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Abstract. The purpose of this paper is to present a parametrized relativistic quantum theory
(pRQT) in curved spacetime. The formulation of pRQT in curved spacetime is developed and
applied to free particle motion in flat and curved spacetime. It provides a theory for calculating
probability amplitudes in curved spacetime. Unlike other formulations of parametrized
relativistic dynamics (pRD), this work assumes that the metric tensor does not depend on the
invariant evolution parameter.

1. Introduction

Contemporary formulations of parametrized relativistic dynamics (pRD) in curved spacetime [1-3]
assume that the metric tensor is dependent on an invariant evolution parameter. Does the metric tensor
depend on an invariant evolution parameter? Here we consider the possibility that a formulation of
relativistic quantum theory in curved spacetime can be developed without requiring that the metric
tensor be dependent on an invariant evolution parameter.

The primary difference between this work and previous pRD publications is the assumption that the
metric tensor of parametrized relativistic quantum theory (pRQT) in curved spacetime does not depend
on the invariant evolution parameter. A formulation of parameter independent general relativity was
developed by Fanchi [4, 5] using a variational principle that is analogous to the Hilbert-Palatini
variational principle. It shows that metrics from conventional general relativity can be used in the pRQT
formulation.

The formulation of pRQT in curved spacetime is presented in Section 2. It provides equations for
determining probability amplitudes. The definition of expectation value associated with pRQT in curved
spacetime is discussed in Section 3. The formulation is applied in Section 4 to a free scalar particle in
flat spacetime. Section 4 includes a discussion of the mass of a particle and shows that both tardyons
and tachyons have real mass in pRQT [6]. The pRQT formulation is then applied to a particle moving
in Schwarzschild metric in Section 5. The problem posed in Section 5 is analyzed in Section 6 for a free
scalar particle at a large distance from a radially symmetric mass.

2. pRQT in Curved Spacetime

A quantum theory of the behavior of a single spinless particle moving in curved spacetime is developed
here using a formulation that is analogous to an extension of the four-space formulation in flat spacetime
[5, 7, 8]. We begin by assuming that the behavior of the particle can be represented by a scalar
conditional probability density p(x|s). Spacetime coordinates are denoted by the spacetime
contravariant four-vector x with u™ component x* and u = 0,1,2,3. Index 0 signifies the geometric time
component x° = ct and indices 1, 2, 3 signify space components. The scalar s is an invariant evolution
parameter that conditions p(x|s). The metric tensor of the physical system is g,,,,.
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According to probability theory, p(x|s) must be positive definite and normalizable. The positive
definite requirement is expressed in terms of the Born representation
p(x|s) = W*(x,s)¥(x,s) =0 (2.1
where ¥ is the probability amplitude and ¥* is the complex conjugate of ¥. The probability amplitude
is specified to within a gauge transformation. It can be written as

Y(x,s) =+ p(x|s) e (2.2)

where the real scalar function & represents the gauge transformation.
The normalization condition is

f p(x|s)y/1g(@)|dx = 1,dx = d*x (2.3)
D

where D denotes the spacetime volume and |g(x)] is the absolute value of the determinant of the metric
tensor g,,. Substituting Equation (2.1) into (2.3) gives

f P*(x, $)¥ (x,8)y/1g(x)|dx = 1 (2.4)
D

The probability ¥* (x, s)¥ (x, s)+/ |g(x)|dx is the probability that the system will be found in the volume

V1g(x)|dx in the neighborhood of spacetime point x at evolution parameter s. The normalization
condition implies that the particle can be observed somewhere in space at some point in geometric time
t; it does not require the particle to exist for all geometric time.

Field equations that exhibit a "minimal coupling” electromagnetic interaction are derived from the
above assumptions and probability conservation. Conservation of probability in curved spacetime is
expressed as an extension of the parametrized continuity equation in flat spacetime that was used to
construct the Stueckelberg equation in flat spacetime [5, 7, 8]. The parametrized continuity equation in
curved spacetime is

0
Lt or=0 (2.5)
where V# is contravariant four-velocity, pV# is probability flux, and (pV*#);,, is the divergence
0
o= p
(pV#); = gy (V") + Ty, (pVY) (2.6)

The tensor [, . 18 the contracted form of the Christoffel symbol of the second kind
ro — l orc 99wy 09 ux _ 009y,
vie =29 \axr T 9xv T Taxr
for metric tensor g,,,. A similar continuity equation was discussed by Pavsi¢ [9] (Chapter 1).

