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1 Introduction

The kernel is a particularly desirable detail to know about an operator because it pro-
vides the solution set of a linear equation. In many cases, however, the kernel is not
easy to find. A general method for calculating even the dimension of the kernel of an
operator is problematic because this number is not invariant under homotopy or compact

perturbation. Instead, index theory uses Fredholm index as a workable alternative.

The Fredholm index of an operator can give a sense of the size of solution sets to
equations involving the operator. An operator W, on a Hilbert space, is a Fredholm
operator if W and its adjoint, W*, have finite dimensional kernels and if the range of
W is closed. Equivalently, W is Fredholm if it is invertible modulo compact operators.
Fredholm index is defined by the formula ind(W) = dim(ker(W)) — dim(ker(W™)).
Unlike the dimension of the kernel of an operator, Fredholm index is invariant under
homotopy and compact perturbation. It can still be difficult to calculate an operator’s
index directly, so it is a goal of index theory to relate the index of an operator to its
geometric or topological properties. This can result in a formula for the index requiring

only straightforward calculations.

Our work will give explicit index formulas for Toeplitz operators with symbols from
the non-abelian algebras C(S') x, Z,, where a(z) = e*™/"z and C(S®) x4 Z,, where
a(w, z) = (w,e?™/"z). In the latter case, it turns out that the different parts of the index

formula will also allow us to distinguish between elements which have the same index but



are not homotopic. We begin with an overview of some facts about Toeplitz operators,

crossed product algebras, and K-theory that we will need.

1.1 Toeplitz Operators on the Circle

The Hardy space, H?(S'), is the subspace of L?(S') which has an orthonormal basis of
non-negative powers of z; that is, H2(S!) is the closed linear span of the basis {e"’},,>0.
(Convenience outweighing consistency in this case, we will, without further apology, use
both expressions 2™ and ™ in this paper.) The Hardy space can also be understood
as the subspace of functions in L?(S!) which have analytic extensions to the unit disk
[2, Introduction]|. Toeplitz operators, in the classical understanding, are operators on
the Hardy space, H?(S'), usually with symbols from either L>°(S*) or C'(S'). For our
purposes we will only consider Toeplitz operators with continuous symbols. Let P be the
projection from L?(S') to H?(S'). We can consider P as cutting off any negative powers

of z from an element in L?*(S'). With this projection we define a Toeplitz operator.

Definition 1.1.1. A Toeplitz operator with continuous symbol f, notated 1%, is an op-
erator on the Hardy space such that for any g € H*(S'), Ty(g9) = P(fg). Further, let
T(C(SY)) be the C*-subalgebra of B(H?(S')) generated by the Toeplitz operators with

symbols from C(S'). The s-map is (T)* = T7.

Operators with the form 74T, — Ty,, where f and g are continuous functions, are

called semi-commutators. &



Example 1.1.2. We consider the Toeplitz operator T, which acts as a unilateral shift
on the Hardy space. Since T(z") = z"™! for n > 0, the range of T, is the closed span
of {2"},>0 and the kernel is {0}. The adjoint is T%. Since T3(1) = P(z~') = 0, and,
for n > 0, Tx(2") = 2" !, we conclude that the kernel is the linear span of {1}. Thus
T, is Fredholm and has index —1. We further note that 737, = 1 whereas 1 — T, 7% is
the one-dimensional projection onto the subspace spanned by {1}. Similarly, it can be

shown that, for any integer m, T,» has an index of —m. &

Let IC be the algebra of compact operators on the Hardy space. Using the fact that
semi-commutators of Toeplitz operators are compact, it can be shown that 7(C(S'))/K
is isomorphic to C(S') by the symbol map ¢ which sends Ty to f [4, Theorem 7.23].
This further implies that a Toeplitz operator with continuous symbol is Fredholm if and
only if its symbol is invertible [4, Theorem 7.26]. This isomorphism also gives rise to the
short exact sequence

0—K—T(C(SY)) S C(SH —o.

It is a standard example in K-theory to show that the connecting map for this short
exact sequence, § : K(C(S')) — Ky(K), is an isomorphism. In fact, [8, Example 9.4.4]
shows that 0 sends the generator [z]; to —[1 — T,T%]o. From Example 1.1.2 we know that

this is the class of a rank one projection and thus a generator for Ky(KC).

A further classical argument, using the trace on IC, establishes that the connecting

map, d, can be used to find the index of a Toeplitz operator. Since, with f € C(S?), Ty



is Fredholm only if f is invertible, polar decomposition of f yields a unitary g € C'(S?)
such that f is homotopic to g. Through index invariance under homotopy and compact
perturbation, ind(Ty) = ind(T,). Using index properties and K-theory, an application

of [8, Proposition 9.4.2] establishes that ind(T,) = —Ky(tr)(6([g]1))-

Of course, for any particular invertible function f in C(S%), it may not be immedi-
ately obvious which unitary ¢ is homotopic to f, or what the trace of d([g];) will be.
What we actually desire is a formula that uses topological properties of f to calculate
the index of T%. This general goal of using topology-based formulas to yield operator

algebra results will be a recurring theme.

