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Chapter 1

Introduction

1.1 Electrophysiology of the Heart

The human heart is a complex and nonlinear system. The heart pumps blood throughout

the body, supplying oxygen and nutrients to the tissues and removing carbon dioxide and

other waste. The mechanical contraction of the heart is mediated by electro-chemical

excitation that travels through the specialized conduction systems and the muscles. These

excitation waves cause a coordinated contraction of the muscle in a normal heart. A

heartbeat starts with an electrical pulse in the sinoatrial (SA) node. The SA node is

located in the atria and is referred to as the heart’s “natural pacemaker, ” as it initiates

impulses for the heartbeat. The SA node of the heart sends an electrical signal in order

to initiate a new heart beat 60–100 times/min. The electrical pulse spreads to the atria

and to the ventricles through the atrioventricular (AV) node and specialized conduction

pathways, such as the bundle of His and Purkinje fibers. The electric pulse is followed

by a physical contraction of each cardiac cell. During contraction of a single cell, the
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chemical energy in the form of adenosine triphosphate (ATP) available in the cell has

to be transformed into mechanical work. If the electrical activity is orderly, all the cells

will contract in an orderly fashion, allowing the heart to pump the blood to other parts

of the body. When the heartbeat is above 100, or below 60, times/min, then we say the

heartbeat is abnormal. When it exceeds 350 beats/min, sudden death may occur.

1.2 The Cardiac Cell

Individual cardiac cells are bound to each other to form cardiac muscle tissue. Cardiac

cells are approximately brick-shaped and are stacked in the heart like a brick wall. The

cell is 100 µm in length and 22 µm in diameter. These cells are joined by channel proteins,

called gap junctions, to facilitate the movement of electrical impulses from one cell to

the next, allowing an electrical signal to propagate through the entire heart. The electric

signal initiates a process in each cell which is referred to as an “action potential ”. Gap

junctions are intercellular connections between cardiac cells and connect the cytoplasm

of two cells directly, allowing various ions and electrical impulses to directly pass through

a gate between them. A gap junction channel is composed of two connexons. These

connexons are connexin proteins. The gap junction channels are more concentrated

along the ends of the cells than along the sides, giving a directional propensity for the

propagation of electric impulse. These cells are excitable, as they are stable in their rest

state, but a small and finite stimulus will cause a transient response. In the resting state,

these cells exhibit an electrical potential across the membrane. The existence of this

potential is due to the electrical and chemical forces balancing each other without any
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movement of ions crossing the cell membrane. The typical value of the resting potential

in most cardiac cells is about −85 mV to −90 mV.

1.3 The Action Potential

The electrical activity of the cell can be measured by measuring the potential difference

between the inside and the outside of the cell. A single ventricular cell has various

concentrations of Na+, K+, and Ca2+ ions in the intracellular and in the extracellular

regions of the cell, separated by a cell membrane. The electric pulse originating from the

SA node reaches the ventricles through the conducting pathways and forces the ions to

flow in and out of the cell membrane through the ion channels, causing a change in the

membrane potential. The response of this membrane potential over the time duration of

each heartbeat is called an “action potential ”. The action potential (AP) can be defined

as an electrical pulse at the cellular level, generated by the movement of ions through the

transmembrane ion channels in the cardiac cells. Electrocardiogram (ECG) represents the

electrical activity of the whole heart and provides the summation of all the AP of all the

cardiac cells, and the information from the ECG reflects the characteristics of the AP. Fig.

1.1 shows the action potential generated from our simulation of the mathematical model,

the Bernus model under study. Cardiac cells are considered polarized when they are at

rest and no electrical activity takes place. This is called the “resting potential ”. The

electrical and chemical gradients of the ions are in equilibrium during the resting period

of the cell, and as a result, the transmembrane voltage is maintained at approximately

−90 mV. The action potential plot in Fig. 1.1 shows the electrical changes in the cell
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during the cycle of depolarization and repolarization.

The action potential consists of five phases, from 0 to 4, as shown in Fig. 1.1. Phase

4 is the resting phase of the cell, and during this phase, the cell is ready to receive

an electrical stimulus. During this phase, the cell membrane is permeable to K+ ions

more than it is to the other ions. For this reason, the resting potential is close to K+

potential, approximately −90 mV in the human ventricular cell. Phase 0 of the action

potential is characterized by a sharp upstroke, during which the fast Na+ ions enter the

cell through sodium ion channels in the cell membrane and the cell then depolarizes.

The depolarization causes the membrane potential to reach a peak positive value. The

sodium channels are voltage dependent because they open only when the membrane

voltage attains a certain voltage, called the “threshold voltage ”. Then some K+ comes

out of the cell, and the cell begins an early; and partial, repolarization, as seen in phase

1. During this phase, the cell begins to contract. Then the slow Ca2+ ions enter the cell,

causing a prolonged phase of slow repolarization, characterized by a plateau in phase 2

until the membrane potential falls to 0 mV. This is the distinctive feature of the cardiac

action potential. During phase 3, more K+ ions come out of the cell and cause the further

repolarization of the cell, characterized by its downslope, and the cell finally comes back

to its resting potential.

The action potential duration (APD) is defined as the amount of time in which the

voltage remains above a threshold membrane voltage. In this study, the threshold voltage

is chosen at 90% recovery from the peak voltage to the resting voltage, usually denoted

by APD90. The time duration between two consecutive stimuli is known as the “basic

cycle length (BCL) ” or the “pacing period (PP) ”. The time duration from the end of
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Figure 1.1: The change in transmembrane potential over time is called an action potential.
The action potential has five different phases.

the previous action potential to the beginning of the current action potential is called

the “diastolic interval (DI) ”. A typical response to the pacing of a cardiac cell is shown

in Fig. 1.2. For a constant basic cycle length, the pacing relation is given by

APD +DI = BCL (1.1)

1.4 Cardiac Arrhythmia and Antiarrhythmic Drugs

Cardiac arrhythmia is an abnormal heart rhythm and refers to a deviation from the

normal sequence of electrical impulses. When the electrical impulses coordinating the

heartbeats do not work properly, they cause the heart to beat either too fast or too
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Figure 1.2: The relation between APD, DI and BCL.

slow and sometimes irregularly. In the human heart, arrhythmia due to heartbeat above

100 times/min is called “tachycardia ” and arrhythmia due to a heartbeat below 60

times/min is called “bradycardia ”. Sudden cardiac death (SCD), primarily caused by

cardiac arrhythmias, is one of the leading causes of mortality in the United States. It is

responsible for over half of the total deaths due to cardiovascular disease and accounts for

over 325,000 deaths annually (1, 2). Ventricular fibrillation (VF), which severely distorts

the contraction rhythm of cardiac muscle (3), is the main cause of these mortalities. This

leads to full loss of the heart’s pumping function. Fig. 1.3 shows the various forms of

cardiac arrhythmias, corresponding to deviations from a normal heartbeat. As seen in

Fig. 1.3, there are different forms of tachycardia as the heart rate increases; and when

the heart rate is above 350 times/min, ventricular fibrillation occurs, which can cause

SCD in humans.

Antiarrhythmic agents are pharmaceuticals that are used to prevent cardiac arrhyth-

mias. These drugs are used to treat abnormal heart rhythms, which result from the
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Figure 1.3: Types of cardiac arrhythmias can result from changes in heart rhythm.
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irregular electrical activity of the heart. Several antiarrhythmic drugs alter cell mem-

brane ion conductances, causing changes in the electrophysiological response of the cell.

There are four main classes of antiarrhythmic drugs, grouped according to their elec-

trophysiological mechanism of action, also know as Vaughan-Williams classification (4).

Antiarrhythmic drugs are grouped by the effect they have on the ion channels and on

cardiac action potentials.

1. Class I: Sodium channel blockers.

2. Class II: Beta blockers.

3. Class III: Potassium channel blockers

4. Class IV: Calcium channel blockers.

1.4.1 Use of Antiarrhythmic Drugs and their Limitations

Various antiarrhythmic medications have been identified and are commonly used (5–7)

in the treatment of patients with life-threatening heart rhythms. While the clinical effect

of these medications must be well-documented to gain FDA approval (6, 8, 9), and the

biochemical effect of the compounds are also typically well-known (10–13), there remains

a large gap in our understanding of how the drugs affect dynamics at the cellular and

tissue levels.

One of the major limitations of antiarrhythmic drugs is proarrhythmia (14–17), which

is a worsening or induction of arrhythmia by drug application. In many cases, these drugs

prevent the recurrence of arrhythmia effectively; however, the drugs may produce the side

9



effects. The proarrhythmic nature of these antiarrhythmic drugs is an important factor

that limits their proper use. Therefore, the development of new antiarrhythmic drugs

that minimize, and even eliminate, the risk of proarrhythmia depends on understanding

the mechanisms of how these drugs induce proarrhythmia. The proarrhythmic risks of

sodium channel blockers have been studied using the drug flecainide, which showed an

increased mortality risk in dogs (14, 18). Potassium channel blockers can produce torsade

de pointes which may deteriorate into ventricular fibrillation (19, 20). There is little

direct evidence of calcium channel blockers contributing to significant proarrhythmia,

but excessive concentrations of these drugs may cause varying degrees of atrioventricular

block (21). Additionally, several clinical studies have noted increased mortality with

various classes of antiarrhythmic drugs (8, 9).

1.5 Bifurcation Theory

Bifurcation theory deals with the mathematical study of changes in the qualitative behav-

ior of dynamical systems which are nonlinear in nature. A nonlinear dynamical system

is a dynamical system in which the output is not proportional to the input. When a dra-

matic qualitative change in appearance takes place due to a small change in a system’s

parameters, a bifurcation is said to occur. Cardiac cells are nonlinear systems, as they

have nonlinear voltage and current profiles, and they also have the property of sudden

transitions to different cardiac rhythms (22).

The application of nonlinear dynamics in understanding cardiac arrhythmia has grown

tremendously over the last few decades. The generation of electrical activity in cardiac
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cells is through a very highly complex system. The system consists of many parts which

are interconnected and often has a nonlinear dependence on one or more variables, such as

the transmembrane voltage of cardiac cell membrane or ionic concentrations. Bifurcation

theory is useful in describing the electrical instability in cardiac cells. We can treat

the basic cycle length (BCL) as a bifurcation parameter. During periodic electrical

stimulation of a cardiac cell, M stimuli can elicit N responses of action potentials, referred

to as M :N behavior. Bifurcation mediates the transition from one response to another

response pattern under the changes in BCL (23). During slow pacing of a cardiac cell,

1:1 behavior is observed, and each APD is identical to the other. With rapid pacing,

APD shortens and bifurcation occurs, which can give rise to different responses: either

a 2:2 or 2:1 response (24). APD alternates in a long-short pattern during 2:2 behavior,

in a state called “alternans ” at a constant BCL. The transition from a 1:1 response to

a 2:2 response is of particular interest to researchers, as alternans has been shown to be

a precursor to arrhythmia (25–27).

1.6 Restitution

Cardiac alternans, which is a long and short alternation in the (APD), may be a precursor

to the development of ventricular arrhythmias (VAs), leading to SCD (1, 25, 28–33).

During slow pacing of cardiac cells, each stimulus generates a single AP with all APD

equal. However, at faster pacing, there is a decrease in APD as well as DI giving rise

to restitution. Restitution plays a crucial role in the function of heart at normal heart

rate with a shorter APD and a longer DI, providing enough time for refilling the heart
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with blood. However, with increasing heart rates, DI shortens quickly compared to APD

and the normal response pattern 1:1 can change to 2:2 giving rise to altenans. Some

recent clinical studies have shown that there is a correlation between alternans in the

electrocardiogram (ECG) and its tendency to promote ventricular fibrillation (25, 34,

35). Electrical restitution plays an important role in heart function and describes the

nonlinear functional relationship between APD and the preceding diastolic interval (DI).

The function is known as the APD restitution curve (RC). In an RC, we study the

relationship between APD and DI when the basic cycle length (BCL) is varied. The

steepness of the RC is thought to play an important role in determining the onset of

arrhythmia. Nolasco and Dahlen (36) mathematically predicted the onset of alternans

using the APD restitution relationship. The stability analysis of their mapping model

predicted the occurrence of alternans when the slope of the RC is greater than 1 (37),

termed as the restitution condition. When the slope of the RC exceeds 1, the 1:1 pattern

becomes unstable and heart rhythm behaves abnormally. There are several protocols to

measure different types of restitution curves (RC), each of which measures an individual

RC, the most common being the dynamic and the S1-S2 RCs (38, 39). We can study the

different aspects of mechanisms for changing the APD by these methods.

The mathematical relationship between APD and the preceding DI is written as

APDn+1 = F (DIn) (1.2)

where F is the function that relates APD to the preceding DI, known as the restitution

curve. APDn+1 denotes APD on the (n+ 1)th pace.
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If a cardiac cell is stimulated periodically with a basic cycle length BCL, then the

summation of the APD and DI at any beat n during 1:1 response is given by,

BCL = APDn +DIn (1.3)

Inserting Eq. (1.2) into Eq. (1.3), we see that the dynamics is governed by a 1-dimensional

map (28, 37) and is given by

APDn+1 = F (BCL− APDn) (1.4)

It was shown by Guevara (37) that when the slope of the RC is less than 1, the 1:1

response pattern is stable. However, for such a model, there is only one RC regardless of

the pacing protocol (40).

A new type of mapping model was proposed by Gilmour et al. (41), to describe their

experiments using dog hearts, and they proposed that the 1:1 response pattern becomes

unstable when the RC, using the dynamic restitution protocol, is greater than 1. A

model of this form was later derived analytically (42) from an ionic model of the cardiac

membrane. This mapping model assumes that APD depends on the preceding DI as

well as on the preceding APD. The mapping model displays rate dependent restitution

because there is an explicit dependence of F on both APDn and DIn, which is of the

form

APDn+1 = F (APDn, DIn) (1.5)
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Inserting Eq. (1.3) into Eq. (1.5), this model is still represented by a 1-dimensional map

and is given by

APDn+1 = F (APDn, BCL− APDn) (1.6)

In several experiments and modeling studies (39, 43–45), when the slope of the RC was

equal to or greater than 1, the rapid pacing induced alternans and fibrillation in isolated

ventricles, whereas alternans and fibrillation did not occur when the slope of the RC was

less than 1 (39, 43, 44). These experiments also indicated that fibrillation in ventricles can

be suppressed by flattening the RC by lowering its slope below 1. Researchers suggested

that the maximum slope of the electrical RC is an indicator of the risk of arrhythmia

and plays an important role in the development of new antiarrhythmic drugs (46, 47).

By analyzing the steepness of the RC, we can study the initiation and maintenance of

alternans (42). The flattening of the RC results in the disappearance of alternans and

helps to maintain a steady state APD for normal heart rhythm, and therefore, the study

of the slope of the RC plays an important role in anti-arrhythmic therapy (48). The

restitution hypothesis conceived by Nolasco and Dahlen, however, has been shown to fail

in some recent experiments (24, 40, 49, 50), suggesting that the slope of the RC does not

predict alternans.

1.6.1 Dynamic Restitution

After the cell is paced at a fixed interval for some time period, a steady state is attained,

and during this state, there a correspondence between APD and DI. The dynamic resti-

tution curve (DRC) is determined by steady state APD and DI. The steady state APD
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and DI are measured at each BCL as the BCL is varied. So for a given cardiac cell we

obtain a single DRC.

1.6.2 S1-S2 Restitution

The immediate effect of a perturbation in BCL on a system which was previously at the

steady state is measured by the S1-S2 restitution curve. The incomplete recovery of ionic

currents causes this immediate response to perturbation (51). In the S1-S2 restitution

method, the cell is paced at constant basic cycle length (S1) until the steady state is

reached. This is followed by a single stimulus (S2) at a different BCL. The interval

between S1 and S2 is varied, and the APD produced by the S2 BCL and the preceding

DI is used to obtain a point on the RC. The choice of different S1 BCLs results in different

restitution curves (40, 52, 53).

In cardiac cells, the APD does not depend only on the previous DI, but also with the

short-term pacing history, such that each APD plays an important role in determining

the next APD (38, 54). This property is called “short-term cardiac memory”. S1-S2

restitution curves with different S1 BCLs would be very much similar in the absence of

short-term cardiac memory.

1.6.3 Previous Experimental Work

Experimental examination of the effect of antiarrhythmics on action potential duration

(APD) is fairly commonplace, although results are not very consistent. Several studies

have examined the effect of class I antiarrhythmics on APD (55–65) with some studies
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observing an increase of APD with application of the drug (55, 59–61), others observing

a decrease in APD (55, 57, 58, 62), yet others observing no change in APD (63–65), and

one study even observing biphasic dose-dependent behavior (56). There is somewhat less

confusion about the effect of potassium channel blockers on APD, with the majority of

studies finding prolongation of APD in the presence of a class III drug (59, 66–74). Two

studies have seen other effects of potassium channel blockers: one study noted biphasic

dose-dependent behavior in the presence of azimilide (75), while another study noted a

decrease in APD during treatment with amiodarone (70). Finally, most studies using

class IV antiarrhythmics indicate that these drugs shorten APD (59, 62, 76), although

one study observed biphasic dose-dependent behavior in the presence of verapamil (59).

There have also been a number of experimental studies that examined the rate-

dependent effect of antiarrhythmics. Such studies, measuring the effect of a drug on

APD at several different pacing rates, are particularly common for class III antiarrhyth-

mics where a phenomenon called reverse rate dependence (RRD) has been observed

(66–69, 71–73, 76–79). RRD refers to a decrease in the effect of a drug at rapid pac-

ing, where we would actually like for the drug to be most effective. While RRD has

frequently been observed for class III antiarrhythmics, there are other studies that have

noted positive rate dependence (72), or no rate dependence (73), for drugs in this class.