The divergence (pV*#);, of a contravariant four-vector pV? is the contracted form of the covariant
derivative of the contravariant four-vector

d
(V)= EP (pV?) + I, (pVY) (2.8)

The Christoffel symbol of the second kind I, is also known as the affine connection. The contracted
form of [, is

(2.7)

1 0
R T (2.9)
Substituting Equation (2.9) into (2.6) gives
d 1 dg
(V=5 (V) + (5 g #) (V") (2.10)

The four-velocity V# can be written as
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0é(x,s)

u
where ¢, €1, €, are real, scalar constants, ¢ is a real, scalar function, and A* is a contravariant four-vector.
The correspondence to physical terms is provided later. Equation (2.11) can be written in the form

icgq v av”
Vh = ——— ’P*——‘PT + gg,A* (2.12)

VH(x,s) =¢ [51 + &,A*(x, s) (2.11)

where the Born representation of probability density in Equation (2.1) has been used to write the term
0§

E as
9 i , 0¥ av*
@__Z E— axu] (2.13)
The probability flux becomes
pVH = —isi II’*a—lP— ‘1’@] + e, WP AH (2.14)
2 0x, 0xy z ’
Substituting Equations (2.1), (2.14), and (2.6) into Equation (2.5), the continuity equation, gives
GICALD) d iegy | 0¥ oy -
3 FpT {— > [ll’ E_ ’Pa] + e, VY } 015)
+ T, {—igﬂ p 22 wal’u*] + e sv*stV} =0 |
Vi 2 0x, 0x, 2
Expanding Equation (2.15) and using
oy oy oY ov*
dx# a  oxH dx, - (2.16)
gives
0¥ 0P icgq [ , 0 0¥ d 6’1’*]
yr—4 - y — Y —
ds  0s 2 dxH dx, dxH dx,
+ &€ [a *SUA“+SU*6—IPA“+W*WE] 2.17)
2 [axk dx# dx#
+ T {—igi w*a—w— sval'u*] + ec W*‘I’AV} =0
Vi 2 0x, 0x, z
Equation (2.17) can be rewritten in the form
‘P*{a—lp—igiia—w+ss [ s +11P6AH] _ e, 0¥
ds 2 0xHox, z ox* 2 OxH 2 VHox,
+ %Fj‘#II’AV}
(2.18)

oW 1 Ak

dxt + 2 doxt

ov* ieg; 0 0¥
+v + e¢, [A”

+
ds 2 0x* dx,
iee ov*  e¢
= ['# + 22
2 VHox, 2
Multiply Equation (2.18) by ie; and rearrange:

Ff”‘P*AV} =0



IARD 2022 IOP Publishing
Journal of Physics: Conference Series 2482 (2023) 012002  doi:10.1088/1742-6596/2482/1/012002

vl asv+ssf J 0¥ ”asv+1 dA*
1 ds 2 OxH0x, dx#* 2 OxH
2 .
p |61 0¥ iegiey
——+——VA
VEL 2 axv+ 2

+ icg8, [A

ov* eg? 9 ow*
=yl — (2.19)
{ e ds * 2 dx* dx,
] [Aﬂasv* 1 *OA”]
s ; dxH 2 OJx#
g OW"  ieg e,
r =—=- prAv
S |
Equation (2.19) can be written in the form
YF}={F}¥ = {¥*F}* (2.20)
where
P aw+ssf 0 alP+_ [A#aw 1 0AH
=18 ds 2 dx*ox, 16152 dx* 2 OxH
2 . (2.21)
p |€€1 0¥ ieg g,
+0, | =——+—VA
Kl 2 ox, 2

Equation (2.21) can be decoupled by observing that the product ¥ *F must be real since ¥*F equals
its complex conjugate. We can assure that ¥*F is real for arbitrary ¥ if we write

F=WUY (2.22)
where W is a real scalar. Combining Equations (2.21) and (2.22) gives
0¥ g2 0 OV  ege, [ . OF aA’“P]