For continuous functions on the circle, the topological property we need is winding
number. It is invariant under homotopy, obeys the index-like rule that wn(fg) = wn(f)+
wn(g), and wn(z) = 1. An argument from these well-known properties in [4, Theorem
7.26, pg. 185] concludes that, when f € C''(S'), the index of T} is equal to the negative
of the winding number of f, or, using the formula for winding number,

. 1 _
an(Tf> = —% o f ldf

We can slightly modify this formula so that it applies to matrices as well. For X in
M, (CY(SY)), we define T as the n x n matrix where the (7,7)th entry is the Toeplitz
operator whose symbol is the (i, 7)th entry of X. Considering Tx as an operator on n

copies of H?(S1), the previous argument for the one-dimensional case can be extended,



as in [9, Exercise 4.4.30(2)], yielding the following index formula:

1
ind(Tx) = 5= tr(XtdX).
Sl

This example of Toeplitz operators with continuous symbol serves as both a set of
basic facts to be used and a paradigm for the rest of this dissertation. We will look at
Toeplitz operators with symbols from algebras other than C'(S'), but our goals will still
be to establish a short exact sequence, show that the Toeplitz algebra modulo compacts
is isomorphic to the symbol algebra, and find an integral formula which will give us the

index of a Toeplitz operator.

1.2 Toeplitz Operators on the 3-Sphere

Toeplitz operators can also be defined on manifolds other than the circle. Much of
this dissertation will concern extensions of the Toeplitz algebra on the 3-sphere. The
definitions and basic results for Toeplitz operators with symbols from C(S?) were detailed

by Coburn [2].

Definition 1.2.1. Consider S* as {(w,z) € C*||w|* + |z|* = 1}. The Hardy space on
S3, a subspace of L*(S?) which we will notate as H?(S?), is defined as the closed linear

span of the orthonormal basis {A,, m,} where m; and my are non-negative integers and

— 1+mi+m )l

mi M2 ( 1 2.

Py ms = Cmpme w1 22, wWhere ¢, = 5 )
myp:mea!

Define P : L*(S3) — H?(S®) as the projection onto this Hardy space. For any positive



integer n, extend P to the projection of M, (L?(S?)) onto M, (H?*(S?)) which applies P
to each entry. We then define a Toeplitz operator Ty, where X € M, (C(S?)), as the

operator on (H?(S%))" where Tx(Y) = P(XY) for each Y € (H?*(S?))".

Let T (M, (C(S?))) be the algebra generated by Toeplitz operators with symbols from
M, (C(S?)). An argument nearly identical to the argument in [4, Proposition 7.4] estab-

lishes that the x-map for this algebra can be defined by (T'x)* = Tx~. &

It will be useful for differential and integral calculations to use hyperspherical coor-
dinates for S3: (e, e n) where 6, and 6y are between 0 and 27 and 7 is between 0
and /2. It is well known that the volume of S* is 272. In [1] it is shown that the

hyperspherical coordinates are related to the coordinates (w, z) by
w = ¢ sin(n) and z = €2 cos(n)

and that the volume form is dV' = sin(n) cos(n)dndf,dbs.

Example 1.2.2. It is clear that P(1) = 1 and that P(z) = 0. However, it is less clear
how elements involving |z|? relate to the Hardy space. We begin by using the L? norm
and the basis of H? presented in Definition 1.2.1 to find the coefficients of the expansion
of P(]z|*). We use the fact that |z|> = 2z = cos?(n). We start with the basis element of

1.
1 1 2w 2w /2 X
— [ 1-|z]2dV = —// / cos?(n) sin(n) cos(n)dndb,db, = 5
00 0

212 Jgs 272



However, for any w™ 2™2 where either m; or ms is not 0,

2w 27 7T/2

1 1
w™ 2™2 | | dV = 2_/// im101 zm202 m1+1(77> COSm2+3(77)d77d91d92.

27'['2 S3

2m
But this will equal 0 as / e™9dh = 0 for any non-zero integer m. Thus P(|z[?) = 1/2.
0

¢

There are similar results for P(|z|?w™ 2™2) and P(|w|*w™2™2). The precise constants

are not essential, but we will require the following lemma:

Lemma 1.2.3. If X = |w|?|z|*2w™ 2" where Iy, ly, ny, and ny are non-negative inte-

gers, then P(X) = aw™ 2", where a is some positive number.
Proof. As in the previous example, we calculate the projection onto each basis element
Ky mpw™ 22 of H?(S3).

2w 27 7T/2

272 Jgs 27T2

0

-sin Tt () cogna a2t (0) dndf), df,.

