must also solve the Pell’s 

equation. 

 A good approximation of a real number 𝛼 is not only one that is close to the 

value of 𝛼. The totality of the rational numbers on the real line demonstrates this fact. A 

good approximation is one that also has a relatively small denominator. 

 The author uses two results to affirm this fact. In general, Diophantine 

approximation is a prominent topic in number theory, and Dirichlet’s theorem on 

approximations is one of the foundational results of this topic of number theory.  

Every convergent in the continued fractions expansion of an irrational number is a 

good rational approximation. To illustrate this fact, let 𝛼 > 0 be an irrational number. Let 

𝑝/𝑞 be a convergent in the continued fraction expansion of 𝛼, and let 𝑚/𝑛 be a fraction 

of positive integers. Then  

𝛼 −
𝑚
𝑛 < 𝛼 −

𝑝
𝑞           ⟹           𝑛 > 𝑞. 

In this meaning, the convergent is a best approximation.  

Another way to show the quality of approximation is this approach. One knows 

that for every convergent 𝐶! = 𝑝!/𝑞! of an irrational number 𝛼, one has  

𝛼 −
𝑝!
𝑞!

<
1
𝑞!!

  . 

It turns out that the converse of this is not true. However, if 𝑠/𝑡 (𝑡 > 0) is a rational 

number such that 

𝛼 −
𝑠
𝑡 <

1
2𝑡!  , 
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then 𝑠/𝑡 is one of the convergents in the continued fraction expansion of 𝛼. In this 

manner, we may say that the best approximations of α are in the convergents of its 

continued fractions expansion. 

 The logical flow of this discussion is to ask how often the approximations of this 

efficiency occur among the convergents. The answer works quite well. Starting from C!, 

every two consecutive convergents contain a fraction that satisfies the above inequality.   

Periodic Simple Continued Fractions are Quadratic Irrationals 

 So far, the process has begun with a real number, and then developed its 

continued fraction expansion following a very simple principle, namely that, at every step, 

one must separate the number into its integral and fractional parts, and then express the 

fractional part, say 𝜑, as  

1
!
!

 

if 0 < 𝜑 < 1.  The rational number 1/𝜑 is then worked in the next step. If 𝜑 = 0, then 

the algorithm terminated.  

In this way, one sees that all the partial quotients are integers, and except possibly 

for 𝑎!, all the others in the expansion  

𝛼 = 𝑎!;𝑎!,𝑎!,𝑎!,…  

are positive. This is called a simple continued fraction.  

Now consider the question in the opposite direction. Suppose a simple continued 

fraction is given. What kind of real number does it represent? 

It is obvious that the simple continued fraction represents a rational number if it is 

finite. If it is infinite, then the simple continued fraction represents an irrational number. 



	   39	  

The latter is clear because the simple continued fraction expansion of a real number is 

essentially unique. 

 Suppose now that the simple continued fraction is infinite and periodic. One has 

observed this type of continued fractions when one considers the real numbers of the 

form 𝑁, where 𝑁 is not a perfect number.  Euler proved that every simple continued 

fraction of this form is a quadratic irrational number. This statement means it represents a 

real number 𝛼 that can be written as  

𝛼 =
𝑎 + 𝑏
𝑐   , 

where 𝑎, 𝑏, and 𝑐 are integers, where 𝑏 is positive but not a perfect square, and 𝑐 ≠ 0. 

 This fact is easy to see. First, if 𝛽 is a purely periodic simple continued fraction, 

namely 

𝛽 = 𝑏!; 𝑏!, 𝑏!, 𝑏!,… , 𝑏! , 

then one has 

𝛽 = 𝑏!;   𝑏!, 𝑏!, 𝑏!,… , 𝑏! ,𝛽 . 

Therefore, one has, according to the recursive formula that was developed for 

convergents of a continued fraction, 

𝛽 =
𝛽𝑝! + 𝑝!!!
𝛽𝑞! + 𝑞!!!

  , 

where 

𝐶! =
𝑝!
𝑞!
, 𝐶!!! =

𝑝!!!
𝑞!!!

 

are partial fractions of 𝛽.  
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The identity above can be rewritten as a quadratic equation, of which 𝛽 is a root. 