Y195 T2 axiox, 2 |4 aar T oxn 23
r# ﬁa—w+igglgz%4v =Wy o
VEL 2 ax, 2
where
] ¥ 1 0A* EE1E v dA*
leerez [ A7 dx# * Elp ax“] -t 2 [ ”axu +¥ ax“] (2.24)
_ i€€1€z [ u v N aA“‘P] )
2 dxH = OxH
Equation (2.23) can be written in a more suggestive form by writing W as the invariant
2
W = %A“A“ +V (2.25)
so that Equation (2.23) becomes
L L O PV A BT Y
195 z{gla Kox, T AN a E)x“] 7 Aud l‘u}
ce? 0¥  iegye (2.26)
+TH | = gV =0
V“[ 2 0x, 2 ]
Rearranging Equation (2.26) gives
ic a—lp=£{— 2 0 0% ig € [ o aAW,U] + e2A,A*Y
Yos T2 toxtax, VLT axk o axm | TATH
(2.27)

. [eza—l’uﬂe € WAV]}+V9U
1 1¢€2
dx,
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Simplifying Equation (2.27) lets us write

0¥ (& 0 & 0 u w [ 0¥ . N
ieg — 35 E{[Tﬁ + szAu] [Ta + A ] -1, [81 a +ige,PA ]} (2.28)
+Vy
The physical interpretation of the scalar parameters &, &1, &, in Equation (2.28) are

1 e
e=—,=he=—- (2.29)
m c

The relationships in Equation (2.29) are obtained by comparing Equation (2.28) with the Klein-Gordon
equation. Substituting Equation (2.29) into (2. 28) gives

halp i [_——— ] ————A“ Y — F“ [ﬁz——lh ‘I’A"]
ds 2m(Lidox* [ 0x, (2.30)
+Vy

Equation (2.30) is referred to here as the Stueckelberg equation in curved spacetime for a single particle.
An alternative form of Equation (2. 30) is

ma—l‘u=i{[ ”————A“] — T [ﬁi—fm] av}

as  2m|lioxt  c¢“Hl|i 0x, VEliox, ¢ (2.31)
A4

Equation (2.31) can be written in the form

Lha—ql = KY (2.32)
ds
where K is the operator
K:i{[ﬁi—f;l ]Fi——Aﬂ]—zhr“ [hi—fAV]}+V (2.33)
2m (Li ox* ¢ iodx, c VEliox, c ’
A more compact form of Equation (2.33) is obtained by defining the operators
:Ei_fA a:ﬁi_on 2.34
Mo =5 9x0 o™ idx, ¢ (2.34)
so that Equation (2.34) becomes
K = %{n#n“ i)+ v (2.35)

3. Expectation Values

The probabilistic formalism in Section 2 is connected to observable quantities using expectation values,

a well-defined concept in probability theory. The form of the definition of expectation value that is well

suited to the operators introduced in Section 2 is motivated by applying the probabilistic concept of

expectation value to the calculation of two common physical quantities: four-position, and four-velocity
The expectation value of the u" component of particle four-position is

v = [ py*TgGldy @)
D
Replacing p with Equation (2.1) gives the expectation value
#) = f Yy lg(ldy. (3.2)
D

The rate of change of (y*) with respect to evolution parameter s is obtained by differentiating
Equation (3.2) with respect to s:

d{y*) dp
Is =ny" [g]\/lg(y)ldy- (3.3)
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Using the continuity equation, Equation (2.5), lets us write

d{y#
02—~ [ yiory WigGTay. G4
D

Replacing the covariant derivative (pVV);,, with Equation (2.6) gives
d(y*) 0
= | v v + v | VgGilay, 63
D

where v, ¢ are dummy indices. Replacing y“ i = (pV") with

apV"y” , Oy

VYY) = - 3.6
V) = 5 (3.6)
lets us write
d<y“) apV”y“ ay*
{ | [5Gy v 5] ViaGlay
y 3.7)
+ f y“ng(pV”)\/lg(y)ldy}-
D
Equation (3.7) can be written as
d{y*) 6pV”y" ay*
s =—{ Vignldy — fpV”a —V1g)ldy
¥ f Flv(pV“y“)\/Ig(y)ldy}-
D
Combining the first and third terms in the curly bracketed term gives
d<y“) 6pV”y” v
f [ + Iz (pV y”)] Vigldy
(3.9)

avH
—f pvY ayvvlg(y)ldy}-
D y

The bracketed term on the right-hand side of Equation (3.9) is the covariant derivative (pVVyH*);, so
Equation (3.9) can be written as

d(vH*
<y ) {f EVVy*)iu v lgO)ldy — fpV”a —V19() dy} (3.10)