If ny # my or ny # my then this integral will be 0. If ny = my; and ny = my, then
w/2

the integral equals 2k,,, m, /sin2m1+ll+1(n) cos®™2 22+ (n)dn. But from Definition 1.2.1

0
Ky m, > 0, and the integral will also be positive as sine and cosine are non-negative

between 0 and 7/2. O



Since the z coordinate can be 0 on the 3-sphere, the function f(w,z) = z is not
invertible. This will be a key factor later. For now we observe that operators such as 7%,
T, and T, are not Fredholm: each has an infinite dimensional kernel or cokernel. (The

kernel of 7% contains all non-negative integer powers of w. The others have similar issues.)

Coburn [2, Lemma 2| shows that, as in the case of Toeplitz operators on the circle,
Tx is compact if and only if X = 0 and that the symbol map ¢ induces an isomorphism
between T(C(S?))/K and C(S?). Further, [2] concludes with an example of an index one
operator in T (My(C(S5?))). As we will see shortly, there are no one-dimensional Toeplitz
operators on the 3-sphere with non-zero index. First, to provide a basic example of the
index arguments we will be making, we demonstrate that the operator from Coburn has

an index of one.

w —Z
Example 1.2.4. Let X = . We consider Tx € T (M(C(S?))).

z W

Suppose d , with f, g € H%(S?), is in the kernel of Tx. This implies that P(wf) —
g
P(zg) = 0 and that P(zf) + P(wg) = 0. Rearranging, we get wf = P(zg) and zf =

—P(wg). Multiplying the first equation by z and the second by w, we get

2P(zg) = wzf = —wP(wg).



Replace g with its expansion Z gmwizj. Then
i,j=0

Zg_zgzozw + Z Gi,j W |Z|22J !

i=0,j=1

Applying Lemma 1.2.3, we see that

[oe) o0
_ ;i .
2P(zZg) = = - g a; ;g ;w2 = E a; jgi ;W'

i=0,j=1 i=0,j=1
where every a; ; > 0.
o
Similarly —wP(wg) = E b jgi jw w Y = — E b; jgi ;w'z’, where every
i=1,7=0 = 1,] 0
o
b; ; > 0. Our equation then becomes g a; ;gijw'z? 5 bi;gi jw'z?
i=0,j=1 i=1,j=0

Thus go is unrestricted, and we can see that f(w, z) =0, g(w, z) = 1 is one solution
to the system. However, all g; o with 7 > 0 and go ; with j > 0 must be 0, since they only
appear on one half of the equation. Further, for ¢, 57 > 0, a; ;g;; = —b; jg:; ;. But each a, ;

and b; ; was positive, so, except for ¢ = j = 0 every g, ; must equal 0.

Finally, since g must be a constant, P(wg) = 0, which implies that wzf = 0 ev-
erywhere on S®. Thus f(w,z) = 0 off of the measure 0 subsets {(w,z)|w = 0} and
{(w,z) |z = 0}. Since f is an L? function, we conclude that f = 0 and that the kernel

of Tx is of dimension 1.



We now check the adjoint (T'x)*, which we know from Definition 1.2.1 is equal to T'x.

vz
But X* =

—Z w

Suppose P(wf)+ P(zg) =0 and P(—zf) + P(wg) = 0. Then P(wf) = —P(zg) and
zf = wg. Replace f, g with their expansions Z fi’jwizj , Z givjwizj , respectively.

i=0,j=0 i=0,j=0
The first equation then becomes

( 3 f||) _ —P( > ||) |

i=0,7=0

or, applying Lemma 1.2.3,

o oo
> afiglwlPw T == Y bigiglfetd
i=1,j=0 i=0,j=1

where a; ;, b;; are positive values. We conclude from this that, for 7, 7 > 0, a;,fi; =

—bi,1’j+1gi,1’j+1, SO fi,j and 9i—1,j+1 have opposite SigDS.

Similarly, with the second equation, we get

o o0
i g+l _ i+1
E fijw'2" = E Gi w2

i=0,5=0 i=0,j=0

We conclude from this that when ¢ = 0, f;; = 0, and when j = 0, ¢;; = 0. Further,
when ¢ > 0, f; ; = gi—1,j+1. But these were supposed to have different signs. So f; ; = 0.
And Whenj > 0, Gij = fi+1,j—1~ So Gij = 0.

10



Thus the kernel of T is trivial, and the index of T’y is 1. &

We will now use these facts from Coburn to find an index formula for Toeplitz oper-

ators on C'(S?).

Theorem 1.2.5. For any positive integer n, if X is in GL,(C*(S?)), then the Fredholm

1
index of the Toeplitz operator T is — - tr((X1dX)?).