Some studies examining the rate dependent effect of class I agents also showed mixed

results, with RRD observed in cardiac tissue from some animals, but not others (78, 80),

and positive rate dependence observed in yet another study (74). There are no studies

of the rate-dependent effect of class IV antiarrhythmics on APD.

There are a number of experimental and modeling studies (39, 43–45, 49, 81) which
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studied the restitution hypothesis. When the slope of the RC was equal to or greater

than 1, the rapid pacing induced alternans and fibrillation in isolated ventricles, whereas

alternans and fibrillation did not occur when the slope of the RC was less than 1. These

experiments also indicated that fibrillation in ventricles can be suppressed by flattening

the RC. However, there are cases, where the slope of the RC is greater than 1, and still

there is an absence of alternans. The experiments on frog cardiac tissue (24) and rabbit

heart tissue (49) showed no alternans, even though the slope of the RC is greater than

1. There are experiments on bullfrog (40) and canine cardiac Purkinje fibers (50), where

the slope of the RC does not approach 1, even though alternans are present. These

experiments contradict the restitution hypothesis.

1.6.4 Importance of Mathematical Modeling of Antiarrhythmic

Drugs

A limitation of the experimental studies is the small number of drug concentrations used

to determine the effect of a drug. Some of the mixed findings might arise from the

limited number of doses used in these studies. Additionally, the use of spatially extended

tissue to measure single-cell effects makes it difficult to isolate drug effects from the

effects of spatial coupling or the effects of spatial heterogeneity. These limitations make

it difficult to form a complete understanding of how a drug alters the electrophysiological

properties of a single cell. Mathematical models can help fill in some of the gaps left by

experimental data since a wide range of doses can easily be simulated. Some modeling

studies have simulated the effect of antiarrhythmics (82–90), although many follow the
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lead of experiments and examine only a few doses (87–90), providing an incomplete

understanding of the full range of effects of an antiarrhythmic.

Chay explained the proarrhythmic action of some class I and IV antiarrhythmic drugs

and how some potassium channel blockers can control reentrant arrhythmias through

simulations of cardiac cells arranged in a ring (84, 85). Chay modeled the antiarrhythmic

drugs by varying conductances of Na+, Ca+, and explained how blocking of these currents

can be proarrhythmic by means of a bifurcation approach and simulation of the model.

At a certain ring size, termed the critical ring size (CRS), the infinite ring behavior

breaks down suddenly. Sodium and calcium channel blockers shorten this CRS, whereas

the potassium blockers lengthen this CRS. Shortening of CRS refers to a drug being

proarrhythmic whereas lengthening of CRS explains the drug being antiarrhythmic.

Trenor et al. (82) carried out computational work to develop an in-silico tool for

the safety assessment of preclinical antiarrhythmic drugs using the O’Hara model for

human ventricular cells (91). Their computational work illustrated the proarrhythmic

potential of antiarrhythmic drugs by examining the impact of the ratio of potassium

channel blockers and sodium channel blockers on APD. A detailed model of cardiac

electrophysiology was also used in computer simulations by Mirams et al. (83) where

they predicted the risk of proarrhythmic effects of the antiarrhythmic drug.

Brennan et al. (92) reviewed detailed models of antiarrhythmic drug action on car-

diac electrophysiology. They presented mathematical modeling that has been used to

investigate the interaction of drugs with Na+ and K+ channels and how they alter the

electrophysiological behavior of cardiac cells and tissues. Brennan et al. (93) modified

the Ten Tusccher and Panfilov model (94) and used it for simulation of the potassium
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blocker sotalol. They found that sotalol induced changes in the AP of ventricular cells at

different BCLs. A comparison of the response of the Brennan model at different BCLs

was made with experimental data from excised human hearts (95).

In our study, we use the Bernus model (96) of a single human ventricular cell and the

Fox model (97) of a single canine ventricular cell to implement different doses of sodium,

potassium and calcium channel blockers through a parameter called “efficacy”. From

our computational work, we are able to study the change in the APD, rate dependence,

perform a bifurcation analysis, and study the restitution properties of APD on both types

of cells.

1.7 Modeling of Cardiac Cells

1.7.1 The Hodgkin and Huxley model

The mathematical modeling of biological excitable media, such as neurons and cardiac

cells, started in 1952 with the Hodgkin-Huxley model of the squid giant axon (98). The

Hodgkin-Huxley model describes the generation of action potentials in neurons. Hodgkin

and Huxley demonstrated that the macroscopic ionic currents in the squid giant axon are

due to changes in Na+, K+ conductances in the membrane of the axon. Based on their

experiments, Hodgkin-Huxley developed a detailed mathematical model of the Na+ and

K+ conductances. Both of these conductances are voltage and time-dependent. Their

pioneering work led to the development of a coupled set of differential equations that

describe the ionic basis of the action potential.
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We can think that each individual ion channel is either open or closed in the cell

and contains one or more than one physical gate. These gates then regulate the flow of

ions through the channel. The gates are protein pores in the cell membrane and have

openings that are wide enough for the ions to pass through. The concept of “gating

variables” is introduced by Hodgkin and Huxley and subsequently used thereafter in

other mathematical models. Each gating variable y, which is the probability function of

opening or closing the gate, can be constructed in order to define the fractional opening

of the channels as a function of the voltage and time. The value of a gating variable is

a dimensionless quantity that ranges between 0 and 1 with 0 corresponding to all ion

channels closed, and 1 corresponding to all ion channels open.

From their experiments on the squid giant axon, Hodgkin and Huxley found that

sodium and potassium conductances could be reproduced by using gating variables that

obey first order differential equations. The differential equations are of the form

dy(t)

dt
=
y∞ − y(t)

τy
, (1.7)

where y∞ describes the steady state value of y, and τy is a time constant.

The parameters y∞ and τy characterize a gate. The parameter y characterizes the

state of this gate at a particular time. y∞ and τy are implicitly time-dependent because

they depend on the membrane potential. We can write the above equation in the form

of a rate equation. This equation describes the opening and the closing of the gates at

various times and as a function of cell membrane voltage. Therefore the gates control
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the kinetics of ionic flow through the ion channels.

dy(t)

dt
= αy(1− y)− βyy, (1.8)

where αy is the rate at which the ion channel gates change from closed to open state

and βy describes the rate at which the gates change from open to closed state. Together,

they give the total rate of change in the ion channels during an action potential. They

are both rate constants that vary with membrane voltage only and have dimension of

[time]−1. Their values are based on empirical data.

If the membrane voltage Vm is maintained at some fixed value V , then the fraction

of gates of the ion channel in the open state will reach a steady state value (i.e., dy/dt

= 0) as t→∞.

The equation Eq. (1.8) can then be written as follows.

y∞ =
αy

αy + βy
. (1.9)

The time approaching this equilibrium value is described by a simple exponential with

time constant τy given by:

τy =
1

αy + βy
. (1.10)

An individual ion channel in an open state contributes a small, but fixed, value to

the total conductance, while channels in the closed state contribute nothing. For a large

number of channels, the conductance is thus proportional to the number of channels that

are in the open state. So the conductance is therefore proportional to the probability that
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the gates associated with the channels are open. Therefore the macroscopic conductance

Gion due to ion channels with the gating variable y is proportional to the product of each

of the individual gate probabilities y:

Gion = gionΠyi, (1.11)

where gion provides the maximum conductance that is possible when all the ion channel

gates are open.

In the Hodgkin and Huxley model, the three gating variables n, m and h describe the

behavior of three different ion gates, the K+ channel gate, the Na+ channel activation

gate and the Na+ channel inactivation gate, respectively. There are no Ca2+ ions in the

neuron cells, so this model lacks the presence of Ca+ that is present in the cardiac cells.

The potassium channel conductance was expressed as a power function of the gating

variable n. Hodgkin and Huxley found that the potassium channel conductance could

be expressed as

GK = gKn
4, (1.12)

where gK denotes the maximum conductance of the potassium channel.

The conductance of the sodium channel is a function of two gating variables, activation

gating variable m and inactivation gating variable h. Hodgkin and Huxley gave the

empirical expression for the conductance of the sodium channel as

GNa = gNam
3h, (1.13)
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where gNa denotes the maximum conductance of the sodium channel. The probability of

opening of activation gates increases with depolarization, while the probability of opening

of inactivation gates decreases with depolarization.

These three gating variables are determined as follows using Eq. (1.8) (98)

dn

dt
= αn(1− n)− βnn (1.14)

dm

dt
= αm(1−m)− βmm (1.15)

dh

dt
= αh(1− h)− βhh (1.16)

These α’s and β’s are the rate constants, and they are voltage dependent. Their empirical

functions, which were fitted to data from experiments on squid giant axon (98), are

αn =
0.01(V + 10)

exp[(V + 10)/10− 1]
(1.17)

βn = 0.125 exp[V/80] (1.18)

αm =
0.01(V + 25)

exp[(V + 25)/10− 1]
(1.19)

βm = 4 exp[V/18] (1.20)

αh = 0.07 exp[V/20] (1.21)

βh =
1

exp[(V + 30)/10 + 1]
. (1.22)

Hodgkin and Huxley suggested that the electrical behavior of the cell membrane of

the squid giant axon may be represented by an electrical equivalent circuit as shown in

Fig. 1.4. In the figure, a capacitor is used to describe the charge storage capacity of the
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Figure 1.4: Equivalent electrical circuit showing a cell membrane of squid giant axon.
The capacitor Cm describes the capacitance of the cell membrane. Two variable resistors
RNa, and RK , are the voltage dependent Na+ and K+ conductances. The fixed resistor
RL is the voltage independent leakage conductance and the three batteries represent
reversal potentials for the corresponding conductances (98).

cell membrane. The voltage-dependent Na+ ion, K+ ion conductances are represented

by two variable resistors and voltage independent leakage conductance L is represented

by a fixed resistor RL.

The current is carried through the cell membrane capacitance and also by the passage

of ions through the resistances RNa, RK and RL in parallel with the membrane capaci-

tance. The ionic currents are potassium current IK , a sodium current INa, and a small

leakage current IL which was later identified as chlorine current ICl.

The current I is related to electrical potential V by Ohm’s law, given by

I =
V

R
, (1.23)

where R is the resistance.
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In order to calculate the value of the potential contributing to Na+, K+ and leak

channel ion flow, we take the difference between the membrane potential Vm (V=Vm)and

the equilibrium potential Eion. The equilibrium potential, also known as Nernst potential

is the potential that exists due to the concentration gradients of ions across the membrane.

Hence, we have the modified Ohm’s law as follows.

I =
Vm − Eion

R
. (1.24)

The conductance of ion channels across the membrane is given by the reciprocal of

the resistance, GNa=1/RNa, GK=1/RK and GL=1/RL. In terms of conductances, the

sodium current INa, the potassium current IK , and the leakage current IL are given by

INa = GNa(Vm − ENa) (1.25)

IK = GK(Vm − EK) (1.26)

IL = GL(Vm − EL), (1.27)

respectively. Using Eq. (1.12), and Eq. (1.13) the sodium current, and the potassium

current are given by

INa = m3hgNa(Vm − ENa) (1.28)

Ik = n4gK(Vm − EK), (1.29)
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and the leakage current is given by

IL = gL(Vm − EL). (1.30)

According to Hodgkin and Huxley, sodium conductance showed a more complex

behavior than potassium conductance. The sodium conductance showed a transient

response, whereas the potassium conductance showed a sustained response with step

changes in the voltage. They found that sodium channels inactivate whereas the potas-

sium channels do not. In order to model this process, they postulated that the sodium

channels are controlled by two gating variables: m, an activation gate and h, an inacti-

vation gate, both of which depend on the membrane potential. The activation variable

m is found to increase with membrane potential and the inactivation variable h found

to decrease with the membrane potential. Hodgkin and Huxley modeled the sodium

conductance using three m gates and one h gate as shown in the above equation by the

exponent of m and h respectively. The potassium channels are controlled by a single

gating variable n and its value increases with the membrane potential. They modeled

the potassium channel conductance with four identical n gates shown by the exponent

of n in the equation.

The total current I is the sum of the current that charges the cell membrane capaci-

tance and the currents due to individual ions,

I = IC + Iions, (1.31)
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where

Iions = INa + IK + IL (1.32)

IC is the capacitive current which is the rate of change of charge q at the surface of

membrane surface given by

IC =
dq

dt
. (1.33)

This charge q is stored in the membrane capacitance and is related to the instantaneous

membrane voltage Vm and membrane capacitance Cm by

q = CmVm. (1.34)

Therefore, the capacitive current is given by

IC = Cm
dVm
dt

. (1.35)

Substituting for IC in Eq. (1.31) gives

I = Cm
dVm
dt

+ INa + IK + IL. (1.36)

Substituting for ionic currents from Eq. (1.28), (1.29) and (1.30), we get

I = Cm
dV

dt
+m3hgNa(V − ENa) + n4gK(V − EK) + IK + gL(V − EL). (1.37)

If an externally stimulated current Istim is applied to the circuit then this current is
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equal to I, which is the total current within the circuit. The Hodgkin and Huxley model

is a representation of the action potential in the squid giant axon, and this model can

be applied to many different excitable cells with some modification, as the underlying

mechanisms of ion transport remain the same. The first mathematical model of cardiac

cells was developed in 1960 by Denis Noble (99) by describing the action potentials of

the Purkinje fibers. Action potentials in cardiac cells differ considerably from action

potentials found in nerve cells. The major difference is the presence of calcium ions in

the cardiac cells. The calcium ions play an important role in the repolarization phase

of the action potential. The calcium influx into the cell prolongs the duration of the

action potential and therefore produces a characteristic plateau phase which is missing

in the action potential of the neurons. Because of the presence of calcium ions in cardiac

cells, the duration of the action potential is very long compared to the duration of action

potential found in neurons.

A number of different types of cardiac cell models from different species have been

developed to represent different areas of the heart, including the atria and ventricles, the

SA node, as well as the specialized conducting cells in the bundle of His and Purkinje

systems. There is an increase in the complexity of mathematical models that are used to

describe the electrical dynamics of cardiac cells with the discovery of new ion channels

and the ionic processes.

The Beeler-Reuter model (100) is the first ventricular model based on experimental

data from the guinea pig describing four ionic currents that include the addition of a

Ca2+ current and six gating variables to the Hodgkin and Huxley model. Luo-Rudy

(101) developed their model for guinea pig ventricular cells based on the Beeler-Reuter
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model with six ionic currents. In the following sections, we will discuss the Bernus model

of a human ventricular cell and the Fox model of a canine ventricular cell.

1.7.2 The Bernus Model

Priebe and Beuckelmann published the first human ventricular model, based on the Luo-

Rudy 2 model (102), an extension of the earlier Luo-Rudy 1 model (101) of guinea pig

ventricular cells, in 1998 (103) with 17 variables, including the membrane voltage and

9 gating variables. The Bernus model (96) is the reduction of the Priebe-Beuckelmann

(PB) model published in 2002. The number of variables was reduced to a total of 6 that

includes the membrane voltage and 5 gating variables. Bernus found that their model is

4.9 times faster for numerical computation and is more stable than the PB model. The

Bernus model consists of 9 different currents described as follows.

1.7.2.1 The Fast Na+ Current

The fast sodium current in the Bernus model is given by

INa = gNam
3v2(Vm − ENa), (1.38)

where gNa is the maximum conductance of Na+ ions, Vm is the transmembrane potential

and ENa is the Nernst potential for INa. m is the activation gating variable and v is the

inactivation gating variable.

The three activation gates and one inactivation gate are proposed by Hodgkin and

Huxley for neurons and are applicable to cardiac cells (100). According to Hodgkin and
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Huxley, the exponent of m represents three identical activation gates and the exponent of

v represents two identical inactivation gates in a sodium channel. Later, it was interpreted

that the exponent three refers to the three arms of the sodium channel protein that rotate

in order to block the channel or leave the channel open for Na+ ions to pass through.

The channel undergoes conformational changes as the transmembrane voltage changes,

causing the arms to rotate. The position of the arms is probabilistic and the probability

depends on the transmembrane voltage. In order to have the gate open, we require that

all three arms rotate to the open position so that the Na+ ions can pass through.

As shown in Fig. 1.5, the activation gates m, are closed and the inactivation gates v

are open when the cell membrane is at its resting membrane potential. The activation

gates m, begin to open gradually and Na+ ions enter the cell through the ion channel

and the depolarization of membrane voltage is initiated. The Na+ current reaches a

maximum value when the activation gates m are completely open. As Na+ current

reaches the maximum value, the inactivation gates v begin to close and the passage of

Na+ ions gradually decrease. The passage of Na+ ions stop when the inactivation gates

v are completely closed.

1.7.2.2 The Slow Ca2+ Current

The slow calcium current is given by

ICa = gCad∞ffCa(Vm − ECa), (1.39)
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Figure 1.5: (top) Action potential of a ventricular cell, (bottom) activation gating
variable m, inactivation gating variable v and the flow of Na+ current.
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where d∞ is the activation variable and f is the inactivation variable. fCa is a proportional

factor independent of Vm and is calculated using

fCa =
1

1 + [Ca2+]i/0.0006
, (1.40)

where gCa is the conductance of Ca2+ ions, f is the inactivation variable and ECa is

the Nernst potential for Ca2+ ion. d∞ depends on membrane potential only whereas f

depends on both membrane voltage and time.