The covariant derivative term on the right-hand side of Equation (3.10) vanishes when we use the
divergence theorem

f(pV”y“);v Vignldy = ff pVVyrJlg(lds, = 0 (3.11)
D S

to convert the integral over the hypervolume D to an integral over the hypersurface S that encloses the
hypervolume D. The hypersurface integral vanishes if we assume that probability p goes to zero on the
hypersurface S. In this case, Equation (3.10) simplifies to the form

afy*)
TR f PV g)ldy = (VH) (3.12)
where we have used the Kronecker delta
oyt
ayv
A quantum mechanical expression for (VV#) is obtained by writing Equation (2.14) as

=51, (3.13)
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pVH = —ﬂ[ *6_‘}’ - ‘Paly*] + e, WP AR
L (3.14)
- 2‘{’*6—[{] - aq/*lp] + e, WP AR
2 ox,  0x, 2
where
oy* vy , 0¥
ax, B x, -7 a (3.13)
has been used. Equation (3.15) can be rearranged to the form
pVH =y [—iesl i + sezA“] v iSja'P*'P (3.16)
0x, 2 0dx,

Substituting Equation (3.16) into (3.12) gives

(VHy = j'i’* [—1881 +852Al‘] v/lgy) dy+f fee 16[1” W\/Ig(y )|dy (3.17)

The second integral on the left-hand side of Equation (3.17) vanishes when the divergence theorem
is applied and noting that p vanishes on the hypersurface of the hypervolume. The result is

0
(V”)=f p —lssla + e, AH | W |g(y)|dy. (3.18)
D
Substituting the relationships in Equation (2. 29) into Equatlon (3 18) gives
h 0 e
Hy = —————AH|Y )ldy. .
i) fD lm(’)xﬂ | ¥ TgOlay (3.19)

(3.20)

Substituting Equation (3.20) into (3.19) gives

(VHy = thp* [7;—”1;1] JIgOldy. (3.21)

The expectation values (y*), (V#) are expressed in terms of operators in Equations (3.2) and (3.21).
This suggests that a reasonable definition of the expectation value of an operator (2 should be

@) = f v (0¥ TgO)ldy. (3.22)
D

where (2 operates only on ¥. Equation (3.22) is applicable to both flat and curved spacetime.

4. Free Scalar Particle in Flat Spacetime
A free scalar particle moving in flat spacetime is modeled by Equation (2.31) with {V = 0, A# = 0} and
the fundamental metric tensor with nonzero elements

oo = 1= =911 = —g22 = — 33 (4.1)
In this case Equation (2.31) becomes

00 _ [h 01[A 0] _ [P a ‘s
l ds  2m|Li oxt i dx, Ml ¥r (4.2)

with probability amplitude 1¢. The contracted form F# u of the Christoffel symbol of the second kind is
found from Equation (2.9) to be

[k =—gtr——==0 (4.3)
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for the fundamental metric tensor in Equation (4.1). Equation (4.2) simplifies to

0y
ih—-— Js = Kflat'abf (44)
where K4, is the operator
Kriar = 2m [l ax”] [l 0xy @.5)

in flat spacetime. Combining Equations (4.4) and (4.5) gives the Stueckelberg equation for the free
particle

Wy n oo »
ds 2m6x”6x#¢f_ 2m * ¥r (4.6)

Equation (4.6) has the general solution
Yr(x,s) = fl,bf,c(x, s)dks = fr;f,C exp [i

where the integral is over energy-momentum, 75, denotes normalization coefficients, and

Br(kr) = kpuky (4.8)
A wave packet can be constructed using Equations (4.6) to (4.8).

ih—-—

hBy (kr)
2m

s+ ikf”x“] dks 4.7

4.1. The Meaning of Mass
The expectation value of the four-velocity of the free particle is

I u u
() - dfx) _ (rif) _ (77) (4.9)
f ds m m
Integrating Equation (4.9) from s to s + &s gives
u
-1
f m