12 272 J4
Proof. As a specific instance of the Chern character from [5, Proposition 1.2], the formula
tr((X—'dX))? is a map from K;(C(S?)) to the de Rham cohomology of S3. Since K;
classes are closed under homotopy, the map is homotopy invariant. It also follows from the

group operations of K; and de Rham cohomology that for any invertible X, Y € C*(S?),

[ oyt - |

tr((X—ldX)3)+/ tr((Y1dY)?).
53

S3

—z| 1 1

— - — tr(X'dX)?) = 1.
g [ Xy

This leaves us to show that, for X =
z

We switch X to hyperspherical coordinates and calculate:

e sin(n) —e 2 cos(n)
X —

e cos(n) e sin(n)

ie”t sin(n)dfy + e cos(n)dn i~ cos(n)dfz + =" sin(n)dn
So dX =

i€'% cos(n)dfy — €2 sin(n)dn —ie=" sin(n)dO; + e~ cos(n)dn

Y

11



e~ sin(n) e 2 cos(n)

while X! =
—e% cos(n) e sin(n)
Thus X 1dX =
isin(n)df1 + i cos?(n)db2 e~ 401402) (dn 4 i sin(n) cos(n)(doz — dby))
et (01+02) (_dn + i sin(n) cos(n)(db2 — doy)) —isin?(n)d1 — i cos?(n)do2

Next, tr((X'dX)?) =

3(i sin®()d6; + i cos?(n)dfs) (dny + i sin(n) cos(n)(dbs — b))

(—dn + isin(n) cos(n)(dfy — db))

— 3(dn + i sin(y) cos(n)(dfy — dby))(—dn + i sin(n) cos(n)(ds — db:))
(—isin®(n)dh, — i cos®(n)dbs)

= 3(isin®(n)df; + i cos?(n)dhy)(2i sin(n) cos(n)dn A (dby — db,))

— 3(2isin(n) cos(n)dn A (dfy — dy))(—isin?(n)df; — i cos®(n)dbs)

= 12sin(n) cos(n)dn A dby A dbs.

In conclusion,

L[ xtaxy) = 2 /%/%/WS' (n) cos(n)dy A dy A dby — 1
or? Jgs 127 “onz ), ), ), S Cesunan A A dhz =2

12



Note that for any invertible Y in C*(S?), (Y 1dY)? = 0, since dY AdY =0, so Ty
will have an index of 0. Thus Toeplitz operators on the 3-sphere with non-zero index

require matrix symbols.

We will use Theorem 1.2.5 extensively in Chapter 3.

1.3 Crossed Product Algebras

We will be concerned with the algebras of continuous functions on the circle crossed by
Z,, and on the 3-sphere crossed by Z,, for any positive integer n. In both cases the action
will be the rotation of one complex coordinate by 27 /n. We first review the definition of

a crossed product algebra and some facts particular to algebras crossed by Z,,.

Definition 1.3.1. Let A be a x-algebra and G a group which acts on A; that is, G is
isomorphic to a subgroup of x-automorphisms on A. As in [7, 7.6.1], A x G is defined

as C.(G, A). When G is finite, elements in A x G can be expressed in the form Z a7,

vyeG
where each a, is an element of A [3, VIII, pages 216-217]. The x-algebra operations for

these forms are as follows:

Z ayY + Z byy = Z(GW +b,)7, where each a,,b, is in A,

yeG yeG yeG

and for a,b € A and v,a € G

(ay)(ba) = a(y - b)(ya)

13



where 7 - b is the element in A that results when ~ acts on b. The x-map is defined by

“ea)y

(a7)" = (v

For the crossed product algebra A x Z,,, where n is a positive integer, we will write
A X, Z, instead where « is the isomorphism from Z, to a subgroup of automorphisms
on A. Since this subgroup is generated by a(1), and a(m) = o™ (1), we will use just «

to stand for (1) as well.

In particular, we will be concerned with C(S') x,, Z,, where a - f(2) = f(e*™/"2). We
will work with the representation of this algebra as the subalgebra of bounded operators

on L*(S') where each continuous function operates by multiplication and « is represented

by the operator V such that, for every h € L?(S"), V/(h)(2) = h(e*™/"z).

Similarly, we will consider C'(S%) x4 Z,, where a - f(w, z) = f(w, e*/"z), and work
with the representation of this algebra as the subalgebra of bounded operators on L?(S?)

where each continuous function operates by multiplication and « is represented by the

operator V such that, for every h € L?(S%), V(h)(w, 2) = h(w, e*™/"z).

In either case it is clear that when V operates on a continuous function f from L?,

V(f)=a-f. ¢

Example 1.3.2. Consider C(S) x, Z3, where « is the rotation action such that for any
fin C(SY), a- f(z) = f(e*™/32). A typical element in this algebra will have the form

14



f+ gV 4+ hV? where f, g, and h are in C(S') and V is the generator of Zs which acts
on C(S') by a. Note that (2V)* = (a2 - 2)V 1 = e4mi/3,V2 = ¢2"/37V2 Further, note
that 2V is a unitary as (2V)*(2V) = (e¥/32V2)(2V) = >™/3z¢*™/32 = 1, and similarly

(V) (V)" = L. &

We will use the K-theory of such algebras extensively. Paschke [6] outlines a procedure
to determine the K-theory of A x, Zs. The more general case of A X, Z, was not
completely addressed due to the more extensive “bookkeeping” required. Luckily for us,
a more recent paper by Schwietzer [10] addresses this bookkeeping and finds the K-theory
of A x, Z,. We outline the notation and an important isomorphism from these papers.