Since 𝛽 has an infinite continued fraction expansion, it is not rational. Thus it is a 

quadratic irrational. 

In general, one can write a periodic simple continued fraction as  

𝛼 = 𝑎!;𝑎!,… ,𝑎!,𝛽 , 

where 𝛽 is a purely periodic simple continued fraction. Then one has 

𝛼 =
𝛽𝑝! + 𝑝!!!
𝛽𝑞! + 𝑞!!!

  , 

where 

𝐶! =
𝑝!
𝑞!

, 𝐶!!! =
𝑝!!!
𝑞!!!

 

are partial fractions of 𝛼. Since 𝛽 is a quadratic irrational, so is 𝛼. This completes the 

proof of our assertion every real number 𝛼 whose continued fraction expansion is 

periodic is a quadratic irrational. 

Quadratic Irrationals Have Periodic Simple Continued Fraction Expansions 

 In this section, the work the Italian mathematician Joseph-Louis Lagrange (1736 – 

1813) is presented. More specifically, this sections looks to a proof of Lagrange that 

focuses on the simple continued fraction expansions. Lagrange proved that every 

quadratic irrational number is periodic in reference to its simple continued fraction. This 

theorem definitively links the quadratic irrationals to the Pell Equation.    

 The technical part of the theorem requires one to write an arbitrary quadratic 

irrational number in a specific form. Lagrange uses this form below. Let  

𝛼 =
𝑎 + 𝑏
𝑐   , 
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where 𝑎, 𝑏 and 𝑐 are integers, 𝑏 > 0, 𝑐 ≠ 0 and 𝑏 not a perfect square. Multiplying 𝛼 by 

1 = 𝑐 /|𝑐|, we get  

𝛼 =
𝑎 𝑐 + 𝑏𝑐!

|𝑐|𝑐 =
𝑃 + 𝑑
𝑄   . 

One observes that: 

(1) 𝑃,𝑄, and 𝑑 are integers; 

(2) The positive integer 𝑑 is not a perfect square; 

(3) The integer 𝑄 ≠ 0, and 𝑄 divides 𝑑 − 𝑃! since 𝑑 − 𝑃! = ( 𝑑 + 𝑃)( 𝑑 − 𝑃). 

Property (3) above is easily seen: 

𝑑 − 𝑃! = 𝑑 + 𝑃 𝑑 − 𝑃  

= 𝑎!𝑐! − 𝑏𝑐! 

= 𝑐! 𝑎! − 𝑏!  

= ±𝑄(𝑎! − 𝑏!) 

One now lets  

𝑎 = 𝛼  

and performs one step of the geometric Euclidean algorithm. Then one has 

𝛼 = 𝑎 +
𝑃 + 𝑑
𝑄 − 𝑎 = 𝑎 +

𝑑 − 𝑎𝑄 − 𝑃
𝑄 = 𝑎 +

1
!

!! !"!!

= 𝑎 +
1

! !! !"!!
!! !"!! !

= 𝑎 +
1

!"!! ! !
!! !"!! !

!

  . 

One claims that  

𝑃! =   𝑎𝑄 − 𝑃,      𝑄! =
𝑑 − 𝑎𝑄 − 𝑃 !

𝑄 =
𝑑 − 𝑃! !

𝑄   ,      and      𝑑 
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are integers that satisfy the conditions (1), (2) and (3) above. Conditions (1) and (2) are 

obvious except for the claim that  

𝑄! =
𝑑 − 𝑃! !

𝑄  

is an integer. One has  

𝑑 − 𝑃! ! = 𝑑 − 𝑎!𝑄! − 2𝑎𝑃𝑄 + 𝑃! = 2𝑎𝑃𝑄 − 𝑎!𝑄! + 𝑑 − 𝑃! . 

Every part of the equation in the above expression is a multiple of 𝑄. Therefore this 

shows that 𝑄! is an integer. Since     

𝑄! =
𝑑 − 𝑃! !

𝑄           ⟹           𝑄 =
𝑑 − 𝑃! !

𝑄!   , 

one sees that condition (3) is satisfied. 

 Summarizing, one has established that in general, one has   

𝛼! =
𝑃! + 𝑑!