From Fig. 1.19, we see that the inactivation gate f opens and the Ca2+ ions enter

through the ion channels. The Ca2+ current reaches a maximum value and then decreases

gradually showing a plateau characteristic of the action potential. The Ca2+ current

decreases with fewer ions entering the cell and finally becomes zero, even though the

gate remains open.

1.7.2.3 The Transient Outward K+ Current

The transient outward current is one of the potassium currents, when the K+ flows out

of the cell during phase 1 (Fig. 1.1) repolarization of the action potential.

Ito = gtor∞to(Vm − Eto). (1.41)

This current has two gating variables; r∞ is the activation variable and to is the inacti-

vation variable. gto is the conductance of Ito current. Eto is the Nernst potential for Ito

current. r∞ depends on membrane potential only whereas to depends on both membrane

voltage and time.
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Figure 1.6: (top) Action potential of a ventricular cell, (bottom) gating variable f , and
the flow of Ca2+ current.
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As shown in Fig. 1.7, the inactivation gate to is initially open and the potassium

ions flow out of the channels. The Ito current reaches a maximum value after which the

current decreases with the closing of the gates until the current becomes zero.

1.7.2.4 The Delayed Rectifier K+ Current

The delayed rectifier current is due to the flow of K+ ions during the phase 3 (Fig. 1.1)

repolarization of the action potential.

IK = gKX
2(Vm − EK), (1.42)

where gK is the conductance of IK current and X is the activation gating variable. EK

is the Nernst potential for K+ ions.

The exponent of the gating variable X explains that the potassium channel has two

arms that can rotate and either block the channel or leave it open for K+ ions to pass

through. With the slower opening of the gate X, the efflux of K+ ions increases (Fig.

1.8) and thereby increases the potassium current. After reaching a maximum value the

current begins to decrease with the closing of the X gate.

1.7.2.5 The Inward Rectifier K+ Current

This K+ current is the outward current unlike the name suggests. The name arises

because “ inward rectification” is the property that the outward current of these channels

is blocked at high membrane potentials.

IK1 = gK1K1∞(Vm − EK), (1.43)
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Figure 1.7: (top) Action potential of a ventricular cell, (bottom) gating variable to, and
the flow of transient outward potassium current Ito.
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Figure 1.8: (top) Action potential of a ventricular cell, (bottom) gating variable X, and
the flow of K+ current.
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where gK1 is the conductance for IK1 current. K1∞ is the inactivation gate of the

current IK1 and depends on membrane potential only. This current has no explicit time

dependence and its dynamic behavior depends only on the membrane potential. This

current flows out of the cell during the infux of Na+ and during the resting potential

period (Fig. 1.9).

1.7.2.6 The Na+ - K+ Pump

The activity of the pump is stimulated by extracellular K+ ions and intracellular Na+

ions and depends on the membrane potential. The Na+ - K+ pump allows three Na+

ions to exit out of the membrane in exchange for two K+ that enter the cell. The pump

works during the various phases of the action potential (Fig. 1.10) and allows enough

Na+ to get accumulated on the outside of the cell for the next depolarization.

INaK = gNaKfNaKf
′
NaK , (1.44)

where gNaK is the conductance for INaK current. fNaK is the voltage dependent parameter

of INaK and f ′NaK is the parameter depending upon the fixed ion concentrations of Na+

and K+ ions.

1.7.2.7 Na+ - Ca2+ Exchanger

INaCa = gNaCafNaCa, (1.45)

where gNaCa is the conductance of INaCa current. fNaCa is the voltage dependent param-

eter and also depends upon the fixed ion concentrations of Na+ and Ca2+ ions.
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Figure 1.9: (top) Action potential of a ventricular cell, (bottom) the flow of K1 current
from the cell.
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Figure 1.10: (top) Action potential of a ventricular cell, (bottom) flow of NaK current.
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The Na+- Ca2+ exchanger removes a single Ca2+ ion in exchange for the import of

three Na+ ions into the cell. When the membrane potential is negative, the Na+- Ca2+

exchanger sends Ca2+ out as Na+ enters the cell. The exchanger works in the opposite

direction once the cell is depolarized with membrane potential becoming positive,. i.e.,

Na+ ions leave and Ca2+ enters the cell. As shown in (Fig. 1.20), the exchanger current

flows during various phases of the action potential.

1.7.2.8 The Ca2+ and Na+ Background Currents

The Ca2+ background current ICa,b is introduced into the model for balancing Ca2+

extrusion through INaCa at resting potential.

ICa,b = gCa,b(Vm − ECa), (1.46)

where gCa,b is the conductance of ICa,b current. The flow of Ca2+ background current

during various phases of action potential is shown in (Fig. 1.12).

Similarly, Na+ background current is introduced for maintaining the resting level of

intracellular Na+ ions. The Na+ ions exit the cell through the pump and entry into the

cell through the exchanger maintains the resting level of intracellular Na+ ions.

INa,b = gNa,b(Vm − ENa), (1.47)

where gNa,b is the conductance of INa,b current. The flow of Na+ background current

during various phases of action potential is shown in (Fig. 1.13).
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Figure 1.11: (top) Action potential of ventricular cell, (bottom) flow of NaCa current.
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Figure 1.12: (top) Action potential of a ventricular cell, (bottom) flow of Ca2+ back-
ground current.
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Figure 1.13: (top) Action potential of a ventricular cell, (bottom) flow of Na+ back-
ground current.
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1.7.3 The Fox Model

The Fox model (97) is based on a previous canine ventricular cell developed by Winslow et

al. (104) which is a modified Luo-Rudy model (102) and includes a simplified description

of intracellular calcium handling which is based on the rabbit ventricular cell (105).

This model uses 13 different ionic currents and 13 variables. The variables include the

membrane voltage, cytoplasmic and sarcoplasmic reticulum Ca2+ concentrations and 10

gating variables. This model exhibits sustained APD alternans at fast pacing rates which

are not present in Winslow and Luo-Rudy models.

1.7.3.1 The Na+ current

The sodium current in the Fox model is given by

INa = gNam
3hj(Vm − ENa), (1.48)

where gNa is the maximum conductance of Na+ ions, Vm is the transmembrane potential

and ENa is the Nernst potential for INa. m is the activation gating variable, h is the fast

inactivation gating variable, and j is the slow inactivation gating variable (Fig. 1.14).

1.7.3.2 The Inward rectifier K+ Current

The K+ current in this model was formulated from Freeman et al. (106) data of German

shepherd dogs, that indicate smaller outward current at depolarizing potentials.

IK1 = gK1K1∞
[K]

[K+]e +KmK1

(Vm − EK), (1.49)
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Figure 1.14: (top) Action potential of a ventricular cell, (bottom) activation gating
variable m, fast inactivation gating variable h, slow inactivation gating variable j and
the flow of Na+ current.
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where gK1 is the conductance for IK1 current. K1∞ is the activation gate of the current

IK1 and depends on membrane potential only. KmK1 is K+ half-saturation current for

IK1. This current flows out of the cell during the influx of Na+ ions and during the

resting potential period (Fig. 1.15).

1.7.3.3 The rapid component of the delayed rectifier K+ current

The rapid component of the delayed rectifier current is due to the flow of K+ ions during

the phase 3 (Fig. 1.1) repolarization of the action potential.

IKr = gKrR(V )XKr

√
[K+]e

4
(Vm − EK), (1.50)

where gKr is the conductance of IKr current and XKr is the activation gating variable.

EK is the Nernst potential for K+ ions.

1.7.3.4 The slow component of the delayed rectifier K+ current

The slow component of the delayed rectifier current is due to the flow of K+ ions during

the phase 3 (Fig. 1.1) repolarization of the action potential.

IKs = gKsX
2
Ks(Vm − EK), (1.51)

where gK is the conductance of IKs current and XKs is the activation gating variable.

EKs is the Nernst potential for K+ ions.

The exponent of the gating variable X explains that the potassium channel has two

arms that can rotate and either block the channel or leave it open for K+ ions to pass
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Figure 1.15: (top) Action potential of a ventricular cell, (bottom) the flow of K1 current
from the cell.
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Figure 1.16: (top) Action potential of a ventricular cell, (bottom) gating variable XKr,
and the flow of Kr+ current.
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through. With the slower opening of the gate X, the efflux of K+ ions increases (Fig.

1.17) and thereby increases the potassium current. After reaching a maximum value, the

current begins to decrease with the closing of the XKs gate.

1.7.3.5 The Transient Outward K+ Current

The transient outward current is one of the potassium currents, when the K+ flows out

of the cell during phase 1 (Fig. 1.1) repolarization of the action potential.

Ito = gtoXtoYto(Vm − Eto). (1.52)

This current has two gating variables; Xto is the activation variable and Yto is the inac-

tivation variable. gto is the conductance of Ito current. Eto is the Nernst potential for

Ito current. As shown in Fig. 1.18, the inactivation gate to is open and the potassium

ions flow out of the channels. The Ito current reaches a maximum value after which the

current decreases with the closing of the gates until the current becomes zero.

1.7.3.6 The Plateau K+ Current

The plateau current is the background outward potassium current which is active during

the plateau of the AP.

IKp = gKpKKp(Vm − EK), (1.53)

where gKp is the peak conductance of IKp current and KKp is the IKp activation.
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Figure 1.17: (top) Action potential of a ventricular cell, (bottom) gating variable XKs,
and the flow of K+ current.
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Figure 1.18: (top) Action potential of a ventricular cell, (bottom) activation gating
variable Xto, inactivation gating variable Yto and the flow of transient outward potassium
current Ito.
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1.7.3.7 The Na+ - K+ Pump

The activity of the pump is stimulated by extracellular K+ ions and intracellular Na+

ions and depends on the membrane potential. The Na+ - K+ pump allows 3 Na+ ions to

exit out of the membrane in exchange for two K+ that enter the cell. The pump works

during the various phases of action potential (Fig. 1.10) and allows enough Na+ to get

accumulated on the outside of the cell for the next depolarization.

INaK = ĪNaKfNaK
1

1 + (KmNai

[Na+] i
)1.5

[K+]e
[K+]e +KmKo

, (1.54)

where gNaK is the conductance for INaK current. fNaK is the voltage dependent parameter

of INaK and f ′NaK is the parameter depending upon the fixed ion concentrations of Na+

and K+ ions.

1.7.3.8 The L-type Ca2+ Current

The slow calcium current is given by

ICa = ĪCafdfCa, (1.55)

where d is the activation variable and f is the inactivation variable. fCa is a proportional

factor independent of Vm and is calculated using

fCa =
1

1 + ([Ca2+]i/KmfCa
)3
, (1.56)
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ĪCa =
P̄Ca

Csc

4V F 2

RT

[Ca2+]i exp(2V F/(RT ))− 0.341[Ca2+]e
exp(2V F/(RT ))− 1

, (1.57)

where gCa is the conductance of Ca2+ ions, f is the inactivation variable and ECa is the

Nernst potential for Ca2+ ion. d depends on membrane potential only whereas f depends

on both membrane voltage and time.

From Fig. 1.19 we see that the inactivation gate f opens and the Ca2+ ions enter

through the ion channels. The Ca2+ current reaches a maximum value and then decreases

gradually showing a plateau characteristic of the action potential. The Ca2+ current

decreases with less ions entering the cell and finally becomes zero, even though the gate

remains open.

1.7.3.9 Na+ - Ca2+ Exchanger

The Na+- Ca2+ exchanger removes a single Ca2+ ion in exchange for the import of three

Na+ ions into the cell.

INaCa =
kNaCa

K3
mNa + [Na+]3e

1

KmCa + [Ca2+
e

1

1 + ksat exp(V F (η − 1)/(RT ))

×[exp(V Fη/(RT ))[Na+]3i [Ca
2+
e ]− exp(V F (η − 1)/(RT ))[Na+]3e[Ca

2+]i],

(1.58)

where gNaCa is the conductance of INaCa current. fNaCa is the voltage dependent param-

eter and also depends upon the fixed ion concentrations of Na+ and Ca2+ ions.

As shown in Fig. 1.20, the Na+- Ca2+ exchanger current flows during various phases

of action potential.
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Figure 1.19: (top) Action potential of a ventricular cell, (bottom) gating variable f , and
the flow of Ca2+ current.
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Figure 1.20: (top) Action potential of ventricular cell, (bottom) flow of NaCa current.
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1.7.3.10 The Sarcolemmal Pump Current

In addition to the INaCa exchanger, this pump provides an additional mechanism for the

extrusion of Ca2+ ions to the exterior region of the cell. This pump maintains the low

level of intracellular [Ca2+] at rest (107).

IpCa = ĪpCa
[Ca2+]i

KmpCa + [Ca2+]i
, (1.59)

where ĪpCa is the maximal IpCa and KmpCa is the half-saturation constant for IpCa.

1.7.3.11 The Ca2+ and Na+ background currents

The Ca2+ background current ICa,b is introduced into the model for balancing Ca2+

extrusion through INaCa at resting potential.

ICa,b = gCa,b(Vm − ECa), (1.60)

where gCa,b is the conductance of ICa,b current.

Similarly, Na+ background current is introduced for maintaining the resting level of

intracellular Na+ ions. The Na+ ions exit the cell through the pump and entry into the

cell through the exchanger maintains the resting level of intracellular Na+ ions.
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1.7.3.12 The K+ Current through the L-type Ca2+ Channel

This current is a modified version of the current used in Luo-Rudy model (102) of pig

ventricles.

ICaK =
P̄CaK

Csc

fdfCa

1 + ĪCa

ICahalf

1000V F 2

RT

[K+]i exp(V F/(RT )− [K+]e
exp(V F/(RT )− 1

, (1.61)

where P̄CaK is the Ca2+ channel permeability to K+ ions, Csc is the specific membrane

capacity, ĪCa, is the maximal ICa, ICahalf is the ICa level which reduces P̄CaK by one-half,

R is the ideal gas constant and F is the Faraday constant respectively.

1.7.3.13 Calcium Handling

This model uses the modified form of intracellular calcium dynamics from the rabbit

model (105). Sarcoplasmic reticulum (SR) is the intracellular compartment, and is sub-

divided into two compartments, the junctional SR (JSR) and the network SR (NSR).

The rate of change of intracellular ionic concentrations is given by

d[Ca2+]i
dt

= βi(Jrel + Jleak − Jup −
ACapCsc

2FVmyo

× (ICa + ICabIpCa − 2INaCa)), (1.62)

where βi is the myoplasmic buffering factor, Jrel is release Ca2+ flux from the sarcoplasmic

reticulum (SR), Jleak is the leakage Ca2+ flux from the SR, Jup is the uptake Ca2+ flux

from the SR, ACap is the capacitive membrane area and Vmyo is the myoplasmic volume.

The rate of change of ionic concentration in the SR is given by
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d[Ca2+]SR
dt

= βSR(Jup − Jleak − Jrel)
Vmyo

VSR
, (1.63)

where βSR is the sacroplasmic reticulum buffering factor and VSR is the sacroplasmic

reticulum volume.

1.8 Research Questions

Cardiac arrhythmia is due to the change in the normal sequence of electrical impulses

in cardiac cells and causes the heart to beat too fast, too slow or even erratically. This

leads to the abnormal heartbeat and the heart cannot pump blood to different parts of

the body effectively. As a result, there is a reduction in the heart’s ability to work for a

prolonged time causing a life-threatening situation. Therefore, the study and prevention

of cardiac arrhythmia are very important. Antiarrhythmic drugs are used to treat cardiac

arrhythmia. It is found that these drugs also have the capability to aggravate arrhythmia,

so proper drug doses are very important in treating arrhythmias.

In our study, we use two different mathematical models of a single cardiac ventricular

cell of human (the Bernus Model) and dog (the Fox model) respectively to study the

effect of antiarrhythmic drugs on the action potential of these cells. We will simulate the

drug effect on APD with the efficacy ranging from zero to the maximum drug efficacy of

1 at normal and fast heart rates, by changing the BCL. We will then answer the following

questions with our simulation results.
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• How does the action potential of a ventricular cell change with the application of

antiarrhythmic drugs?

• How do antiarrhythmic drugs affect the rate dependence of APD?

• How do antiarrhythmic drugs affect hysteresis in cardiace cells?

• How do antiarrhythmic drugs affect the generation of alternating rhythms and

alternans in cardiac cells?

• How does the study of restitution curves explain the onset of alternans in our

models?

• How does the application of drugs affect the occurrence, enhancement or disap-

pearance of alternans in the Fox model?

• Which class of antiarrhythmic drugs are effective in eliminating alternans?
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Chapter 2

Methods

This study extends previous work on modeling of antiarrhythmics by giving a detailed

assessment of their effect at the cellular level and comparing the effects of three different

classes of antiarrhythmic drugs. The use of a mathematical model allows us to study the

full range of drug concentrations, from no decrease in ionic current to complete blocking

of the current, giving us a full picture of the effect of each drug. In particular, our study

will focus on how antiarrhythmics alter rate-dependent responses and susceptibility to

arrhythmias in single cells.

We use the Bernus human ventricular epicardial cell model (96) and the Fox canine

ventricular cell model (97) to compute the total ionic current through the cell membrane

at a given time. While several human ventricular cell models have been proposed and used

in other studies (103, 108, 109), we use the Bernus model since it is the simplest model

of a human ventricular cell that contains the sodium, potassium, and calcium currents

that are required for this study. The simplicity of the model allows for faster numerical

computation and avoids the computational instability seen in more complex models (110),
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Figure 2.1: Schematic representation of the ionic currents of the Bernus model (96) of a
human ventricular cell. It includes a rapid sodium current INa, a slow calcium current
ICa, a transient outward current Ito, a delayed rectifier potassium current IK , an inward
rectifier potassium current IK1, background sodium current INa,b, background calcium
current, ICa,b, a sodium-potassium pump INaK , and a sodium-calcium exchanger INaCa.

particularly when model parameters are varied (111). While it might seem that using

such a simple model will lead to inaccurate predictions, a recent study suggests that

even simpler models can accurately reproduce a range of electrophysiological phenomena

(112). We use the Fox model among the canine models, as this model produces sustained

alternans at a certain lower BCL range.