We will consider the K-theory results in the next section.

Definition 1.3.3. With n a positive integer, let A be a C*-algebra and « a Z, action

on A. Following the notation in [10], we will construct a matrix representation of A X, Z,.

Let A, = {f € Ala - f = e¥™/"f}. Note that Ay is the set of elements f such

that o - f = f. Further, note that for each m < n, A,,A,_,, (the closed linear span of
n—1—-m

{abla € A,,,b€ A,_,}) is a two-sided ideal in Ag. Let I,,, = Z A;A,_;.
j=1

n—1

1 . .
Define the projection E,, : A — A,, by E,.(9) = — E e"mm/nad L g for g € A.
n
Jj=0

15



A useful result from [10, Lemma 1] is an isomorphism

Ay A
An—l AO

¢ AXNLy, —
A A

Ao

Note that the image of ¢ is a subalgebra of M,,(A) — a fact we will use later to shorten

some calculations.

Letting V' be a generator of Z,,, the isomorphism is defined by

Eo(f) e ?mmEy(f)

E,1(f) e ™™ Ey(f)
V™) =

efm(nf1)271'1‘/nE'n_1 (f)

e—m(n—1)27ri/nEn72(f)

e—m(n—l)Qﬂi/nE()(f)

16



Schwietzer [10, Lemma 1] also provides an inverse map for any matrix X in

Ay Ay ... A,
Ay Ay o A
A Ay Ay

defined by

3

1 n n
lz< Ze2k lmﬂz/nX >V
m=0

k=1 l=1

Since all the sums are finite, we can rewrite the inverse as
1 n n—1
— - X 2(k—1)mmi/ny m '
0= 1373 (5 ey
k=1 I=1 m=0

This last form is easier to calculate, as Z X 1s the sum of the kth column. It will also
1=1
be useful for determining the index of certain operators in Chapter 3. &

The isomorphism ¢ will be a great convenience for us, as the next example demon-

strates.

Example 1.3.4. Consider f+ gV in C(S') x4 Zy where - h(z) = h(—2z) for h € C(S').

17



Eo(f +9) Ei(f—9)
Now o(f +gV) = , and the determinant of this matrix is

Ey(f+9) Eo(f—g)

Eo(f+9)Eo(f —9) = Ei(f = 9)Er(f + 9)
=%(f+g+oz-f+a-g)%(f—g+oz-f—a-g)
—%(f—g—a~f+a-g)%(f+g—a-f—a-g)

=fla-f)—gla-g).

We conclude that f + gV is invertible if and only if f(a - f) — g(a - g) is never 0.

It is worth noting that, for the algebra in this example, Ag is the set of even functions
and A; the set of odd functions. Further, even if S! is replaced with S3 or another

manifold, the same conclusion about invertibility will hold. &

Example 1.3.5. Let A = C(S?) %, Z,. We observe that

X=w+w+z—2)+(w—w+z+2)V

: : —z o A A
is a unitary because ¢(X) = , which is a unitary in

z W Al Ao

18



Similarly, for any integer n > 1, the element Y in C'(S?) x, Z, such that

1 0 0
0
w  —Z
oY) =
zZ W
0 1
will also be a unitary. &

Paschke [6, Section 2] further argues that when X is a locally compact T, space, then,
for the algebra Cy(X) x4 Zs, Iy = nZ_IAjAnj will be the ideal in A, of functions that
vanish on the space of points fixed 1]3;1@. We label the fixed point space Y. Paschke [6,
Section 2] concludes that Ag/Iy = Cy(Y). We need a similar result for A x, Z,. The
argument parallels Paschke’s, but we include it here for completeness.

Lemma 1.3.6. Let X be a locally compact Ty space and o a Z, action on X. Let
Apn={f€Ala-f=e/"f} and I, = ”_Zl_l A;A,_;. Further, letY be the subspace of
j=1

points in X which are fized under o. For any non-negative integer | less than n, Ag/I,

is isomorphic to Co(Y').

Proof. Note that if f € [}, then f = fi f, where f; € A, and f, € A; such that k,7 > 0
and k + j = n. But this means that fi(a(x)) = e?™*/" f,(z) for every x € X. But Y is

the set of points fixed by «, so for y € Y, fi(y) = e*™*/" f,(y). Thus f; and f will vanish
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on Y. Further, for every other point x in the complement of Y, there will exist functions

g1 € Ay and go € A, such that g1g2(x) # 0.