Equation (4.10) is the expectation value of spacetime position of the free particle. The observable world-
line of the free particle is given by the inner product

u
(prupf) @.11)
6(xf”)6<x]’f> = (8s)?
Solving for m? gives

u

(pfﬂ><pf>
m? = —————(8s)? (4.12)

8(x7,)5 (i

Equation (4.12) applies to both timelike (bradyonic) motion and spacelike (tachyonic) motion. We
can see this by observing that in parametrized relativistic dynamics, the invariant evolution parameter

increases monotonically so that §s > 0. On the other hand, the terms (pf#)<p}‘ >, 8(xr,)0 <fo > can be

either timelike (pf#)<p}‘> > 0, 6(xfu)6<xlf‘> >0 or spacelike (pfu)<p}‘> <0, 6(xf#)6< f> <0.
Consequently, m? is positive for both timelike and spacelike motion because negative signs associated

with spacelike motion cancel. Free tachyons in parametrized relativistic dynamics have real mass.
The conventional classical theory imposes the on-shell mass constraint

méc? = prupf (4.13)
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on allowed values of energy-momentum. Subscript cl indicates that mass m,; refers to the conventional
classical theory. An on-shell mass relationship between mass and energy-momentum exists in pRQT in
the classical limit of negligible dispersion. Energy-momentum dispersion is

Azpf = <pfup}lft> - (Pfu)<P}I:> (4.14)
Substituting Equation (4.14) into (4.11) gives

6(xfu)6<x}f> <Pfupfrzlz A%p, (552

In the classical limit, dispersion is negligible and we find that m? is statistically related to independent
variables energy and momentum by

(4.15)

c?(6s)?
m2c? = _ @) <pfﬂp}’f> (4.16)
u
o) (xfu>5 <xf >
We have inserted the term c? on both sides of Equation (4.16) so that the bracketed term is
dimensionless. In the classical limit, the magnitude of the bracketed term is one, but we need to account

for the sign of § (xfu)d <x1’f >, so Equation (4.16) becomes

(o]

) sgn {6(xf#)6 <x]’f>}

where “sgn” says that we are accounting for the sign of the bracketed term. Equation (4.17) applies to
both timelike and spacelike free particles. It says that m may be interpreted as on-shell mass for a free
particle moving at any speed.

>0 4.17)

5. Free Scalar Particle in Schwarzschild Metric

The equation for a free scalar particle with mass m moving in the gravitational field of a spherically
symmetric mass M can be modeled by Equation (2.31) with {V = 0, A* = 0} and the Schwarzschild
metric [10] (Chapter 7), [11] (Chapter 8), [12] (Chapter 9). In this case Equation (2.31) becomes

., 0su 1 %
ih M — Kyipoyy = —{ o [l |~ [ 5 ]}wm 5.1)
where the operator K, for the Schwarzschlld metric is
h 0
|7 o] (52)
liay,

Ksm = { [ ay“] [l oYy

The contravariant four-vector for the Schwarzschild metric is y* = {ct,r,0, ¢} where {r,0,¢} are
spherical coordinates. The invariant interval between points y# and y* + dy* is

ds? = g, dy*dy” (5.3)
where the nonzero elements of the Schwarzschild metric are
. Ts
Joo = —A(1), 911 = 1/A(r), 922 = 7'2:933 = 7”251”29:14(7”) =1 —? (5.4)

The term 75 is the Schwarzschild radius

2MGy

c2
and Gy is Newton’s gravitational constant. Nonzero elements of the contravariant metric tensor g#*¥ of
the Schwarzschild metric g,,, in Equation (5.4) are the inverse values

rg = (5.5)
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1 1 Tg
00 _ 11— ¢y _— =1-= 5.6
9" =109 (1, 9% = 3,97 = 25, A " (5.6)
Combining Equations (5.4) and (5.6) shows that g# is the inverse of g,,,:
guagav = 52{ (5.7)

The contracted form of the Christoffel symbol of the second kind Ffﬂ in Equation (5.1) is calculated
using the relationship