𝑄!
  ,            𝛼!!! =

𝑃!!! + 𝑑!!!
𝑄!!!

 

where  

𝑃!!! =   𝑎!𝑄! − 𝑃! ,        𝑄!!! =
𝑑! − 𝑃!!!!

𝑄!
  ,      and      𝑑!!! = 𝑑! . 

Then the continued fraction expansion for 𝛼 follows the pattern 

𝛼! = 𝛼! + 𝛼! − 𝛼! = 𝛼! +
1

𝛼!!!
= 𝑎! +

1
𝛼!!!

  ,              𝑘 = 0. , 1, 2, 3,… 

 Therefore, one has 

𝛼 = 𝑎!;   𝑎!,… ,𝛼! =
𝑝!!!𝛼! + 𝑝!!!
𝑞!!!𝛼! + 𝑞!!!

  . 

Since 𝛼 is a quadratic irrational, one knows that its conjugate, 𝛼′, is  

𝛼! =
𝑝!!!𝛼!′+ 𝑝!!!
𝑞!!!𝛼!′+ 𝑞!!!

  . 
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Solving for 𝛼!′, one finds 

𝛼!! = −
𝛼!𝑞!!! − 𝑝!!!
𝛼!𝑞!!! − 𝑝!!!

= −
𝑞!!!
𝑞!!!

𝛼! − !!!!
!!!!

𝛼! − !!!!
!!!!

  . 

Since  

lim
!→!

𝑝!
𝑞!
= lim

!→!
𝐶! = 𝛼, 

one sees that the expression in the square brackets tends to 1. Therefore,  𝛼!! < 0 for all 

sufficiently large 𝑘. However, 𝛼! > 0 for all 𝑘 ≥ 1, hence 

𝛼! − 𝛼!! =
𝑃! + 𝑑
𝑄!

−
𝑃! − 𝑑
𝑄!

=
2 𝑑
𝑄!

> 0. 

This shows that, for sufficiently large 𝑘, 

𝑄! > 0. 

 Now, the author is ready to show that both 𝑃! and 𝑄! are bounded. Indeed, 

𝑄!𝑄!!! = 𝑑 − 𝑃!!!!       ⟹       𝑄! ≤ 𝑑 

and 

𝑃!!!! < 𝑑      ⟹     − 𝑑 < 𝑃!!! < 𝑑. 

Both of these inequalities are valid when the index 𝑘 is sufficiently large. 

Since the continued expansion of 𝛼 is infinite, and since the 𝑃! and 𝑄! are 

integers, the fact that they are bounded implies that there exist distinct indices, say 𝑚 > 𝑘 

and 𝑛 > 𝑘, such that 𝑃! = 𝑃! and 𝑄! = 𝑄!. This means that  

𝛼! = 𝛼!. 

Therefore, if 𝑚 < 𝑛, then starting from the index 𝑛 the continued fractions becomes 

periodic. (It may well have become periodic before then, of course.)  

 The proof for Lagrange’s Theorem is now complete. 
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Connection With Algebraic Number Theory 

 As can been seen in the historical sense, Brahmagupta began the systematic study 

of the Pell Equation with his composition formula 

(𝑥!! − 𝑁𝑦!!)(𝑥!! − 𝑁𝑦!!)

= (𝑥!𝑥! + 𝑁𝑦!𝑦!)(𝑥!𝑥! + 𝑁𝑦!𝑦!)− 𝑁(𝑥!𝑦! + 𝑥!𝑦!)(𝑥!𝑦! + 𝑥!𝑦!). 

Through Lagrange’s theorem, it has been established that a real number 𝛼 has a periodic 

continued fraction expansion if and only if 𝛼  is a quadratic irrational number. The time 

period between these two discoveries is over one thousand years as Bramhagupta’s 

discovery occurred in the seventh century CE and Lagrange’s theorem was published in 

1768 CE. These discoveries continue to influence modern mathematics as can be seen in 

the use of quadratic irrationals within algebraic number theory. 

 With the influential nature of these discoveries to modern mathematics, an 

investigation of this influence will begin with Lagrange’s discovery. Lagrange’s result 

not only brings about theoretical discussion but also philosophical discussion on the 

nature of numbers. The real numbers are divided into rational numbers and irrational 

numbers. Rational numbers are numbers who decimal expansions are either finite or 

infinitely periodic. In contrast, irrational numbers are numbers in which the decimal 

expansion is infinite and non-periodic.  