Let Z be the space formed from X by identifying each z with o*(x) for each positive
integer k less than n. Note that Ay = C(Z). Thus [; = {f € Ao | f(Y) = {0}} as ideals
in Ay are defined by the sets of points on which all the functions in the ideal vanish. We

conclude that Ay/I; = C(Y') through the restriction map. O

1.4 The K-Theory of A x, Z,

We now focus on the K-theory results of Paschke and Schwietzer relevant to this paper.
Definition 1.4.1. Using the 2 x 2 matrix form of A X, Zs (see Definition 1.3.3), define

wlANaZQ—)Ao/IO by

Eo(x1) Ei(72)
(0 = Ey(z1) + Io.

E1 (I1> E()(l’g)

Note that ¢ is a homomorphism as

w EQ(ZEl) El(l‘g) E0<y1) El(yQ)

E1(9€1) Eo(l'z) El(yl) Eo(y2)
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Eo(z1)Eo(y1) + Er(w2) Er(y1)  Eo(w1)Er(y1) + Er(z2) Eo(y2)

=y
Ey(z1)Eo(y1) + Eo(w2) Er(y1)  Ei(w1)Ei(y2) + Eo(z2) Eo(y2)
Eo(r1) Ei(2) Eo(y1) Er(y2)
=FEo(x1)Eo(yr) + Lo =4 (0
Ey(x1) Eo(x2) Ei(y1) Eo(ys)
as E1(z)E1(y1) is in 1. ¢

Using the inclusion map i : Ag — A X, Zo, Paschke [6, Theorem 1] shows that there

is a six-term exact sequence:

Kl(Ao) —_— Kl(A N Zg) Kl—(d))> Kl(A()/I())

I 1 »

KO(AO/]O) m Ko(A N Zg) — KQ(A())

Although we will soon make more general conclusions using Schwietzer’s results, we
first examine two applications of this six-term sequence as they exemplify the broader

results.

Lemma 1.4.2. If « is the action on C(S') such that o(f(z)) = f(—=2), then both

K1 (C(SY) x4 Zy) and Ko(C(SY) x4 Zs) are isomorphic to Z.

Proof. Using the proof of Lemma 1.3.6, Ay will be isomorphic to C(S'), as identifying
each point z with a(z) = —z quotients S! to itself. (The isomorphism sends 2?™ to 2™ for
every integer m.) Further, since z and z are both in A;, 1 = zZ is in the ideal I, which

implies I is isomorphic to Ag. Thus Ag/ly = {0}. The six-term exact sequence (1) then
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yields isomorphisms between K;(C(S')) and K;(C(S') x4 Z3) and between Ko(C(S'))
and Ko(C'(S')x4Zs). A basic K-theory result informs us that K;(C(S')) 2 Z fori = 0, 1.

The desired result follows. O]

We note in passing that 1 is not a generating projection for K(C'(S') x,Zs). Instead,

p= % + %V and g = % — %V are. Note that [p]o = [¢]o as, with v = %z - %ZV, we have

p=v*v and g = vv*.

We will be concerned with unitaries and K; equivalence classes in the next chapter.

Lemma 1.4.3. If a is the action on C(S®) such that o(f(w,z)) = f(w,—2), then both

K1 (C(S?) %o Zy) and Ko(C(S?) x4 Zs) are isomorphic to Z2.

Proof. Here, again using the proof of Lemma 1.3.6, A is isomorphic to C'(S?), as iden-
tifying each point (w, z) with a(w,2) = (w, —z) quotients S? to itself. The set of fixed
points is {(e?,0)}, so Ao/l = C(S*). (Unlike the previous case, 2z = |z|? is not iden-
tically 1, so the function 1 need not be in Iy. In fact, 1 cannot be in Iy, as Iy % Ag.)
Note that for every positive integer j, w’ and @’ are in Ay. Further, w’/ and @’ are not
in [y = A? as every function f(w,z) in A; has the property that f(w,—z) = —f(w, 2),
which requires that f(w,0) = 0. Since w’/ = e/ and @/ = €77 when restricted to
{(e,0)}, and since these restrictions form a basis for C'(S1), the positive powers of w

and w will be a basis for Ay/ .
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Basic K-theory informs us that K;(C(S®)) & K;(C(S')) & Z so our six-term exact

sequence (1) becomes

7.2 Ky (Ay) —— K1(C(S%) xa Za) 229 K\ (o) 1y) = 7

I |

7= Ko(Ao /1) V) Ko(C(83) x4 Zy) +—— Ky(Ag) = Z.