Ly = % e (5.8)
where the determinant of the Schwarzschild metric g is
g = —r*sin?0 (5.9)
Combining Equations (5.8) and (5.9) gives
Ty = 0,14, = %,rz*‘ﬂ = 2cot6,T}, = 0 (5.10)
Rearranging Equation (5.1) and writing the term F” [i] as l"“ [g ] gives

.hawsm_—hz a 0 [ ]
s T om ayﬂay o oy, Wsm

—hz P (5.11)
{ay” 0y, b [g 6_]}¢SM
Using Equations (5.6) and (5.10) in (5.11) gives
,hOIIJSM_—fLZ o0 0 +[2A()6+c0t9 8] 51
Moy T om dytay, Lr or T 77 a6 WYsm (5.12)
The term aa_uai can be written in the Schwarzschild metric as
Yu
a d 0 0
dyk ay#l/}SM = ay“g yJEbSM
_ 1162+6[A)6+162 513
| A(r)c?2at? " or (r orl 12962 (5.13)
4 1 02
r2sin20 a¢h? s
Substituting Equation (5.13) into (5.12) gives
0 —h? 1 10% 0 9] 1 092 1 02
e -~ ——+—[ ()—]+— +——
ds  2m | A(r)c?ot? 0 rl  r200%2  1r?sin?0 d¢? (5.14)

+[2A( ) d +cot9 d
T r or 1?2 060 Ysm

Equation (5.14) can be written in terms of Laplacian and D’ Alembertian operators by rearranging
terms as follows:

1 02

ih 2302

sy —h° 1 162+6[A()a]+2A()a+
ds  2m | A(r)c?at?  or oarl T oy

N cosf 0 N 1 02
r2sinf 00  r?sin?6 d¢? Wsm

(5.15)

or

10
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_ 0Ygy —h? 1 1092 190 5 0 1 0 0
th ds _ 2m {_A(r) c2t? + 2 or [r A[) or + r2sinf 00 ( ind _)
1 52 (5.16)
* r2sin?0 W} Wsm
The bracketed term in Equation (5.16) can be written in terms of the D’ Alembertian operator for the
Schwarzschild metric

1 1 02

Oou= 357750 + (5.17)
where the Laplacian operator for the Schwarzschild metric is
1071, 9] 1 0 0 1 92
Asm= rzarl A 5] * r2sinf 06 ( ind 69) * r2sin?6 d¢? (>.18)
Equation (5.16) becomes
. OYpsy —h? —h? 1 1 092
ih 35~ o DM Ysm =%{_M§F+A5M}¢5M (5.19)
In flat spacetime, A(r) — land Equation (5.16) becomes
) alpﬂat —h? 1 02 1 0 9]
th ds 2m {_C_ZW r2 arl” ar] r2sinf 06 ( ind %)
L 5 (5.20)
t Zsin?a BT&} riat
or
2 2 2
ih al/g:at = % Ofiat Yriar = %{— 012:? +Af1at} Yriat (5.21)

with D’ Alembertian Oy, and Laplacian Agq; operators in flat spacetime.

6. Solution of the Free Scalar Particle in the Schwarzschild Metric
The equation for a free scalar particle with mass m moving in the gravitational field of a spherically
symmetric mass M is Equation (5.16), written here in terms of the operator L - L

0Ysy —h? 1 102 190 5
ih ds _ 2m {_A(r)§ﬁ+r_26 [ A(r)—] }lpSM ©.1)
where L - L is the operator
1 0 d 1 92
L-L= ~ [sino 90 (sm@ %) sin?6 W] 62)
The nonzero elements of the Schwarzschild metric are
Goo = —A(), g = 1/AG), G20 = 1%, g3 = TP5i20,A(0) = 1= (63)

where the contravariant four-vector is y# = {ct,r, 0, ¢} and {r, 8, ¢} are spherical coordinates.
A trial solution for separating variables in Equation (6.1) is

hpBs
Ysu = TORM o6, pexp i 25| (64)
The term Y,,,, (6, @) represents orthonormal spherical harmonics and satisfies the eigenvalue equation

£=0,12..
wl} (6.5)

L+ LYym(6,8) = £ + DYem(6,9) for {, * =
Substituting Equation (6.4) into (6.1) and rearranging lets us write
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ihBsy —h? 1 102 190 1’,’({’ + 1)
h——— =—d—————+—=—|r%4 —] 6.6
M om Ysm 2m | A(r)c?0t? r2or ) s (6.6)