The cell membrane potential V follows an ordinary differential equation,

Cm
dV

dt
= −Iion + Istim, (2.1)

where Istim is an external stimulus current, Cm is the cell membrane capacitance per

unit surface area and Iion is the sum of all the membrane currents. Our implementation
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Figure 2.2: Schematic representation of the ionic currents of the Fox model (97) of
a canine ventricular cell. It includes a sodium current INa, a L-type calcium current
ICa, a transient outward current Ito, a rapid delayed rectifier potassium current IKr, a
slow delayed rectifier potassium current IKr, an inward rectifier potassium current IK1,
a plateau IKp current, a sarcolemmal pump current IpCa, background sodium current
INa,b, background calcium current, ICa,b, a sodium-potassium pump INaK , and a sodium-
calcium exchanger INaCa, potassium current ICaK through L-type Ca2+ channel.
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of the Bernus model and the Fox model use the Odeint function from SciPy (open

source Python library) to solve the system of ordinary differential equations. Odeint

dynamically switches from Adams method to the backward differentiation method as

needed with a tolerance of 1.5×10−8. We use the same values for the various parameters

as in the original derivations of each model (96, 97).

The concentrations of intracellular, extracellular ions and the conductance of various

ions from the Bernus model are tabulated and are given in Appendix A. Similarly, the

concentration and the conductance for various ions and the parameters used in the Fox

model are given in Appendix B.

2.1 Implementing the Effect of Antiarrhythmics

Since class II drugs, beta blockers, do not directly modify ion channel function (113), we

will not consider them in this study. We study the effect of the remaining three classes

of antiarrhythmic drugs by multiplying the sodium, potassium or calcium ionic currents

by (1− ε), where ε, which ranges from 0 to 1, in steps of 0.01 is the efficacy of the drug.

An efficacy of 0 leaves the current unchanged and corresponds to no drug effect, while an

efficacy of 1 reduces the current to 0 and represents the theoretical maximum efficiency of

a drug. Ideally, each class of antiarrhythmic drug blocks a specific ion channel, however,

many of these drugs are known to have effects on multiple ion channels (5, 114). Since

we are not examining a specific drug and are trying to broadly compare the effects of

blocking different channels, we will assume that each class of drug blocks only a single

ion channel. Note, however, that drugs that block multiple channels can also be modeled
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by applying the efficacy to multiple ionic currents. While efficacy may seem like a rather

theoretical concept, the efficacy of a drug is determined by the dose of a drug through

the Emax model (115).

ε =
εmaxD

D + IC50

, (2.2)

where ε is the efficacy of a drug, εmax is the maximum possible effect of the drug, IC50 is

the drug concentration needed to achieve half the maximum effect and D is the drug dose.

For a given drug, an increase in efficacy corresponds to an increased dose of the drug.

This formulation of the drug effect has been used before in modeling of antiarrhythmics

(82, 83, 92). Some drugs are known to interact dynamically with the ion channels (116,

117) which would lead to time-dependent changes in the efficacy, a feature that can be

included in future studies.

2.2 Pacing Protocols

For the Bernus model, action potentials are produced with an external stimulus current

of 19.6 pA/pF of 2 ms duration. Action potential durations (APDs) are measured using

a threshold membrane potential corresponding to 90% repolarization. For the Fox model,

action potentials are produced with an external stimulus current of 80.0 pA/pF of 1 ms

duration. APDs are measured using a threshold membrane potential corresponding to

90% repolarization.
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2.3 Bifurcation Diagrams

Since we are interested in studying how different drugs alter cardiac cell dynamics, we

generate bifurcation diagrams using the model with a variety of drug efficacies. Bifur-

cation diagrams show the relationship between APD and basic cycle length (BCL) (24).

The diagram is obtained by recording APD for different values of BCL, first with BCL

decreasing (BCL downsweep) to a certain fixed value and then increasing the BCL (BCL

upsweep) from its lowest value to its original value. For the Bernus model, without the

drug effect, we begin at a BCL of 400 ms and step down to a BCL of 200 ms with a step

size of 1 ms, then return to our original BCL using the same step size. We recorded 20

APD for each step of BCL. Note that the Bernus model reaches steady-state within two

or three stimuli. For the Fox model, we begin at a BCL of 300 ms and step down to a

BCL of 90 ms with a step size of 1 ms, then return to our original BCL using the same

step size. The bifurcation process is studied only after 40 stimuli and then recorded the

next 20 APD as the Fox model requires at least 30 stimuli to attain the steady state.

2.4 Restitution

We study APD restitution in the Bernus and the Fox models, then apply the antiarrhyth-

mic drugs doses to study the change in the slope of the RC. We are interested to see how

the steepness of the RCs changes with the application of antiarrhythmic drugs. We will

then find the maximum slope of the RC for a given efficacy of the drug in order to test

the restitution hypothesis (36). According to the hypothesis, the value of the maximum

slope indicates the occurence (maximum slope of RC greater than 1 or equal to 1) or the

65



disapperance (maximum slope of RC less than 1) of alternans in the bifurcation diagram

of APD as a function of BCL. We study two different restitution protocols to generate

RCs: the dynamic restitution protocol and the S1-S2 restitution protocol.

2.4.1 Dynamic Restitution

For the DRC in the Bernus model, we decrease the BCL from 800 ms to 300 ms in steps

of 1 ms and measure steady-state APD and the preceding DI from the last two APs. We

measure the APD and DI pairs until the cell transits from a 1:1 response to a 2:1 response

to construct the DRC. Similarly, in the Fox model, we decrease the BCL from 400 ms to

90 ms in steps of 1 ms and measure steady-state APD and the preceding DI. We measure

the APD and DI pairs until the cell transits from a 1:1 response to a 2:2 response. The

RCs are plotted for the entire range of efficacies from 0 to 1 in steps of 0.01 for sodium

and calcium channel blockers. We restrict the efficacy for potassium channel blockers to

0.6 as the APD exceeds the BCL at efficacies greater than 0.6. In order to measure the

maximum slope of the curve: we measure the difference between two consecutive points

on the curve, find their ratios, and find the maximum value. We use linear regression

analysis by taking 5 values above and below this maximum, to calculate the maximum

value of the slope. After the slope is calculated, we study the variation of the maximum

slope of the RC as a function of efficacy so that we can test the restitution hypothesis at

each efficacy.
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2.4.2 S1-S2 Restitution

For the SRC, the cell is paced at a constant S1 BCL of 800 ms in the Bernus model for 20

APs and 400 ms in the Fox model for 40 APs until the steady state is reached. Then it is

followed by an extrastimulus S2 with a BCL of 800 ms in the Bernus model and 400 ms

in the Fox model. We decrease the length interval between S1 and S2 from 600 ms to

300 ms in the Bernus model and from 400 ms to 100 ms in the Fox model in steps of

1 ms. We measure the APD generated from the extrastimulus S2 and the DI between

S1 and S2 to construct the SRC. We obtain SRCs for 3 different values of S1 BCLs and

calculate the maximum slope of the RCs corresponding to different S1 BCLs. A similar

process is followed as explained in the previous section to study the variation of the

maximum slope of the RC as a function of efficacy. The three different S1 values in the

Bernus model are 800 ms, 400 ms and 300 ms for sodium and calcium channel blockers

and 800 ms, 600 ms and 500 ms for potassium channel blockers. For the Fox model, the

three different S1 values are 400 ms, 300 ms and 200 ms for sodium and calcium channel

blockers and 500 ms, 400 ms and 300 ms for potassium channel blockers.
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Chapter 3

Results

3.1 The Effect of Antiarrhythmics on Action

Potential

A basic element of cardiac electrophysiology is the action potential, so we first use our

methodology to contrast and compare the effects of different antiarrhythmics on the

action potential. A single stimulus pulse is applied to the Bernus model and the Fox

model, and we look at changes to the subsequent action potential as drug efficacy varies.

For the Bernus model, when a drug blocks sodium ion channels (Fig. 3.1, top row,

left), our model predicts that the APD does not change for most drug efficacies. At the

highest efficacy, the action potential loses its spike and the APD disappears. The figure

shows that the APD does not change for a wide range of efficacies ranging from 0 to 0.94.

We found that at the efficacy of 0.95 there is a slight increase in APD and as we increased

the efficacy from 0.96 to 1, the action potential disappears showing that the cell is not
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responding at all. While some experimental studies have observed no change in APD

with the application of sodium channel blockers (63–65), the majority of experiments

have observed some dose-dependent change (55–62).

For a drug that blocks potassium ion channels (Fig. 3.1, top row, center), our model

predicts that the APD increases with an increase in efficacy. At efficacies higher than

∼0.6, the drug is sufficiently strong as to prevent the cell membrane voltage from return-

ing to its original rest state. These model predictions agree with the majority of experi-

ments with potassium channel blockers which show the prolongation of APD (59, 66–74).

In the case of calcium ion channel blockers (Fig. 3.1, top row, right), our model predicts

that the action potential duration decreases with increase in efficacy. The effect of this

drug is to shorten the duration of the plateau phase of the action potential The APD is

shortened by almost 20% when the drug efficacy increases from 0 to a maximum efficacy

of 1. Even when the calcium channel is completely blocked, there is still an action po-

tential, although it does not have a plateau. This agrees with many experiments which

found that various calcium channel blockers shorten APD (59, 62, 76).

We then studied the effects of different antiarrhythmics on the action potential for

the Fox model. When a drug blocks sodium ion channels (Fig. 3.1, center row, left), the

APD does not change for most drug efficacies and APD decreases at the highest efficacy

of the drug. Compared to the Bernus model, the action potential does not disappear

completely as we can see there is still a plateau region at the highest drug efficacy. For

a drug that blocks potassium ion channels, the increase in APD (Fig. 3.1, center row,

center) appears very much similar to the Bernus model, however, there are some changes

in the membrane potential during the resting period at the higher doses. The calcium
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channel blockers (Fig. 3.1, center row, right) decrease the APD and the pattern pretty

much follows the Bernus model. The shape of the APs are different from each other in

these models and the APD in the Bernus model is almost twice the duration of the APD

in the Fox model. We also see that the maximum membrane potential reaches slightly

higher in the Fox model as compared to the Bernus model when no drugs are used. We

first use the drug efficacy on the 2 components of the delayed rectifier K+ current; the

rapid component IKr and the slow component, IKs in the Fox model, (Fig. 3.2) whereas

the delayed rectifier K+ current has a single component IK in the Bernus model. We

find that there is a very small change in the APD on IKr, and no change in the APD on

IKs for entire range of the drug efficacy respectively. This makes us choose IK1 current

in the Fox model, which show a similar response to IK in the Bernus model to study the

changes in the APD with the use of drugs.

Each of the three classes of the drug under study has a distinct effect on APD. These

findings are summarized in Fig. 3.1 (bottom left, the Bernus model) and (bottom right,

the Fox model) where we have plotted the action potential duration as a function of drug

efficacy. These summarizing figures allow us to clearly contrast the effects of the drugs

over their full range of effect. Sodium channel blockers have no effect on APD until an

efficacy of ∼0.94 for both models. With a slightly higher dose of this drug, the APD

increases slightly before the action potential is completely blocked in the Bernus model.

However, in the Fox model, the APD still exists as the action potential is not completely

blocked. The slight increase in APD in the Bernus model is easily missed in studies

that examine only a few drug concentrations. The potassium channel blocker causes a

quasi-exponential increase in the APD as the efficacy increases, while the calcium channel
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Figure 3.1: Effect of Na+, K+ and Ca2+ channel blockers on APs of the Bernus (top) and
the Fox model (center). (top and center row, left) For a wide range of Na+ channel blocker
efficacies, APD remains almost constant, disappearing only at the highest efficacies. (top
and center row, center) For K+ channel blockers, APD increases with efficacy, preventing
the transmembrane voltage from returning to the rest state when the efficacy exceeds
∼0.6. (top and center row, right) Ca2+ channel blockers decrease the APD by decreasing
the plateau phase. The effect of Na+, K+, and Ca2+ blockers on APD. Bernus (bottom
left) and Fox (bottom right). The three classes of drugs have very different effects on
APD with Na+ channel blockers (black line) showing little effect, K+ channel blockers
(red line) causing quasi-exponential increase in APD, and Ca2+ channel blockers (blue
line) causing almost linear decrease in APD.
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Figure 3.2: Effect of Na+, K+ and Ca2+ channel blockers on the 2 component of the
delayed rectifier K+ current in the Fox model. (left) The rapid component IKr and
(right) the slow component IKs. There is a very small change in the APD on IKr, and
no change in the APD on IKs for entire range of the drug efficacy respectively.

blocker causes an approximately linear decrease in the APD as the efficacy increases in

both models.

3.2 Rate-Dependent Changes

One of the characteristic properties of antiarrhythmic drugs is a phenomenon known as

rate dependence (118). Rate-dependence refers to a change in the effect of a drug as

the pacing rate changes. Potassium channel blockers are characterized by reverse rate

dependence (RRD), where the lengthening of APD is greater at longer BCL than at

shorter BCL. Reverse rate dependence minimizes the electrophysiological effects of drugs

on repolarization during tachyarrhythmias and tends to increase their proarrhythmic

potential (77). We examined rate dependence by pacing at a variety of BCLs until a

steady steady response. We constrained our study to 1:1 response and for this range

of BCLs, the Bernus model reached a steady-state APD within two or three action

potentials, as can be seen in the bifurcation diagrams presented later whereas the Fox
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Figure 3.3: BCL dependent change of APD induced by Na+, K+ and Ca2+ channel
blockers for the Bernus (top) and the Fox model (bottom). (top and bottom row, left)
There is little change in APD by Na+ channel blockers at any pacing rate. (top and
center row, center). APD is increased by K+ channel blockers. (top and bottom row,
right) APD is shortened by Ca2+ channel blockers.

model reached a steady state after as many as 40 action potentials. The last action

potential was used to calculate the APD for each BCL. The plot of BCL against the

steady APD is shown in Fig. 3.3, (top and center row) for several efficacies of each drug

for the Bernus and the Fox model respectively.

The lengthening or shortening of APD, APDDiff is calculated by taking the difference

between APD in the absence of drug and APD in the presence of drug for a particular

BCL. Fig. 3.4, (top and center row) shows the lengthening or shortening of APD as a

function of the BCL for several efficacies of each drug for the Bernus and the Fox model

respectively. For sodium channel blockers, our models predict that there is no appreciable

change in the difference in APD with BCL in the Bernus model, irrespective of drug

efficacy. However, we notice an increase of APDDiff in the Fox model at lower BCLs with
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an increase in drug efficacy. For potassium channel blockers, the models predict that

there is an increase in the change in APD as BCL increases, i.e. the potassium channel

blocker has more of an effect at longer BCLs. APDDiff is significantly higher in the Fox

model compared to the Bernus model at all drug efficacies. For calcium channel blockers,

our models predict a shortening APD, but we again see an increased effect at longer

BCLs in both models.

Both potassium and calcium channel blockers show RRD in these models and our

simulations show that the strength of this effect depends on the drug efficacy, as can

be seen by the changing slopes of the lines. In order to more clearly see the effect of

drug efficacy, we plotted the slope of the lines of APDDiff vs. BCL as a function of the

drug efficacy. Fig. 3.4 (bottom left, the Bernus model) shows that the slope is almost

zero for sodium channel blockers except for a slight positive slope at an efficacy of 0.95,

indicating a slight rate-dependent effect, whereas Fig. 3.4 (bottom right, the Fox model),

shows that the slope has slight negative slope for most of the efficacies and the slope

decreases after drug exceeds an efficacy of 0.95. In both models, potassium channel

blockers have a rapidly growing slope while calcium channel blockers have a slope that

decreases approximately linearly although the rate of decrease seems to increase abruptly

at an efficacy of ∼0.6 in the Bernus model and ∼0.5 in the Fox model. This analysis

suggests that potassium channel blockers will produce a more dramatic rate-dependent

effect for a given drug efficacy than calcium channel blockers.
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Figure 3.4: Changes in the APD, APDDiff induced by Na+, K+ and Ca2+ channel
blockers for the Bernus (top) and the Fox model (center). (top and center row, left)
There is little change in APDDiff by Na+ channel blockers at any pacing rate. (top and
center row, center) APD is lengthened by K+ channel blockers with greater changes at
longer BCLs. (top and center row, right) APD is shortened by Ca2+ channel blockers
with greater changes at longer BCLs. The rate of change of the drug-induced APDDiff

with BCL is plotted as a function of the efficacy for Na+, K+ and Ca2+ channel blockers:
the Bernus model (bottom left) and the Fox model (bottom right). There is little change
in the slope for Na+ channel blockers (black line). For K+ channel blockers (red line), the
slope grows quasi-exponentially with increase in the efficacy. For Ca2+ channel blockers
(blue line), the slope decreases linearly at slower rate and then decreases at higher rates
with increase in efficacy.
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3.3 The Effect of Antiarrhythmics on Arrhythmoge-

nesis

3.3.1 Bifurcations

Bifurcation diagrams provide a detailed picture of the electrophysiological response of

cardiac cells by recording APD at various BCLs. Two features of the bifurcation diagram

are thought to be indicators of susceptibility to arrhythmias. Alternans is thought to

be a precursor to ventricular fibrillation (25, 27, 34, 35, 119). Bifurcation diagrams also

show hysteresis, meaning that the BCL at which the 1:1 response (one action potential

for every stimulus) transitions to the 2:1 response (one action potential for every two

stimuli) during the downsweep is often not the same BCL at which the reverse transition

(2:1 reverting to 1:1) occurs during the upsweep. This hysteresis window has also been

linked to arrhythmogenesis (120, 121).