 However, with the study of continued fractions, one observes that if a real number 

is rational, then its continued fraction expansion is finite. However, if a real number is a 

quadratic irrational, the continued fraction expansion is infinite but periodic. In every 

other case, the continued fraction expansion is infinite and non-periodic. Through these 
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facts, a question arises of how the real numbers can be divided by the essence and 

feasibility of performing the continued fraction expansion of said real number. 

  Thus, one could argue that perhaps another way of dividing the real numbers 

besides rational and irrational exists. Why not group the quadratic irrationals with the 

rational numbers? 

 Within modern number theory, one considers the quadratic irrationals one 

positive, non-square integer at a time. For example, one considers the set of all quadratic 

irrationals that are of the form 𝑥 + 𝑦 2 in which 𝑥 and 𝑦 are rational numbers. This set 

of quadratic irrationals is called a quadratic number field. For each element of this field, 

one defines its norm to be  

𝑁 𝑥 + 𝑦 2 = 𝑥 + 𝑦 2 𝑥 − 𝑦 2 = 𝑥! − 2𝑦!. 

Of this norm, one of the important properties is that if 𝑎 = 𝑥! + 𝑦! 2  and  𝑏 = 𝑥! +

𝑦! 2,  then  𝑁 𝑎𝑏 = 𝑁 𝑎 𝑁(𝑏). 

 This is true through the following reasoning.  

𝑎𝑏 = 𝑥! + 𝑦! 2 𝑥! + 𝑦! 2 = 𝑥!𝑥! + 2𝑦!𝑦! + (𝑥!𝑦! + 𝑥!𝑦!) 2. 

Therefore, since 𝑁 𝑎 = 𝑥!! − 2𝑦!!,𝑁 𝑏 = 𝑥!! − 2𝑦!!,𝑎𝑛𝑑  𝑁 𝑎𝑏 = 𝑥!𝑥! + 2𝑦!𝑦! ! −

2 𝑥!𝑦! + 𝑥!𝑦! !. Thus, the formula 𝑁(𝑎𝑏) = 𝑁(𝑎)𝑁(𝑏) can be seen to be 

Brahmagupta’s composition law. 

  Studying these numbers of the form 𝑥 + 𝑦 𝐷  by way of one positive, non-square 

integer 𝐷 at a time is possible because of the fact that these quadratic number fields are 

closed under arithmetic operations. Number theory can be studied under these fields. In 

these fields, there are analogies to concepts such as primes and integers. In order to study 
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these concepts effectively, it is important to identify those integer-like elements that 

behave like 1 and −1 within the rational numbers. These elements are called units. 

  One observes that every unit satisfies the identity |𝑁(𝑢)| = 1. This can be seen 

as follows. If 𝑢 = 𝑚 + 𝑛 2, the 𝑁(𝑎) is an integer. If 𝑢 is a unit, then there is another 

integer-like element, say 𝑣 = 𝑝 + 𝑞 2, such that 𝑢𝑣 = 1. Thus, 1 = 𝑁 1 = 𝑁 𝑢𝑣 =

𝑁 𝑢 𝑁(𝑣). Since 𝑁(𝑢) and 𝑁(𝑣) are both integers, one concludes that they are either 1 

or -1. Thus, the solutions to the Pell Equation correspond to units. Therefore, the Pell 

Equation can be used to discover some of the most important parts of modern number 

theory.  In fact, the units form an algebraic system of their own.: they are closed under 

multiplication, and one says that they form a group. 

 Thus, the study of the Pell Equation goes beyond a simple compare-and-contrast 

of two different methods of solving an equation. The study culminates at a union point 

from which modern number theory develops. Thus, modern mathematics progresses by 

uniting various strains of thought in order to discover perhaps what man has been 

searching for in mathematics. This is why comprehensive studies of academic endeavors 

are so important. In these endeavors, one begins to question the status quo and to 

discover links that one could never have seen without seeing the full picture. Perhaps this 

fact is why mathematics will never be complete. The full picture can never be fully seen. 
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