The elements in K7(Ay/ly) can be represented by the positive powers of w and w. Since

the element X from Example 1.3.5 is a unitary in C(S®) x,, Zy, and X has the matrix

representation of ¢(X) = , we conclude that ¥(X) = w. As w is a generator
z W

10
of K1(Ao/Ip), K1(¢) will be surjective. Similarly, with Y such that ¢(Y) = [O 0],
Y(Y) = 1, and thus Ky(¢) is surjective. It follows that the connecting maps will be

0-maps. For ¢ = 0,1, we conclude from the short exact sequence
0—=7Z — K;(C(S®) x4 Zy) = 7Z 0

that K;(C(S?) x4 Zy) = Z2. O

%V are generating projections. In this case they are

Here again p = %+%V and ¢ = %

not equivalent. We outline the argument. Suppose there exists v € C'(S%) x Zy such that
: : . 10 00
v*v = p and vv* = ¢. Using the isomorphism ¢, ¢(p) = 0 0 and ¢(q) = 0 1l If

o(v) = |*

C

d] , then a few matrix calculations show that a = b=d =0 and ¢c = cc = 1.

But ¢ € Ay, so éc € A? = Iy. This is a contradiction, as 1 is not in /.
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Generalizing, Schwietzer [10] considers Z, actions for any positive integer n. To

calculate the K-theory of such algebras he uses the notation of the following definition.

Definition 1.4.4. For a x-algebra A, integers j and n such that 0 < 7 < n, and a Z,

action a, we know that ¢ from Definition 1.3.3 is an isomorphism from A %, Z, to

Ao

An—l

A

Ay

As

An—l

An—2

Ao

Following the notation of [10], we define jth lower right corner of an n x n matrix X

in B as the projection of X onto the subalgebra

0

Ao

Anfl

A

J

Ay

Ajn

We label this subalgebra B; and note that the non-zero entries are contained in a

J x j block.
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Although we will only need to use the matrix form of this projection, the related

projection in A x, Z, would project ¢! (X) Z (Z 2= Nmi/n x, ) V™ to
k=1
1 n—1 n
- 2(l1-1)mi/n
L5 (3o e v
=0 \k,i=j

Let 1; be the quotient map of the (j,j)th entry of B; (the upper left corner of the
non-zero entries) into Ag/I;_;. It can be shown that v; is a homomorphism by an argu-

ment similar to the one for ¢ in Definition 1.4.1. Note that B; is AX,Z,, and B, is Ay.

Schwietzer [10] then constructs the set of n — 1 six-term exact sequences

Kl(Bi) —_— Kl(Bi—l) i 1)K1(A0/Iz 2)

I | g

K()(Ao/]i_2> K<(T) K()(Bi_l) — K()(BZ)

Note that when n = 2, the one and only six-term exact sequence is the same as

Paschke’s.

We again find the relevant K-groups. Note that for an integer j such that 0 < j < n,

2 e Ajand 27 € A,_;.

Lemma 1.4.5. If a is the action on C(S') such that a(f(z)) = f(e*™/"z), then both

K (C(SY) x4 Zy) and Ko(C(SY) x4 Zy,) are isomorphic to Z.

Proof. As before, applying the proof of Lemma 1.3.6, Ay is isomorphic to C(S') (this

isomorphism is effected by sending 2™ to 2™ for every integer m.) Further, for any
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integer j such that 0 < j <mn, 1 = 27z is in the ideal I;, which implies I; is isomorphic
to Ap. Thus Ay/I; = {0}. Each of the six-term exact sequences then yields isomor-
phisms between K,(B;) and K,.(Bj_1). Thus Z = K.(C(S")) = K.(4y) = K.(B,) =

K.(By1) 2 .. 2 K,(B) = K.(C(S") %o Zy). O

Lemma 1.4.6. If a is the action on C(S?) such that af(w,2)) = f(w,e*/"z), then

K (C(S?) Xo Zy) and Ko(C(S?) x4 Zy,) are both isomorphic to Z".
Proof. As before, Ay is isomorphic to C'(S?). Our first sequence is then

~J ~J Kl 1%—1
Ki(By) 2 Ky (A)) 2 Z —— Ki(Bp_y) —2V 0 ) (Ag/1s)

[ |

Ko(Ao/In-2) m Ko(Bn-1) +—— Ko(B,) = Ko(Ay) = Z.

For any integer j such that 0 < j < n, Lemma 1.3.6 informs us that Ay/I; = C(S').
So our first sequence becomes
7 —— Ki(Bp-1) — Z
7 «— Ko(Bp-1) «— Z

and the successive sequences will be

Kl(Bj) E— K1<Bj,1> — 7

L b
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Now, when 0 < j < n, define X; and Y; as the elements in C(S?) %, Z, such that

1 0 0
0
w —Z
P(X;) = -
z w

with the w in the (j, 7)th entry, and

0 0 0
0
1
¢(Y;) = :
0
0 N 0

with the 1 in the (7, j)th entry. Note that X; is a unitary and Y, a projection. Fur-
ther, their projections into B; are a unitary and a projection in B; respectively. But
1; maps these elements to the generators of K,(C(S')). Thus K, (¢;) will be surjective
and the connecting maps will be 0-maps. It follows that each K,(B,_) is isomorphic to

K.(B;) & Z.