The bifurcation diagram for the Bernus model in the absence of any drugs is shown in

Fig. 3.5 (left). During the downsweep, as we decrease the BCL from 400 ms to 200 ms,

the APD decreases but remains in a 1:1 pattern. At a BCL of 275 ms, the cell reaches

a point at which it cannot recover fast enough to respond to every stimulus. There is

an abrupt increase in the APD as the cell transitions to the 2:1 response and remains in

the same pattern until the BCL decreases to 200 ms. Then, we begin the BCL upsweep

from 200 ms to its original value of 400 ms. The cell remains on the 2:1 branch until

BCL=333 ms after which the cell makes an abrupt transition back to 1:1 behavior until

the BCL increases to 400 ms again. The transition from 2:1 to 1:1 occurs at a longer BCL
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than that at which the transition from 1:1 to 2:1 initially occurs, creating a hysteresis

window. The size of the hysteresis window is about 58 ms. Similarly, the bifurcation

diagram for the Fox model is shown in Fig. 3.5 (right). The BCL is decreased from 300 ms

and remains in a 1:1 pattern until the BCL reaches 200 ms. At this BCL, alternans occurs

showing the bifurcation from 1:1 to 2:2 pattern (two action potentials of a different shape

for every two stimuli). The cell remains on the 2:2 branch until the BCL reaches 150 ms.

The cell returns to 1:1 again and maintains this pattern until the BCL reaches 95 ms.

Then there is an abrupt increase in the APD at a BCL of 94 ms as the cell transitions

to the 2:1 response and remains in the same pattern until the BCL decreases to 90 ms.

Then, we begin the BCL upsweep from 90 ms to its original value of 300 ms. The 2:1

pattern is of a very short duration of only 5 ms. When the BCL is increased from 90 ms,

we find that the 2:1 pattern transitions to 1:1 at a BCL of 95 ms. The cell remains in

1:1 pattern until the BCL reaches 150 ms after which the transition from 1:1 to 2:2 again

takes place until the BCL exceeds 200 ms. The cell then transitions back to 1:1 and

remains in this pattern until the BCL reaches its original value of 300 ms. Compared to

the width of the hysteresis window in the Bernus model, the size of the window in the

Fox model is very small, with a width of only 1 ms.

Bifurcation diagrams were generated and examined for a variety of efficacies of each

of the drug classes for both models. The results for the Bernus model are shown in Fig.

3.6. We adjust the different ranges of BCLs for each of the drugs in order to see the

transitions as APD gets lengthened or shortened with the efficacy of different drugs. For

all the drugs, we find that there is a transition from 1:1 to 2:1 pattern, and that there

is a hysteresis window associated with this transition. For sodium channel blockers, we
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Figure 3.5: Bifurcation diagram for the Bernus model (left) and the Fox model (right)
in the absence of any drug effect. The red triangles correspond to APD during BCL
downsweep and the black diamonds correspond to APD during BCL upsweep.

can see hysteresis up to an efficacy of 0.95, after which we do not see hysteresis since the

action potential vanishes. For potassium channel blockers, we limit the efficacy to 0.6 as

the higher values lead to very large APDs. When potassium is used, we see an alternating

rhythm appear between BCL≈300–400 ms and move towards longer BCL≈525 ms as the

drug efficacy increases. For calcium channel blockers, the transitions shift to lower BCLs

due to shortening of the APD.

Bifurcation diagrams for the Fox model are shown in Fig. 3.7. Compared to the

Bernus model, we can see a completely different picture in this model. At low efficacies

of sodium channel blockers, we can see a very narrow width of hysteresis and it vanishes

as the efficacy is increased. There are APD alternans and transitions at lower and

intermediate efficacies that vanish with the increase in the efficacy. With potassium

channel blockers, APD alternans exist at the lower efficacy of 0.1 and there are higher

order transitions at both BCL downsweep and BCL upsweep. Bifurcation diagrams

for the calcium channel blockers are quite different compared to the two other channel

blockers. There are transitions at lower efficacies of the drug that completely vanish with
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Figure 3.6: The effect of antiarrhythmics on rate-dependent behavior in the Bernus
model. Bifurcation diagrams in the presence of various efficacies of Na+ channel blockers
(top row), K+ channel blockers (center row) and Ca2+ channel blockers (bottom row).
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Figure 3.7: The effect of antiarrhythmics on rate-dependent behavior in the Fox model.
We show the bifurcation diagrams in the presence of various efficacies of Na+ channel
blockers (top row), K+ channel blockers (center row) and Ca2+ channel blockers (bottom
row).

the increase in the drug efficacy. The APD alternans also disappear at a drug efficacy of

0.06 and greater.

3.3.2 Hysteresis

The change in the width of the hysteresis window will only be studied for the Bernus

model as the width is very narrow in the Fox model and vanishes at higher drug efficacies.

To study how the hysteresis window changes as we apply different doses of the drug, we
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define BCLdown as the BCL at which we see a transition from 1:1 to 2:1 and BCLup as the

BCL at which we see a transition from 2:1 to 1:1. These transition BCLs are plotted as

a function of efficacy and the results are shown in Fig. 3.8. For sodium channel blockers,

the transitions, both up and down, take place at almost the same BCLs for a wide range

of efficacies, only increasing slightly once the efficacy surpasses ∼0.9. For sodium channel

blockers, the size of the hysteresis window remains constant at 58 ms for a large range of

drug efficacies. For potassium channel blockers, the transitions, both up and down, occur

at longer BCLs as the drug efficacy increases. This is a direct consequence of the increase

in APD as the drug efficacy increases. BCLup increases smoothly, but BCLdown exhibits

a sharp discontinuity near ε ≈ 0.4, leading to a decrease in the size of the hysteresis

window at higher drug efficacies. For calcium channel blockers, the transitions both

occur at shorter BCLs as the efficacy increases. BCLup appears to decrease more rapidly

than BCLdown causing a decrease in the size of the hysteresis window as the efficacy of the

drug increases. For calcium channel blockers, the size of the hysteresis window decreases

with increasing drug efficacy. The hysteresis window size decreases from 58 ms to 5 ms

as the drug efficacy is increased from 0.01 to 0.88 and the window disappears once the

efficacy exceeds 0.88.

3.3.3 Alternating Rhythms and Alternans

Finally, we examined the effect of drug concentration on the occurrence of alternating

rhythms and alternans on both models. We do not observe persistence alternans in the

Bernus model, but we do observe other alternating rhythms which are not 2:2 patterns.
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Figure 3.8: The effect of antiarrhythmics on the hysteresis window. For each of the
three classes of drug, we plot the BCL at which the dynamics transition from 1:1 to 2:1
behavior (BCLdown) and the BCL at which the dynamics return from 2:1 to 1:1 behavior
(BCLup). (left) For sodium channel blockers, the size of the hysteresis window (difference
between BCLup and BCLdown) remains constant for almost the entire range of efficacies
of the drug. (center) For class potassium channel blockers, the transitions, both up and
down, occur at longer BCLs as the drug efficacy increases. (right) For calcium channel
blockers, the transitions both occur at shorter BCLs as the efficacy increases.

In the Bernus model, for each drug efficacy, we counted the number of BCLs at which

steady-state alternating rhythms were observed during BCLup and BCLdown. The results

are shown as histograms in Fig. 3.9. For the Bernus model, as shown in Fig. 3.9 (top

row, left) when we use sodium channel blockers, the occurrence of alternating rhythms

(frequency) increases slightly as the drug efficacy increases. With potassium channel

blockers, as shown in Fig. 3.9 (top row, center) the occurrence of alternating rhythms

initially increases, reaches a maximum at an efficacy of ∼0.35 and then decreases until

efficacy reaches 0.6. As shown in Fig. 3.9 (top row, right), the occurrence of alternat-

ing rhythms decreases with an increase in efficacy for calcium channel blockers. The

alternating rhythms completely vanish when the drug efficacy exceeds 0.88.

As we observe sustained alternans in the Fox model, we are interested in finding

the number of alternans at each drug efficacy and the alternans are measured during

BCLdown. As shown in Fig. 3.9 (bottom row, left) there is a slight increase in the number
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of alternans at mid efficacies for sodium channel blockers in the Fox model compared

to the Bernus model. Fig. 3.9 (bottom row, center) shows the occurrence of alternans

increases, reaches a maximum at an efficacy of ∼0.10 and then gradually decreases as the

drug efficacy of the potassium channel blockers approaches 0.6. As in Fig. 3.9 (bottom

row, right), the occurrence of alternans decreases abruptly with the increase in drug

efficacy and then completely vanishes after the drug efficacy exceeds 0.06. The calcium

channel blockers show a distinct behavior compared to the sodium and potassium blockers

on the Fox model. The calcium channel blockers completely eliminate the alternans at

very low efficacies.

3.4 Restitution

3.4.1 Dynamic Restitution

The dynamic restitution curve (DRC) is determined by steady state APD and DI and is

thought to play a role in the stability of the 1:1 response (122).

Once we get the steady-state APD and DI pairs for a range of BCL values, we find the

maximum slope of the APD-DI curve for the entire range of drug efficacies. When a drug

blocks sodium ion channels (Fig. 3.10, left), both of the models predict that the slope of

the DRC does not change for most drug efficacies. The DRCs change when the efficacy

jumps to 0.94 and 0.95 showing an increase in the slope of the Bernus model at DI values

below 50 ms. In the Fox model, the slope of the DRC is increased at an efficacy of 0.95

and thereafter decreases when the efficacy reaches 1. For a drug that blocks potassium
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Figure 3.9: The effect of antiarrhythmics on alternating rhythms for the Bernus model
(top row) and altenans for the Fox model (bottom row). (top row, left) For sodium
channel blockers, the occurrence of alternating rhythms increases slightly as the drug
efficacy increases; for potassium channel blockers (top row, center), it increases initially,
reaches a maximum at an efficacy of ∼0.35 and then decreases until efficacy reaches 0.6
and (top row, right) it decreases with increasing efficacy for calcium channel blockers. For
the Fox model (bottom row, left), the occurrence of alternans increases slightly at mid
efficacies for the sodium channel blockers. For Class III drugs (bottom row, center), it
increases until efficacy reaches 0.1 and then decreases gradually. (bottom row, right) The
occurrence of alternating rhythms decreases abruptly with the increase in drug efficacy
and completely vanishes after the drug efficacy exceeds 0.06.
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ion channels (Fig. 3.10, center), the Bernus model predict that the slope of the RCs

remains almost same with the curves pretty much parallel unitl the efficacy of 0.4 and

increases slightly thereafter with an increase in efficacy of the drug. Even though the

curves appear pretty much parallel, the region where we obtain the maximum slope gives

different values with efficacies greater than 0.4 in graph of maximum RC vs. efficacy

(Fig. 3.11, left). In the Fox model also, the slope of the RCs remains almost same with

the curves pretty much parallel until the efficacy of 0.3 and increases slightly thereafter

with an increase in efficacy of the drug. In the case of calcium ion channel blockers (Fig.

3.10, right), our models predict that the slope of the restitution curve decreases with an

increase in efficacy of the drug. Fig. 3.10 shows that the slope is steepest at the shortest

DI. Variation of the DRC with drug concentration can be determined by finding the

maximum slope of the curve and plotting it against the drug efficacy.

Fig. 3.11 shows the maximum slope of the dynamic restitution curve as a function

of efficacy for Na+, K+, and Ca2+ channel blockers for the Bernus (left) and the Fox

model (right). Our measurement shows the maximum slope of the DRC with no drug

effect is 0.65 for the Bernus model which is less than 1. So according to the restitution

hypothesis, the Bernus model should not have alternans at lower BCLs. The maximum

slope of the RC is 1.35 for the Fox model, and we find alternans in the Fox model when

the cell is paced at lower BCLs within the range of 150− 200 ms. (Fig. 3.5)

In the Bernus model, the maximum slope of the DRC remains the same for most

efficacies and increases as the efficacy reaches 0.95 for Na+ channel blockers. The DRC

does not exist from the efficacy of 0.96 onwards, so there is no slope. For K+ channel

blockers, the slope of the DRC almost remains the same until an efficacy of 0.4 and
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Figure 3.10: Effect of Na+, K+, and Ca2+ channel blockers on the dynamic restitution
curve for the Bernus (top row) and the Fox model (bottom row). (top and bottom left)
The RC remains the same for most of the efficacies, however there are changes when
the efficacy exceeds 0.90 for Na+ channel blockers. (top and bottom center) The RC
changes as the efficacy of K+ channel blockers is increased. (top and bottom right) The
RC changes as the efficacy of Ca2+ channel blockers is increased.
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thereafter increases with an increase in efficacy. The maximum slope of the DRC is 0.76

at an efficacy of 0.6. For Ca2+ channel blockers, the slope of the DRC initially almost

remains the same until an efficacy of 0.38 and thereafter decreases with an increase in

efficacy. At the highest efficacy of 1.0, the slope decreases to a value of 0.26.

In the Fox model, the maximum slope of DRC continuously decreases very slowly

for most efficacies and increases as the efficacy reaches 0.92 for Na+ channelblockers and

thereafter decreases with increase in efficacy. For K+ channel blockers, the change in

the slope of the DRC as a function of the drug efficacy is very much different than what

we observe in the Bernus model. The slope initially decreases until the efficacy reaches

0.1 and then increases until an efficacy of 0.33. The slope remains nearly the same for

a certain range of efficacies and after an efficacy of 0.42, it decreases with a decrease in

efficacy. For the Ca2+ channel blockers, the plots have a different shape than we observe

in the Bernus model. The slope first increases to 1.64 when the drug efficacy reaches 0.02

and thereafter decreases gradually with an increase in efficacy.

Our results show a similar trend with some of the experimental results on the use of

the antiarrhythmic drugs on canine ventricles. The Na+ channel blocker procainamide did

not reduce the slope of the dynamic RC in canine ventricle (44). The Ca2+ channel blocker

verapamil lowered the slope of DRC and prevented fibrillation in canine ventricle (44).

K+ channel blocker bretylium also lowered the slope of DRC and prevented fibrillation

in pig ventricles (43), however, our study of the Bernus model showed that the slope of

the DRC increased with increase in the efficacy of the drug.
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Figure 3.11: The maximum slope of the dynamic RCs vs. efficacy for Na+, K+ and
Ca2+ channel blockers for the Bernus model (left) and the Fox model (right).

3.4.2 S1-S2 Restitution

In the S1-S2 restitution method, we measured the APD and DI for various efficacies of

Na+, K+, and Ca2+ channel blockers. We plotted the APD against DI and produced a

RC curve for each efficacy of the drug for both the Bernus and the Fox model (3.13).

The S1-S2 restitution curves (SRC) for Na+, K+, and Ca2+ channel blockers appear

similar to the dynamic restitution curves but have different slopes. For the Bernus model,

we generated SRCs for three different values of S1=800 ms, S1=500 ms and 400 ms for

Na+ and Ca2+ channel blockers and S1=800 ms, 600 ms and S1=500 ms for K+ channel

blockers (Fig. 3.12). In all the plots of Fig. 3.12, we notice that the slope of the RC

continuously increases with decrease in the S1 BCLs and has the maximum value at the

lowest BCL for all efficacies of sodium, potassium and calcium channel blockers. However,

for all the S1 BCLs, the curves look similar, showing that the slopes of the RCs might

be overlapping each other indicating an absence of short-term cardiac memory in Bernus

model. The short-term memory arise when the APD depends not only on previous DI,
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but also the preceding pairs of APD and DIs.

Similarly, for the Fox model, we generated RCs for three different values of S1=400 ms,

S1=300 ms and 200 ms for Na+ and Ca2+ channel blockers and S1=500 ms, 400 ms and

S1=300 ms for K+ channel blockers (Fig. 3.13). As in the Bernus model, the slope of

the RC continuously increases with decrease in the S1 BCLs and has a maximum value

at the lowest BCL for all efficacies of sodium, potassium and calcium channel blockers.

In contrast to the Bernus model, slopes of the RCs are different at different S1 BCLs for

the same efficacies of drugs, showing the presence of short-term cardiac memory in the

Fox model.

Fig. 3.14 shows the plot of the maximum slope of the S1-S2 restitution curve as a

function of efficacy for Na+, K+, and Ca2+ channel blockers for the Bernus (left) and the

Fox model (right). Our measurement shows the maximum slope of the SRC with no drug

effect is 0.57 for the Bernus model which is less than 1. The maximum slope of the SRC

remains the same for most efficacies and increases as the efficacy reaches 0.95 for Na+

channel blockers. The SRC does not exist from the efficacy of 0.96 onwards, so there is

no slope. For K+ channel blockers, the slope of the SRC almost remains the same until

an efficacy of 0.35 and thereafter increases with an increase in efficacy. The maximum

slope of the SRC is 0.71 at an efficacy of 0.6. For Ca2+ channel blockers, the slope of

the SRC initially almost remains the same until an efficacy of 0.2 and then increases

within increase in efficacy. The slope becomes maximum at an efficacy of 0.45 and then

decreases continuously and reaches a value of 0.15 at the highest efficacy of 1.0.