. —h% .
Canceling — gives
g€om &

_ 1 102 10 2
Bsu¥smu = _A(r) c2 9t2 T3 2 9r [ ) ]
Multiplying Equation (6.7) by 1/vsy and sirnplifylng gives

L(P+1
w} You 6.7)

_ 1 1162T 16[2,4( 6] (¢ +1) R 6.8
Bsm = A(r)cZTat2 R\rzarl” "V or r? ©8)
The T (t) factor can be written as
T(t) = aexp(iwt) (6.9)
where a, w are constants. Substituting Equation (6.9) into (6.8) gives
1 w+1 10 24(r) ] €(1?+1) 6.10
.BSM A(T) c? TZ a ( : )
since
10%T
= 2 6.11
7352 w (6.11)
Multiplying Equation (6.10) by R gives
R = 1 a)R+ 10 24(r) ] {’({’+1) 6.1
Bsm A(r) c? 2 or (6.12)
Equation (6.12) can be written as the radial equation
1 w? 2(£+1) 1 6
-t — — 6.13
Bsm A(r) c? + r2 { “A() B (6.13)
upon rearrangement. Expanding the right-hand side of Equation (6.13) gives
w? (£+1) 0’R [r¢ 2A()]|OR
— — R=Ar)—+|= — 6.14
I:ﬁSM A(T‘) CZ + ] (T) arz + 7"2 + ( )
Rearranging Equation (6.14) gives the homogeneous ordinary differential equation
d’R [rs 2A(r)]dR 1 w? ¢(£+1)
Ar)—+|—= —_—— ————+———|R = 6.15
) dr? + 2 + r |dr M A(r) 2 (©6.15)
Multiplying by 1/A(r) gives
d2
d—+p( )—+q(r)R—O (6.16)
where
1 g 2+ 1)
_ — — - 6.17
p(r) A( ) 2 :CI( ) A(T) [A(T) CZ SM T'Z ( )

6.1. The Large Distance Approximation

Equation (6.16) can be solved in the large distance approximation corresponding to r >> 1 and A(r) —
1. In this case the particle is at a large distance from the spherically symmetric mass M. The nonzero
elements of the metric become

Joo =—1,011=1,922 = T2,933 = r2sin%0 (6.13)
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Contrasting Equation (6.18) with (4.1) shows that the two metrics differ in spatial geometry and sign
convention. The spatial geometry in Equation (4.1) is Cartesian while it is spherically symmetric in
Equation (6.18).

The terms p(r), q(r) in Equation (6.17) simplify to

2 w?
p() > =,a() = = — fsw = Q (6.19)
in the large distance approximation. The corresponding radial equation has the simplified form
d*Roe(r)  2dRg,(r) (£ +1)
a2 + T dr + QRQg(T') — r—zRQg(T) =0 (6.20)

where the subscripts of the radial solution Ry, specify solution parameters. Multiplying by r? gives
2 dZRQ{’(T) o dRQ{’(T)
dr? dr
The variable transformation

+[Qr2 —2(£ + DRy, (r) =0 (6.21)

X = Kr (6.22)

with constant k lets us write Equation (6.21) in the form
2
de%m+ ZXdRCQi—;O()+ X2 — €€+ D]Rpe(x) =0 (6.23)

where

Q = «? (6.24)
Solutions of Equation (6.23) that are regular at r = 0 are spherical Bessel functions of the first kind [13]
(Chapter 9), [14] (Section 11.7), [15] (Chapter 10):

, n/2
RoeCO) = jeCO) = |[—71,,100) (6.25)
X 12
The term ], 1 () is the Bessel function of the first kind. As an illustration, the lowest order term is
2
. siny
Roo(x) = Jjox) = — X == Jaor (6.26)

7. Conclusions

A formulation of parametrized relativistic quantum theory (pRQT) in curved spacetime has been
developed. The formulation is based on the simplifying assumption that the metric is independent of the
evolution parameter. Given this assumption, the resulting formulation was applied to the case of a free
particle in flat spacetime and the case of a particle in the Schwarzschild metric. The differential
equations for the Schwarzschild metric case were presented and solved in the large distance
approximation. The formulation developed here provides a basis for future applications.
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