The maximum slope of the SRC is 1.64 for the Fox model in the absence of any drugs,

and we find alternans in the Fox model when the cell is paced at lower BCLs in the range
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Figure 3.12: Effect of Na+, K+, and Ca2+ channel blockers on S1-S2 restitution curve
for the Bernus model at various S1 values. The SRC remains the same for most of the
efficacies and changes at an efficacy of 0.94 and above for Na+ channel blockers (top
row). The SRC changes with increase in the APD as the efficacy of K+ channel blockers
is increased (center row). The SRC changes with decrease in the APD as the efficacy of
Ca2+ channel blockers is increased (bottom row).
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Figure 3.13: Effect of Na+, K+, and Ca2+ channel blockers on S1-S2 restitution curve for
the Fox model at various S1 values. The SRC remains the same for most of the efficacies
and changes at an efficacy of 0.95 and above for Na+ channel blockers (top row). The
SRC changes with increase in efficacy of K+ channel blockers (center row row). The SRC
changes with decrease in the APD as the efficacy of Ca2+ channel blockers is increased
(bottom row).

91



0 0.2 0.4 0.6 0.8 1
 Drug efficacy,  ε

0

0.5

1

1.5

2

2.5

M
ax

. s
lo

pe
 o

f 
th

e 
SR

C
Sodium
Potassium
Calcium

BCL = 600 ms

0 0.2 0.4 0.6 0.8 1
 Drug efficacy,  ε

0

0.5

1

1.5

2

2.5

M
ax

. s
lo

pe
 o

f 
th

e 
SR

C

Sodium
Potassium
Calcium

BCL = 400 ms

Figure 3.14: The maximum slope of the SRCs is plotted as a function of the efficacy for
Na+, K+ and Ca2+ channel blockers at S1=600 ms for the Bernus model (left) and at
S1=400 ms for the Fox model (right).

of 150− 200 ms. In the Fox model for Na+ channel blockers, the maximum slope of SRC

has the same value until an efficacy of 0.37 and thereafter increases gradually and becomes

maximum with a value of 2.2 at drug efficacy of 0.70. The slope then decreases gradually

until it reaches a value of 0.122 at an efficacy of 1. The maximum slope decreases below 1

at an efficacy of 0.95 and onwards corresponding to the disapperance of alternans in the

bifurcation diagram. For K+ channel blockers, the change in the slope of the SRC as a

function of the drug efficacy is very different than what we observe in the Bernus model.

The slope initially increases and reaches a value of 2.14 at an efficacy of 0.15 and then

starts to decrease with a decrease in efficacy and attains a value of 0.47 at the highest

efficacy of 0.6. The slope decreases below 1 at an efficacy of 0.46 and onwards. For the

Ca2+ channel blockers, the slope continuously decreases from its maximum value at an

efficacy of 0 and reaches 0.12 at the highest drug efficacy of 1. The value of the slope

decreases below 1 at an efficacy of 0.2 and onwards.

The plots of SRCs for different values of S1 BCLs at a particular value of efficacy are
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Figure 3.15: Effect of Na+ channel blockers (top row), K+ channel blockers (center row),
and Ca2+ channel blockers (bottom row) of given efficacy on S1-S2 restitution curve for
the Bernus model at various S1 values.

shown in Fig. 3.15. The S1 BCLs are 800 ms, 400 ms and 300 ms respectively for Na+

channel blockers, and Ca2+ channel blockers. For K+ channel blockers, the S1 BCLs are

800 ms, 500 ms and 400 ms respectively.

We see that the RCs almost overlap at all the S1 BCLs for given efficacy of drugs,

showing that the cardiac memory is absent in the Bernus model. The reason the Bernus

model attains a steady state after the very first AP is because of the lack of memory.

Fig. 3.16 shows the maximum slope of the S1-S2 RCs curves plotted as a function of

efficacy for Na+, K+ and Ca2+ channel blockers for three different values of S1 for the
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Figure 3.16: Effect of Na+ channel blockers (top row), K+ channel blockers (center row),
and Ca2+ channel blockers (bottom row) of given efficacy on S1-S2 restitution curve for
the Fox model at various S1 values.

Fox model. The plots show that there are different RCs for different values of the S1

BCLs. This shows that cardiac memory is present in the Fox model. The steady state is

attained after a very large number of APs in the Fox model as compared to a single AP

in the Bernus model.

Fig. 3.17 and Fig. 3.18 show the plots of the maximum slope of the SRC as a function

of drug efficacy for 3 different values of S1 BCLs for the Bernus model and the Fox model

respectively. The slope overlaps for all the S1 BCLs in the Bernus model. However, the

slopes are distinct for each value of S1 BCL in the Fox model. In the Fox model, the
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Figure 3.17: The maximum slope of the S1-S2 RCs is plotted as a function of efficacy
for Na+ channel blockers (left), K+ channel blockers (middle) and Ca2+ channel blockers
(right) for three different values of S1 BCLs for the Bernus model.
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Figure 3.18: The maximum slope of the S1-S2 RCs is plotted as a function of efficacy
for Na+ channel blockers (left), K+ channel blockers (middle) and Ca2+ channel blockers
(right) for three different values of S1 BCLs for the Fox model.

slopes of the RCs decrease as S1 BCL is lowered, as APD shortens for a same range of

DIs for each lower S1 BCL. At efficacies of 0.95 and higher for Na+ channel blockers, the

slope seems to overlap for all the S1 BCLs. Similar results can be seen for K+ channel

blockers at an efficacy of 0.25 and higher and for Ca2+ channel blockers, overlapping

begins at an efficacy of 0.5 and higher. Beyond these efficacies, the drug effect saturates

and the changes in DIs cause the same changes in APDs for all the given SI BCLs.

95



Chapter 4

Discussion

Mathematical modeling and computer simulation are powerful tools to investigate the

electrical dynamics of cardiac cells. We employed mathematical modeling of ventricular

cells of two different species to study how antiarrhythmic drugs could influence the various

ionic currents and the shape of the AP of a cardiac cell. We studied the application of

three different classes of antiarrhythmic drugs to these models, using the concept of

efficacy, ε, to study the action potential of ventricular cells. The use of drug efficacy in

these models provide us with a technique to block the various ionic currents flowing into

the cell and coming out of the cell through the cell membrane. Both Bernus and Fox

model has a single sodium current and calcium current entering into the cell through the

cell membrane, whereas there are several potassium currents exiting the cell. For the

potassium currents, we used efficacy for a particular potassium current which changed

AP the most. We used efficacy in various potassium currents and found that IK current

in the Bernus model and IK1 in the Fox model showed the largest change in the shape of

the AP, thus bringing a change in the APD. We neglected the effect of efficacy on other
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potassium currents as the APs showed very little change in shape in some and no change

at all in others.

First of all, we used the drug efficacy of three classes of antiarrhythmic drugs to study

the change in the APs produced with an external stimulus current in both models. The

time of simulation was 800 ms in the Bernus model and 400 ms in the Fox model. We

found that the three classes of antiarrhythmic drugs examined had very different effects

on the AP with sodium channel blockers exhibiting no effect, potassium channel blockers

increasing the APD, and calcium channel blockers decreasing the APD on both models.

We studied the rate-dependent effects of the three classes of antiarrhythmic drugs

by decreasing the BCL to value just before the cell transit from 1:1 state in the Bernus

model and to 2:2 state in the Fox model and found that both models predicted reverse

rate dependency (RRD) in potassium channel blockers and calcium channel blockers. We

also studied the rate of APD change with pacing rate as a function of drug efficacy, and

the results showed differences between the three classes of antiarrhythmic drugs. For

potassium channel blockers, the prolongation of the APD is most pronounced at lower

BCL in comparison to higher BCL. Our results suggested that RRD was less severe for

calcium channel blockers, potentially making them a more effective choice for reducing

cardiac arrhythmias.

We studied the bifurcation of APD on both models. We observed the variation of

APDs during the BCL downsweep and BCL upsweep. During BCL downsweep, we saw

cell transition from 1:1 to 2:1 state in the Bernus model, from 1:1 to 2:2, 2:2 to 1:1, and

1:1 to 2:1 in the Fox model. During BCL upsweep, the cell response made an abrupt

transition back to 1:1 state at a different BCL indicating the presence of hysteresis. For
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the Fox model during the BCL downsweep, the 2:2 state continued for a certain range

of BCL after which the cell returned to 1:1 state again. The cell transitioned to 2:1

state for a very short period of time at the lower DIs. During BCL upsweep, we saw

a very small hysteresis, which is insignificant in our study as we were more interested

to study the alternans in the Fox model. The Fox model (97) is the only canine model

demonstrating alternans of APD when they are paced rapidly among the other existing

models (101, 102, 104, 105), thus making this model a favorite among researchers in

studying the alternans.

Two restitution protocols were used to study the restitution on both models with

the use of antiarrhythmic drugs. Dynamic restitution protocol measures the steady-state

response of the cell when the BCL is varied, providing a unique restitution curve (RC) for

a given cell. This study can be related to the fast beating heart of a running athlete where

the APD and DI are changing with the fast heart rate corresponding to the decreasing

BCL. S1-S2 restitution protocol measures the immediate response to a change in S1 BCL

such that the RCs are different for various S1 BCL values. Similarly, this can be related

to the sudden change in heart rate when a person is startled. The restitution condition

by Nolan and Dalesco predicted the generation of alternans when the maximum slope of

the RC was greater than 1 and the disappearance of alternans when the slope of the RC

was less than 1. The Bernus model did not produce alternans and the maximum slope of

the RCs was always less than 1 for all three classes of drugs and therefore the restitution

hypothesis could not be tested in the Bernus model. Since alternans were generated in

the Fox model, the restitution hypothesis can be tested in this model. Our study found

that alternans were present when the maximum slope of the RC was less than 1 with
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potassium channel blockers, and greater than 1 when alternans were absent with calcium

channel blockers. Our study of restitution on the Fox model supported some experiments

(24, 40, 49, 50) in which the restitution condition was proved inaccurate and that the

prediction of alternans based on the restitution condition was not true. Therefore, the

maximum slope of the RCs in the Fox model is not an accurate predictor of the alternans.

We found that the occurrence of alternans at a certain range of lower BCLs during BCL

downsweep. Fig. 3.9 (bottom row) shows the number of occurrences of alternans as a

function of drug efficacies of sodium channel blockers, potassium channel blockers, and

calcium channel blockers. The occurrence of alternans was not reduced by sodium channel

blockers and showed a biphasic pattern with potassium channel blockers. However, the

alternans were completely eliminated by calcium channel blockers as efficacy exceeded

0.06. Our results indicated that alternans can be eliminated by the use of the desired drug

efficacy of calcium channel blockers and may help in the development of antiarrhythmic

drugs with correct drug doses.

Still, there is a question on why alternans are generated in the Fox model and not in

the Bernus model. The answer lies in the presence of the sarcoplasmic reticulum (SR)

in the cell. Bernus model does not incorporate SR in the cell, so it does not produce

alternans. SR is a reservoir for Ca2+ ions. During contraction of the cell, SR releases

the calcium ions into the cytoplasm increasing Ca2+ contents into the intracellular region

and absorbs them during relaxation of the cell. Experiment on rats (123), human atrial

cells (124), and a study of the single cell mapping model of calcium cycling (125) found

that alternans arises due to changes in SR Ca2+ contents.

The following section will help explain the outcomes of simulations of both models.
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4.1 Questions Answered

With the simulation of the mathematical model of the Bernus model and the Fox model,

and the application of sodium channel blockers, potassium channel blockers, and calcium

channel blockers on these models we are now able to answer the questions that were

raised in the introduction of this paper.

• How does the action potential of a ventricular cell change with the application of

antiarrhythmic drugs?

Using the efficacy of sodium channel blockers, and varying from 0 to 1, we have

found that APD does not change for a wide range of efficacies in both models. A slight

increase in the APD is found when the efficacy is 0.95; thereafter, the AP vanishes as

efficacy reaches 1 in the Bernus model. At an efficacy of 1, the drug blocks all the

sodium channels, at which point and we do not have depolarization. However, the action

potential does not vanish completely in the Fox model.

For potassium channel blockers, the APD lengthens with an increase in the efficacy

of the drug in both models. These drugs bring a large increase in the APD for a small

increase in the efficacy of the drug, such that the APD exceeds the time of simulation

when the drug efficacy is above 0.6.

With the use of calcium channel blockers, the APD decreases with an increase in the

efficacy of the drug in both models. We know that the influx of calcium ions produces

a characteristic plateau phase. The calcium blocker shortens this plateau phase, thus

decreasing the APD. At the highest efficacy of 1, the calcium ion channels are completely

blocked, such that the plateau phase completely vanishes, but there still is an AP.
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• How do antiarrhythmic drugs affect the rate dependence of APD?

Our simulation of both models predicted there was little change in APD by sodium

channel blockers at any BCL. Potassium channel blockers increased APD and calcium

channel blockers drugs decreased APD with increasing drug efficacies. We found that

APD is lengthened by potassium channel blockers with greater changes at longer BCLs

and that APD is shortened by calcium channel blockers with greater changes at longer

BCLs. We found that the potassium channel blockers produce a more dramatic rate-

dependent effect for a given drug dose than calcium channel blockers. Fig. 3.4 shows

that the change in APD, APDDiff is less at lower BCL (below 400 ms in the Bernus

model and below 300 ms in the Fox model), and greater at higher BCL (at 600 ms in

the Bernus model and at 400 ms in the Fox model), with increasing drug efficacies of

potassium and calcium channel blockers. There is no significant change in APDDiff for

the Bernus model with sodium channel blockers. However, in the Fox model, we see that

APDDiff decreases with increasing BCL, with increasing drug efficacies.

Our mathematical models allowed us to also study the rate of APD change with BCL

as a function of drug efficacy. We found that there is no change in the rate of change of

APD with the efficacy of sodium channel blockers. For potassium channel blockers, the

rate of APD change increases non-linearly with drug efficacy; and for calcium channel

blockers, the rate of APD change decreases quasi-linearly with an increase in drug efficacy.

Our models do not agree with observations of rate dependence with sodium channel

blockers such as lidocaine (78), tetrodotoxin and mexiletine (80). The use of sodium

channel blockers tetrodotoxin and mexiletine showed RRD in the papillary muscles from

101



human heart (80) and canine ventricular preparation (78). In both models under study,

sodium channel blockers do not show RRD.

We were able to produce results similar to the experiments in which potassium channel

blockers are used on canine ventricular preparations (77, 126), guinea pigs (71, 72),

and papillary muscles from human heart (80), to determine the change in APD with

drug usage. The predictions of our model are also in agreement with the majority of

experiments which observed RRD in potassium channel blockers (66–69, 71–73, 76–79).

We observed RRD for both potassium channel blockers and calcium channel blockers,

although it was less severe for calcium channel blockers, potentially making calcium

channel blockers a more effective choice for reducing arrhythmias.

• How do antiarrhythmic drugs affect hysteresis in cardiac cells?

From our bifurcation plot, we are able to determine the size of the hysteresis window

with no drug effect as well as for various efficacies of sodium channel blockers, potassium

channel blockers, and calcium channel blockers for the Bernus model. For sodium block-

ers, the size of the hysteresis window remains constant at 58 ms for a large range of drug

efficacies. For potassium channel blockers, we find that the size of the hysteresis window

does not change until an efficacy of 0.4 and thereafter there is an abrupt decrease in the

size after the efficacy of 0.4. For calcium channel blockers, the size of the hysteresis win-

dow decreases with increasing drug efficacy. In the Fox model, the hysteresis is irrelevant

in our study, as it occurs at a very low BCL which is electrophysiologically unimportant.

Furthermore, we are interested in studying the generation and the prevention of alternans

in this model.
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• How do antiarrhythmic drugs affect the generation of alternating rhythms in cardiac

cells?

We studied the occurrence of alternating rhythms by plotting the number of BCLs

at which alternating rhythms were observed as a function of drug efficacy (Fig. 3.9). We

notice alternating rhythms in the Bernus model, both during BCL downsweep and BCL

upsweep, but they are not alternans (Fig. 3.6). The alternating rhythms in the Fox model

during BCL dowsweep are alternans (Fig. 3.7). The occurrence of alternating rhythms

increases at higher concentrations of sodium channel blockers in both models; however,

the occurrence shows biphasic behavior in the Fox model. With potassium channel

blockers, the occurrence of alternating rhythms shows biphasic behavior in both models.

Finally, with calcium channel blockers, the occurrence of alternating rhythms decreases

with increasing efficacy of the drugs. The alternating rhythms completely vanish in the

Fox model when the efficacy exceeds 0.06. These results serve to highlight the different

effects of each of the three classes of the drug on the electrophysiology of single cells.

• How does the study of restitution curves (RCs) explain the onset of alternans in

our models?

The restitution hypothesis suggests that the maximum slope of the RC predicts the

onset of alternans. According to the hypothesis, alternans are induced when the max-

imum slope of the RC is equal to or greater than 1, alternans disappears when the

maximum slope of the RC is less than 1.

We studied the RCs for both models. The study of dynamic restitution curves (DRCs)

and S1-S2 restitution curves (SRCs) shows that the maximum slope of the restitution

103



curve is always less than 1 in the Bernus model for the entire range of drug efficacies of

sodium, potassium, and calcium channel blockers. Alternans are not generated in this

model at fast pacing. Potassium channel blockers tend to increase the slope of the RC as

efficacy increases but the maximum slope of the RC does not approach 1 at the highest

efficacy of 0.6.

The Fox model generates alternans for a range of BCLs at fast pacing in the bifur-

cation diagram. In the RCs, the maximum slope of the DRCs and SRCs is found to be

greater than 1 without any drugs. However, the value of maximum slope changes with

the application of drugs. The maximum slope of the RCs remains above 1 for sodium

channel blockers for almost the entire range of efficacies. The maximum slope of the RC

shows biphasic behavior for increasing potassium channel blockers in both restitution

protocols with the value of RC above and below 1. The maximum slope of the RCs in

both protocols decreases below 1 as the efficacy of calcium channel blockers exceeds a

certain value. Our results showed that alternans are present even though the maximum

slope of the RC is less than 1, and the absence of alternans when the maximum slope of

the RC is greater than 1. Therefore, we conclude that the maximum slope of the RCs

cannot predict the onset of alternans in the Fox model.

• How does the application of drugs affect the occurrence, enhancement or disappear-

ance of alternans in the Fox model?

We studied how alternans occur, enhance or disappear when the drugs are applied us-

ing DRC. For most efficacies of sodium channel blockers, alternans are present and are

enhanced at all these efficacies (Fig. 3.9). However, the alternans vanishes as the drug
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efficacy exceed 0.95. Potassium channel blockers gradually increase the occurrence of

alternans until the efficacy of 0.1 and then gradually decreases when the efficacy of drug

exceeds 0.1. There is a sudden decrease in the occurrence of alternans when the drug ef-

ficacy exceeds 0.5. With calcium channel blockers, the occurrence of alternans decreases

with an increase in efficacy. The alternans completely disappears when the drug efficacy

exceeds 0.06. We found that sodium channel blockers got rid of alternans at higher ef-

ficacies of the drug, potassium channel blocker increased and decreased depending upon

the efficacy and calcium channel blockers eliminated the alternans completely when the

drug efficacy exceeded 0.06. in the Fox model.

• Which class of antiarrhythmic drugs are effective in eliminating alternans?

From our simulation results on the Fox model, we plotted a graph of the number of

alternans as a function of drug efficacy (Fig. 3.9). In this graph, we observe sustained

alternans within a range of BCL when the BCL is lowered. Sodium channel blockers did

not eliminate alternans for a very large range of drug efficacies. Additionally, potassium

channel blockers showed some effectiveness in reducing the alternans at some specific

range of efficacies of the drug. Furthermore, calcium channel blockers eliminated the

alternans as the drug efficacy exceeded a certain value. Comparing these results, we see

that calcium channel blockers are effective in eliminating alternans, compared to sodium

and potassium channel blockers.

The extension of our study to the tissue in 3-dimensional modeling help present whole

heart modeling approach and will contribute to the understanding of the functioning of

the heart. The computational modeling of the heart can be applied to heart physiology
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and the models can be used in diagnosis and treatment of heart disease. In our study, we

only studied the electrical behavior in a cardiac cell and did not study the mechanical

properties of the cardiac cell. The modeling of mechanical properties of cardiac tissue

along with the electrical properties can provide a realistic picture of the actual heart. Our

research will be helpful clinically so as to ascertain mathematically the required dose of

various classes of antiarrhythmic drugs needed to treat arrhythmias.

The model structure and model parameters used within the structure contribute to

predictions made by the mathematical models (127). The model structure provides us

to choose the functions and equations used to represent various biological processes. For

cardiac cells, this structure is driven by measurements of different ionic currents exper-

imentally from cells of different species. Our modeling studies which implemented the

term drug efficacy would help assess the effect of model structure on predicted behavior

of antiarrhythmic drugs.

4.2 Limitations

We qualitatively compared our results with the experiments most of which were per-

formed on non-human mammalian cardiac preparations, except for one experiment (80),

on human papillary muscle tissue. Our results showed a similar trend with some ex-

periments; however, there are some experimental results, which did not agree with our

results. We speculate that variation in some of the results between our models and the

experimental studies could be due to differences in how antiarrhythmics affect different

species of cells (55, 59, 61, 70, 78, 80, 128, 129). Furthermore, we used potassium channel
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blockers to block only one type of potassium current (IK in the Bernus model and IK1 in

the Fox model) which is in contrast with experiments where the drug blocked different

potassium currents.

Most of the experiments are performed on tissue rather than a single cell; and in

tissue, it is possible for electrotonic effects to suppress alternans (38). In tissue, the ionic

charges spread from one cell to another through the gap junction in the absence of action

potentials. This spread of electrical activity through the tissue give rise to a current,

called electrotonic current. The potential difference is generated across the ends of a

tissue is the electrotronic potential. Therefore, electrotonic current can play a major role

in the action potentials and alternans in a tissue (38, 53) which is absent in the study of

a single cell.

We considered only the simplistic view of the effect of antiarrhythmics, a class of drug

blocking only one type of ion channel. As newer antiarrhythmics drugs are known to affect

more than one ion channel (5, 114, 130–133), our measurements of APD will be different,

as various currents are affected while using class I, II or IV drugs. This limitation could be

overcome by combination therapy using multiple efficacies, each affecting a different ion

channel, to more accurately model specific antiarrhythmic drugs. This would definitely

be an important step for creating an accurate model of the effects of antiarrhythmics.

There are electrophysiological differences among epicardial, endocardial cells, and

midmyocardial cells (134–136) in the ventricle walls and our study is limited to an epi-

cardial cell in the Bernus model, and midmyocardial cell in the Fox model. The shape

of the action potentials in the epicardial, endocardial cells, and midmyocardial cells are

different (134, 135, 137) with the midmyocardial cells showing the higher APDs com-
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pared to epicardial and endocardial cells. Therefore, this deficiency can be addressed by

performing simulations on a model of all three types of cells and compare the results.
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Chapter 5

Conclusion

We have been able to compare thoroughly the effect of ion channel blocking antiar-

rhythmic drugs using mathematical models of a human ventricular cell and a canine

ventricular cell. By using the Bernus model and the Fox model, and then implementing

the theoretical concept of the efficacy of the antiarrhythmic drugs in the model, we have

seen distinctly different changes in APD, rate-dependent behavior, and bistability in the

presence of sodium channel blockers, potassium channel blockers, and calcium channel

blockers. In our simulations, we block various ions crossing the cell membrane by imple-

menting accurate doses of drugs bringing a change in the cardiac behavior of ventricular

cells. The application of three classes of drugs with various efficacies showed how the

occurrence of alternans could be minimized, enhanced or eliminated. The Na+ channel

blockers enhance alternans until the efficacy approaches 0.95 and then completely elim-

inates when the efficacy exceeds 0.95. The K+ channel blockers enhance alternans until

the efficacy of 0.40 and thereafter minimize the alternans, but it never attains the level

that is seen at efficacy of 0. We found that the Ca2+ channel blockers only can eliminate
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alternans even at a very low efficacy value of 0.06 and onwards. From Eq. (2.2), using

the εmax and IC50 values of various drugs, we can change the efficacy to the correct drug

dose in treating ventricular arrhythmia.

The fact that alternans is not generated in the Bernus model, and the maximum slope

of the RC does not exceed 1 for all the drug efficacies, restitution hypothesis cannot be

applied in the Bernus model. Since alternans is generated for a certain range of BCLs

in the bifurcation diagram of the Fox model, we tested the hypothesis. Alternans is

present even though the maximum slope of the RC is less than 1 (K channel blockers)

and alternans does not appear when the maximum slope of the RC is greater than 1

(Ca2+ channel blockers) for certain range of efficacies of drugs. This shows that the

restitution hypothesis fails in the Fox model.

Presently, there are a large number of computational cardiac cell models of a variety

of cardiac cells from different species (138–140). These models have different equations

for different types of currents. The technique of implementation of drug efficacy in these

models would help us to study the predictive behavior of antiarrhythmics. While we have

used an ionic model of the human ventricular cell which contains only 6 variables and

uses 9 different ionic currents, we have also implemented the drug effect in a model of a

canine ventricular cell with 13 variables and 13 different ionic currents in order to study

alternans, which are absent in the human model. The increased number of variables and

currents results in more differential equations and requires more simulation time.

Our study on rate dependence of drugs on the cardiac cell as well as the results from

dynamic and S1-S2 restitution curves suggest calcium channel blockers as the most effec-

tive antiarrhythmic drug for the fast-paced cardiac cell. From Fig. 3.9 where we plotted
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the occurrence of alternans as a function of efficacy, the alternans disappeared with Ca2+

channel blockers efficacy exceeding a small efficacy value of 0.06 while we required a

higher efficacy of 0.95 and above for Na+ channel blockers to eliminate alternans. In Fig.

3.11 and Fig. 3.14, the plot of maximum slope of the RC as a function of drug efficacy

also showed how Ca2+ channel blockers reduced the value of the slope continuously with

increase in drug efficacy, which was not shown by Na+ and K+ channel blockers. The

lower values of the slope will maintain 1 stimulus:1 response state that will keep the

heartbeat normal.

We used a canine ventricular cell model to study alternans as our human ventricular

cell model lacks that mechanism. In order to study alternans in a human ventricular cell,

we can only predict that the animal model can be applied to human and tests must be

evaluated to determine how it confirms to human response.

Our research will be helpful clinically so as to ascertain mathematically the required

dose of various classes of antiarrhythmic drugs needed to treat arrhythmias.

5.1 Future Works

In this paper, our results are based on the fact that one class of drug blocks only one

type of an ion channel. There are drugs available that block more than one type of ion

channel. There have been some limited studies of combining antiarrhythmic medications

(141–144). However, the implementation of combination therapy may face some diffi-

culties in finding an optimal dose combination of the two different drugs (145). Modern

computers with their extremely fast processing speed can simulate hundreds of different
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dose combinations. Thus, we can reduce the number of possibilities that need to be

investigated in the laboratory or in clinical trials. This will definitely help to improve

the safety of patients.

In order to incorporate those drugs blocking more than one type of ion channel,

we can modify our simulations to take account of these drug effects using combination

therapy. We can use three classes of drugs of different efficacies ε1, ε2, and ε3 with

various proportions, and multiply the current of interest by (1− ε1), (1− ε2), and (1− ε3)

respectively and again start the simulations. We expect a different result in the action

potential duration as we can show that our models can be modified for modeling of new

drugs belonging to more than one class of the drug classification. This result might be

interesting to see how APD changes, as three drugs have a different effect on APD.

We will extend our simulations to cardiac tissue where the cells are coupled diffusively.

A group of cells aligned, make up a tissue and in turn tissues make up organs. Hence

it is more interesting for us to extend our simulation to tissues which are the building

blocks of vital organs in a body so that we can then directly relate our antiarrhythmic

drugs effect on an organ as a whole.

For cardiac cells in one-dimensional tissue, Eq. (1.31), should be modified as

I = IC + Iions +D
δ2Vm
δ2x

, (5.1)

where D is the diffusion coefficient in the x direction. D can be expressed in terms of

ρx, the cellular resistivity in the x direction and Sx, the surface to volume ratio in the x
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direction.

D =
1

ρxSx

(5.2)

The above equation can be modified to two-dimensional modeling by adding diffu-

sively coupled cells in y direction as follows.

I = IC + Iions +
1

ρxSx

δ2Vm
δ2x

+
1

ρySy

δ2Vm
δ2y

(5.3)

where ρx, ρy are the cellular resistivity and Sx and Sy are the surface to volume ratio in

the x direction and y direction respectively.
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Appendix A

Model Equations-The Bernus model

The Nernst potentials are

ENa =
RT

F
ln

(
[Na+]e
[Na+]i

)
(A.1)

ECa =
RT

2F
ln

(
[Ca2+]e
[Ca2+]i

)
(A.2)

Eto =
RT

F
ln

(
0.043[Na+]e + [K+]e
0.043[Na+]i + [K+]i

)
(A.3)

EK =
RT

F
ln

(
[K+]e
[K+]i

)
(A.4)

where R is the ideal gas constant, T is the absolute temperature, F is the Faraday con-
stant. [Na+]e, [Ca2+]e, [K+]e are the extracellular Na+, Ca2+, and K+ ions concentration
respectively, and [Na+]i, [Ca2+]i, [K+]i ions are the intracellular Na+, Ca2+, and K+ con-
centration respectively.
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Inward Currents:
Fast Na+ current

INa = gNam
3v2(Vm − ENa)

m∞ =
αm

αm + βm

αm =
0.32(Vm + 47.13)

1− exp[−0.1(Vm + 47.13)]

βm = 0.08 exp

(
−Vm
11

)

τm =
1.0

αm + βm

v∞ =
1

2
[1− tanh(7.74 + 0.12Vm)]

τv = 0.25 + 2.24
1− tanh(7.74 + 0.12Vm)

1− tanh[0.07(Vm + 92.4)]

(A.5)

There are no αv and βv, and the gating variables m and v are computed from their steady
state values and time constants.
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Slow Ca2+ current

ICa = gCad∞ffCa(Vm − ECa)

d∞ =
αd

αd + βd

αd =
14.98 exp[−0.5

[
Vm−22.26

16.68

]2
]

16.68
√

2π

βd = 0.1471− 5.3 exp[−0.5[(Vm − 6.27)/14.93]2

14.93
√

2π

f∞ =
αf

αf + βf

αf =
6.87 ∗ 10−3

1 + exp[−(6.1546− Vm)/6.12]

βf =
0.069 exp[−0.11(Vm + 9.825)] + 0.011

1 + exp[−0.278(Vm + 9.825)]
+ 5.75 ∗ 10−4

fCa =
1

1 + [Ca2+]i/0.0006

τf =
1.0

αf + βf

(A.6)

The gating variable f is computed from its steady-state value and time constant, which
are in turn computed from αf and βf .
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Outward Currents:
Transient outward current
This current has two gating variables: the activation variable r and the inactivation
variable to.

Ito = gtor∞to(Vm − Eto)

r∞ =
αr

αr + βr

αr =
0.5266 exp[−0.0166(Vm − 42.2912)]

1 + exp[−0.0943(Vm − 42.2912)]

βr =
5.186 ∗ 10−5Vm + 0.5149 exp[−0.1344(Vm − 5.0027)]

1 + exp([−(0.1348(Vm − 5.186 ∗ 10−5])

αto =
5.612 ∗ 10−5Vm + 0.721 exp[−0.173(Vm + 34.2531)]

1 + exp[−0.1732(V + 34.2531)]

βto =
1.215 ∗ 10−4Vm + 0.0767 exp[−1.66 ∗ 10−9(Vm + 34.0235)]

1 + exp[−0.1604(Vm + 34.0235)]

τto(Vm) =
1

pαto + pβto

to∞(Vm) =
αto(Vm − Vshift)

αto(Vm − Vshift) + βto(Vm − Vshift)

(A.7)

Delayed rectifier K+ current
For endocardial and epicardial cells

IK = gKX
2(Vm − EK)

X∞ =
0.988

1 + exp(−0.861− 0.0620Vm)

τX = 240 exp

[
−(25.5 + Vm)2

156

]
+ 182[1 + tanh(0.154 + 0.0116Vm)] + τ ′X

τ ′X = 40[1− tanh(160 + 2Vm)]

(A.8)
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Inward rectifier K+ current
This current has no direct time dependence and its dynamic behavior depends only on
the membrane potential.

IK1 = gK1K1∞(Vm − EK)

K1∞ =
αK1

αK1 + βK1

αK1 =
0.1

1 + exp[0.06(Vm − EK − 200)]

βK1 =
3 exp[2 ∗ 10−4(Vm − EK + 100)] + exp[0.1(Vm − EK − 10)]

1 + exp[−0.5(Vm − EK)]

(A.9)

Background Currents:
Na+ background current

INa,b = gNa,b(Vm − ENa) (A.10)

Ca2+ background current

ICa,b = gCa,b(Vm − ECa) (A.11)

Pump and Exchanger Currents:
Na+-K+ pump
This curent involves two factors, one depending on Vm, the other on the ion concentra-
tions.

INaK = gNaKfNaKf
′
NaK

fNaK =
1

1 + 0.1245 exp(−0.0037Vm) + 0.0365σ exp(−0.037Vm)

f ′NaK =
1

1 +
(

10
[Na+]i)1.5

) ( [K+]e
[K+]e + 1.5

)

σ =
1

7
[exp

(
[Na+]e

67.3
− 1

)
(A.12)
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Na+/Ca2+ exchanger

INaCa = gNaCafNaCa

fNaCa =
([Na+]3i [Ca

2+]e exp(0.013Vm)− ([Na+]3e[Ca
2+]e exp(0.024Vm)

(87.53 + [Na+]3e)(1.38 + [Ca2+]i)[1 + 0.1 exp(−0.024Vm)]

(A.13)

Table A.1: Intracellular and extracellular ion concentrations for the Bernus model.

Ions Concentrations(mM)

[Ca2+]i 0.0004

[Ca2+]e 4

[Na+]i 10

[Na+]e 138

[K+]i 140

[K+]e 4
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Table A.2: Conductances of currents in the Bernus model.

Conductances nS/pF

gNa 16.0

gCa 0.064

gto 0.4

gK 0.019

gK1 3.9

gNa,b 0.00085

gCa,b 0.001

gNaK 1.3

gNaCa 1000.0
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A.1 Glossary

m INa activation gate

v ICa inactivation gate

αm Voltage-dependent m gate parameter for ICa

βm Voltage-dependent m gate parameter for ICa

v∞ Steady-state INa activation

τm INa activation time constant

τv INa inactivation time constant

αd Voltage-dependent activation d parameter for ICa

βd Voltage-dependent activation d parameter for ICa

αf Voltage-dependent inactivation f gate parameter for ICa

βf Voltage-dependent inactivation f gate parameter for ICa

fCa Ca2+-dependent ICa inactivation parameter

τf Ca2+-dependent ICa inactivation time constant

αr Voltage-dependent fast activation r parameter

βr Voltage-dependent fast activation r parameter

αto Voltage-dependent inactivation to gate parameter for Ito

βto Voltage-dependent inactivation to gate parameter for Ito

τto Ito inactivation time constant
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X IK activation gate

τX IK activation time constant

τ
′
X IK activation time constant

αK1 Voltage-dependent activation K1 gate parameter

βK1 Voltage-dependent activation K1 gate parameter

σ Extracellular Na+ INaK factor

[Na+]i Intracellular Na+ concentration

[Na+]e Extracellular Na+ concentration

[K+]i Intracellular K+ concentration

[K+]e Extracellular K+ concentration

[Ca2+]i Intracellular Ca2+ concentration

[Ca2+]e Extracellular Ca2+ concentration

d∞ Steady-state ICa activation

ECa Ca2+ equilibrium potential

EK K+ equilibrium potential

ENa Na+ equilibrium potential
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f ICa inactivation gate

f∞ Steady-state ICa inactivation

fNaK Voltage-dependent INaK factor

gNa Peak INa conductance

gK Peak IK conductance

gCa Peak ICab conductance

gK1 Peak IK1 conductance

gto Peak Ito conductance

gNaK Peak INab conductance

gNab Peak INab conductance

gCab Peak ICab conductance

dNaK Peak INab conductance

f
′
NaK Peak INab conductance

INa Na+ current

IK Inward rectifier K+ current

ICa Ca2+ current

IK1 Inward rectifier K+ current

Ito Transient outward K+ current
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INab Na+ background current

ICab Ca+ background current

INaCa Na+/Ca2+ exchange current

INaK Na+-K+ pump current

Istim Stimulus current

F Faraday constant

R Ideal gas constant

T Temperature

Vm Membrane Voltage
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Appendix B

Model Equations-The Fox model

The Nernst potentials are

ENa =
RT

F
ln

(
[Na+]e
[Na+]i

)
(B.1)

ECa =
RT

2F
ln

(
[Ca2+]e
[Ca2+]i

)
(B.2)

EK =
RT

F
ln

(
[K+]e
[K+]i

)
(B.3)

EKs =
RT

F
ln

(
[K+]e + 0.01833[Na+]e
[K+]i + 0.01833[Na+]i

)
(B.4)

where R is the ideal gas constant, T is the absolute temperature, F is the Faraday con-
stant. [Na+]e, [Ca2+]e, [K+]e are the extracellular Na+, Ca2+, and K+ ions concentration
respectively, and [Na+]i, [Ca2+]i, [K+]i are the intracellular Na+, Ca2+, and K+ ions con-
centration respectively.
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Fast Na+ current

INa = gNam
3hj(Vm − ENa)

dm

dt
= αm(1−m)− βm

dh

dt
= αh(1−m)− βh

dj

dt
= αj(1−m)− βj

αm =
0.32(Vm + 47.13)

1− exp[−0.1(Vm + 47.13)]

βm = 0.08 exp

(
−Vm
11

)

αh = 0.135 exp(Vm + 80)/− 6.8

βh =
7.5

1 + exp[−0.1(Vm + 11)]

αj =
0.175 exp(Vm + 100)/− 2.3

1 + exp[−0.15(Vm + 79)]

βj =
0.3

1 + exp[−0.1(Vm + 32)]

(B.5)

Transient outward current

This current has two gating variables: the activation variable r and the inactivation
variable to.

Ito = gtoXtoYto(Vm − Eto)

dXto

dt
= αXto(1−Xto)− βXtoXto

dYto
dt

= αYto(1− Yto)− βYtoYto

αXto = 0.04516 exp[−0.03577Vm]

βXto = 0.0989 exp[−0.06237Vm]

αYto =
0.005415 exp[−0.173(Vm + 33.5)/− 5]

1 + 0.051335 exp[Vm + 33.5)/− 5]

βYto =
0.005415 exp[−0.173(Vm + 33.5)/5]

1 + 0.051335 exp[Vm + 33.5)/5]

(B.6)

Inward rectifier K+ current

This curent has no direct time dependence and its dynamic behavior depends only
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on the membrane potential.

IK1 = gK1K1∞
[K+]e

[K+]e +KmK1

(Vm − EK)

K1∞ =
1

2 + exp[1.62F/(RT )(Vm − EK)]

(B.7)

Rapid component of the delayed rectifier K+ current

IKr = gKrR(V )XKr

√
[K+]e

4
(Vm − EK)

dXKr

dt
=
X∞Kr −XKr

τKr

τKr = 43 +
1

exp[−5.495 + 0.1691Vm] + exp[−7.677− 0.0128Vm]

R(V ) =
1

1 + exp[2.182− 0.1819Vm]

X∞Kr =
1

1 + 2.5 exp[0.1(Vm + 28)]

(B.8)

Slow component of the delayed rectifier K+ current

IKs = gKsX
2
Ks(Vm − EK)

dXKs

dt
=
X∞Ks −XKs

τKs

τKs =
1

0.0000719(Vm−10)
1−exp[−0.148(Vm−10)]

+ 0.0000719(Vm−10)
exp[−0.148(Vm−10)−1]

X∞Ks =
1

1 + 2.5 exp[(Vm − 16)/− 13.6]

(B.9)
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Plateau K+ current

IKp = gKpKKp(Vm − EK)

KKp =
1

1 + exp[(7.488− Vm)/5.98]

(B.10)

Pump and Exchanger Currents:
Na+-K+ pump current

INaK = ĪNaKfNaK
1

1 +
(

KmNai

[Na+] i

)1.5

[K+]e
[K+]e +KmKo

fNaK =
1

1 + 0.1245 exp[−0.1VmF/(RT )] + 0.365σ exp[−VmF/(RT )]

σ = 1/7(exp
[Na+]e

67.3
− 1)

(B.11)

Sarcolemmal pump current

IpCa = īpCa
[Ca2+]i

KmpCa + [Ca2+]i
(B.12)

Na+-Ca2+ exchange current

INaCa =
kNaCa

K3
mNa + [Na+]3e

1

KmCa + [Ca2+
e

1

1 + ksat exp(VmF (η − 1)/(RT ))

×[exp(VmFη/(RT ))[Na+]3i [Ca
2+]e − exp(VmF (η − 1)/(RT ))[Na+]3e[Ca

2+]i]

(B.13)

Background Currents:

Na+ background current

INa,b = gNa,b(Vm − ENa) (B.14)
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Ca2+ background current

ICa,b = gCa,b(Vm − ECa) (B.15)

L-type Ca2+ channel current

ĪCa =
P̄Ca

Csc

4VmF
2

RT

[Ca2+]i exp(2VmF/(RT ))− 0.341[Ca2+]e
exp(2VmF/(RT ))− 1

f∞ =
1

1 + exp[(Vm + 12.5)/5]

τf = 30 +
200

1 + exp[(Vm + 20)/9.5]

d∞ =
1

1 + exp[(Vm + 10)/− 6.24]

τd =
1

0.25 exp[−0.01Vm]
1+exp[−0.07Vm]

+ 0.07 exp[−0.05(Vm+40)]
1+exp[0.05(Vm+40)]

f∞Ca =
1

1 +
(

[Ca2+]i
KmfCa

)3

τfCa
= 30

ICa = ĪCafdfCa

df

dt
=
f∞ − f
τf

dd

dt
=
d∞ − f
τd

dfCa

dt
=
f∞Ca − fCa

τfCa

(B.16)

The K+ current through the L-type Ca2+ current

ICaK =
P̄CaK

Csc

fdfCa

1 + ĪCa

ICahalf

1000VmF
2

RT

[K+]i exp(VmF/(RT )− [K+]e
exp(VmF/(RT )− 1

(B.17)
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Calcium handling

d[Ca2+]i
dt

= βi

(
Jrel + Jleak − Jup −

ACapCsc

2FVmyo

× (ICa + ICabIpCa − 2INaCa)

)

βi =

(
1 +

[CMDN ]totK
CMDN
m

(KCMDN
m + [Ca2+]i)2

)−1

Jrel = P̄relfdfCa
γ[Ca2+]SR − [Ca2+]i
1 + 1.65 exp[Vm/20]

Jup =
Vup

1 +
(

Kmup

[Ca2+] i

)2

Jleak = P̄leak(
[
Ca2+]SR − [Ca2+]i

)
γ =

1

1 +
(

2000
[Ca2+]SR

)2

d[Ca2+]SR
dt

= βSR(Jup − Jleak − Jrel)
Vmyo

VSR

βSR =

(
1 +

[CSQN ]totK
CSQN
m

(KCSQN
m + [Ca2+]SR)2

)−1

(B.18)
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Table B.1: Parameters and initial conditions.

Parameters Values

gNa 12.8 mS/µF

gK1 2.8 mS/µF

gKr 0.0136 mS/µF

gKs 0.0245 mS/µF

gKp 0.00216 mS/µF

gto 0.23815 mS/µF

gNa,b 0.0031 mS/µF

gCa,b 0.0003842 mS/µF

P̄Ca 0.0003842 cm/ms

P̄CaK 5.7× 10−7 cm/ms

P̄rel 6 m/s

P̄leak 0.000001 m/s

ĪNaK 0.693 µA/µF

Īpahalf −0.265 µA/µF

ĪpCa 0.05 µA/µF

R 8.314 J/mol K

T 310 Kelvins

F 96.5 coulomb/mol K

Acap 1.534× 10−4 cm2

Csc 0.00216 µF/cm2

η 0.35

ksat 0.2

contd.
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Parameters Values

kNaCa 0.0003842 µA/µF

P̄Ca 0.0003842 cm/ms

KmfCa
0.18 µM

KmK1 13 mM

KmNa 87.5 mM

KmCa 1380 µM

KmNai 10 mM

KmpKo 1.5 mM

KmpCa 0.05 µM

[CMDN ]tot 0.32 µM

[CSQN ]tot 10000 µM

KCMDN
m 2 µM

KCSQN
m 600 µM

Vup 0.1 µM/ms

Vmyo 25.84× 10−6 µL

VSR 2× 10−6 µL

[Na+]i 10 mM

[K+]i 149.5 mM

[Na+]i 138 mM

[K+]e 4 mM

[Ca2+]i 2000 µM
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Table B.2: Initial Conditions

Parameters Values

Initial Conditions
t 0.0 ms

Vi −94.7 µV

[Ca2+]i 0.0472 µmol

[Ca2+]SR 320 µmol

f 0.983

d 0.0001 µM

m 2.4× 10−4

h 0.99869

j 0.99857

fCa 0.942 µM

XKr 0.229 mM

XKs 0.0001 mM

Xto 3.742× 10−5 mM

Yto 1 µM
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B.1 Glossary

αh Voltage-dependent h gate parameter

αj Voltage-dependent j gate parameter

αm Voltage-dependent m gate parameter

αXto Voltage-dependent Xto gate parameter

βh Voltage-dependent h gate parameter

βi Myoplasmic buffering factor

βj Voltage-dependent j gate parameter

βm Voltage-dependent m gate parameter

βSR Sarcoplasmic reticulum buffering factor

βXto Voltage-dependent Xto gate parameter

γ Sarcoplasmic reticulum Ca2+dependent Jrel factor

η Controls voltage dependence of INaCa

σ Extracellular Na+ INaK factor

τd ICa activation time constant

τf ICa inactivation time constant

τfCa
Ca2+-dependent ICa inactivation time constant

τKr IKr activation time constant

τKs IKs activation time constant

Acap Capacitive membrane area
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Csc Specific membrane capacity

∆Camax Maximum change in Ca2+

∆Camin Minimum change in Ca2+

[Ca2+]i Intracellular Ca2+ concentration

[Ca2+]e Extracellular Ca2+ concentration

[Ca2+]SR Sarcoplasmic reticulum Ca2+ concentration

[CMDN ]tot Total calmodulin concentration

[CSQN ]tot Total calsequestrin concentration

d ICa activation gate

d∞ Steady-state ICa activation

ECa Ca2+ equilibrium potential

EK K+ equilibrium potential

EKs IKs equilibrium potential

ENa Na+ equilibrium potential

f ICa inactivation gate
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f∞ Steady-state ICa inactivation

f∞Ca Steady-state Ca2+-dependent ICa inactivation

fCa Ca2+-dependent ICa inactivation gate

fNaK Voltage-dependent INaK factor

F Faraday constant

gCab Peak ICab conductance

gK1 Peak IK1 conductance

gKp Peak IKp conductance

gKr Peak IKr conductance

gKs Peak IKs conductance

gNa Peak INa conductance

gto Peak Ito conductance

h Fast INa inactivation gate

ICa L-type Ca2+ channel current

ĪCa Maximal ICa

ICab Ca2+ background current

ICahalf ĪCa level that reduces P̄CaK by one-half

ICaK K+ current through the L-type Ca2+ channel

IK1 Inward rectifier K+ current
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IKp Plateau K+ current

IKr Rapid component of the delayed rectifier K+ current

IKs Slow component of the delayed rectifier K+ current

INa Na+ current

INab Na+ background current

INaCa Na+/Ca2+ exchange current

INaK Na+-K+ pump current

ĪNaK Maximal INaK

IpCa Sarcolemmal Ca2+ pump current

IpCa Maximal IpCa

Istim Stimulus current

Ito Transient outward K+ current

j Slow INa inactivation gate

Jleak Leakage Ca2+ flux from the sarcoplasmic reticulum

Jrel Release Ca2+ flux from the sarcoplasmic reticulum

Jup Uptake Ca2+ flux to the sarcoplasmic reticulum

JSR Junctional sarcoplasmic reticulum

kNaCa Scaling factor for INaCa

ksat INaCa saturation factor for INaCa
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K∞1 Steady-state IK1 activation

KKp IKp activation

KCMDN
m Ca2+ half-saturation constant for calmodulin

KCSQN
m Ca2+ half-saturation constant for calsequestrin

KmCa Ca2+ half-saturation constant for INaCa

KmfCa
Ca2+ half-saturation constant for fCa

KmK1 K+ half-saturation constant for IK1

KmKo K+ half-saturation constant for INaK

KmNa Na+ half-saturation constant for INaCa

KmNai Na+ half-saturation constant for INaK

KmpCa Half-saturation constant for IpCa

Kmup Ca2+ half-saturation constant for Jup

[K+]i Intracellular K+ concentration

[K+]e Extracellular K+ concentration

m INa activation gate

[Na+]i Intracellular Na+ concentration

[Na+]e Extracellular Na+ concentration
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P̄Ca L-type Ca2+ channel permeability to Ca2+

P̄CaK L-type Ca2+ channel permeability to K+

P̄leak Ca2+ leakage permeability between the sarcoplasmic reticulum and the myoplasm

P̄rel Ca2+ maximal release permeability from the sarcoplasmic reticulum

R Ideal gas constant

t Time

T Temperature

Vm Membrabe voltage

∆Vmax Maximum change in voltage

∆Vmin Minimum change in voltage

Vmyo Myoplasmic volume

VSR Sarcoplasmic reticulum volume

Vup Maximal Ca2+ uptake to the sarcoplasmic reticulum

XKr IKr activation gate

X∞Kr Steady-state IKr activation

XKs IKs activation gate

XKs Steady-state IKs activation

Xto Ito activation gate

Yto Ito inactivation gate
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ABSTRACT

A COMPARATIVE MODELING STUDY OF THE DOSE DEPENDENT EFFECTS
OF ANTIARRHYTHMICS ON A CARDIAC CELL

by Binaya Tuladhar, M.S., 2019
Department of Physics and Astronomy

Texas Christian University

Hana M Dobrovolny, Associate Professor of Physics

Sudden cardiac death (SCD) in humans due to cardiac arrhythmia is one of the leading

causes of mortality in the world. Antiarrhythmic drugs were developed to treat abnor-

mal heart rhythms resulting from the irregular electrical activity of the heart. Several

different classes of antiarrhythmic drugs, each primarily blocking a different ion channel,

are currently available. It is essential to understand how these drugs affect the electro-

physiological properties of cardiac cells. The main goal of our study is to understand

how these drugs change the behavior of the ionic currents during the action potential at

slower and faster heart rates in the ventricular cells of two different species.

In this paper, we use mathematical models of a human ventricular cell, the Bernus

model and a canine ventricular cell, the Fox model, to study the response to three different

classes of antiarrhythmic drugs: Na+ channel blockers, K+ channel blockers and Ca2+

channel blockers. We compare the dose dependence of action potential duration (APD),

rate dependence, hysteresis, restitution and the appearance of arrhythmias for the three

classes of drugs. The Bernus model and the Fox model both predict that Na+ channel

blockers will have little effect on any electrophysiologic features except at high doses; K+



channel blockers increase the APD, exhibit reverse rate-dependence and have a biphasic

effect on the occurrence of arrhythmias as dose increases; and Ca2+ channel blockers

decrease APD, show reverse rate-dependence and decrease the occurrence of arrhythmias.

The techniques developed in this study provide a method for examining predictions of

antiarrhythmic effects using more complex cardiac models.

Electric restitution plays an important role in the function of the heart and is be-

lieved to determine the stability of heart rhythms. We investigate the effects of various

antiarrhythmic drugs on restitution properties of APD of human and canine ventricular

cells. Both dynamic and S1-S2 restitution protocol is implemented to study the slope of

the restitution curves. Our study examines the maximum slope of these curves for three

classes of antiarrhythmic drugs.
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