In the first sequence this results in K.(B,_1) = 7?. Each of the successive n —

2 sequences will result in another copy of Z being added on. We can conclude that

K.(C(S%) x4 Z,) = 27 O
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2 Toeplitz Operators with Symbols from C(S') x, Z,

In this chapter we will develop the index theory of Toeplitz operators with symbols from
C(SY) x4 Z, where « is a rotation. We will start with examples and direct calculations of
index. We will then find a short exact sequence, calculate the K-theory for the algebra,

and construct an index formula.

2.1 Definitions and Examples

Definition 2.1.1. Having selected any positive integer n, let a be the homomorphism
from the group Z, to the automorphism group of C(S!) where the automorphism a(1)
acts by a(1) - f(z) = f(e*™/"z). As mentioned in Definition 1.3.1, we will use just a to
stand for a(1) as well. The crossed product algebra that results, C'(S*) %, Z,, can be
viewed as the subalgebra of B(L?*(S')) generated by multiplication operators with sym-

bols from C(S*) and the operator, V, which sends f(2) to f(e*7/"z) for every f in L*(S').

We will need differential forms for our index formula, so we define a linear map d on

n—1 n—1

the crossed product algebra by d (Z fiVZ) = Z(dfi)‘/i, where d on the right hand
i=0 i=0

side is the usual exterior derivative. We decree that d(V) = 0. With 2z = ¢, and for

any continuous function f, set V(fdf) = (a - f)dfV. Because d will be part of the index

formula, we will restrict the formula to elements of C*(S) %, Z,. &
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Example 2.1.2. Note that dz = d(¢) = ie?df = izdf. Thus V(dz) = V(izdf) =
i(a - 2)dOV = ie2™/"2dfV = e*/"dzV. We will frequently use the fact that V acts on

dz similarly to how it acts on z.

More generally,

d(V(f(2))) = d(f(e™/"2)V) = ™/ {27/ 2)dzV

=f(e2™/M2)i(e>™2)dOV =V (f'(2)izd) = V(f'(2)dz) = V(d(f(2))). &

We next verify the product rule for d by direct calculation. There is nothing special
about functions on the circle here — the lemma applies to any algebra A x, Z,, as long

as an exterior derivative is defined on A.

Lemma 2.1.3. Let A be an algebra with an exterior derivative defined on it, and let
the derivative d be applied entrywise to the crossed product algebra A X Z,. Let V

be the element which implements the action «, and let dV = 0. If X = ZfiVi and

n—1
Y =Y gV are in A, Zy, then d(XY) = (dX)Y + X(dY).

J=0

Proof. d(XY) =d ((Z fzvl) (g gjvj))

7=0 =0 ]:0
n—1 n—1 n—1 n—1
= ([df)Vig VI + > > fiVi(dg;)V? = (dX)Y + X(dY) O
=0 j=0 =0 j=0
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Note that for any positive integer m, M,,(A x4 Z,) = M,,(A) X Z,. Since, applying
the derivative d entrywise, M,,(A) is an algebra with an exterior derivative, Lemma 2.1.3

will apply to matrices of crossed products as well.

Definition 2.1.4. Let Q'(C(S")) the space of 1-forms on the circle and Q' (C(S') x4, Z,)

be the space of 1-forms on the crossed product algebra; that is, Q'(C(S!) x4 Z,) =
{nz_lwivi |each w; € Ql(C(Sl))}.
i=0
In the following sections we will sometimes be interested in only part of a 1-form
on C(S') x4 Z,. To capture the part we are interested in, we define the map v :
QUC(SY) x4 Z,) — QHC(SY)) by v <"Zl wivi) = wp. Further, let 7 be the quotient
i=0

map from Q'(C(S)) to Q' (C(S'))/Z where Z is the subspace of exact forms.
As in Section 1.1, let P be the projection onto the Hardy space and, for any X €
C(SY) Mo Zy, let Tx = PX. Define T(C(S') X, Z,) as the C*-algebra generated by the

set of Toeplitz operators {Tx | X € C(S') %, Z,}.

Note that the Hardy space is invariant under V', so PV — VP = 0. &

Although not essential for the arguments of this chapter, we provide a few examples

that are of interest and may help illumine later results.

30



Example 2.1.5. We demonstrate that 2V in C'(S') %, Z, is homotopic via invertible
elements to z. Clearly zV is homotopic to 72V, so we will present a homotopy through

invertibles from 2zV to z.

For t € [0,1], let X; =tz +i(1 —t)zV. By our test for invertibility from Example
1.3.4, X, will be invertible since tz(a-(tz)) —i(1—t)z(a-(i(1—t)z)) = —t?22 — (1 —t)?2% =
(—2t? + 2t — 1)2? is nowhere vanishing for all ¢ € [0, 1]. Since Xy =2V and X; = 2, 2V

is homotopic to z. &

The next example gives an instance where T'x has index 0 but is not invertible — a
phenomenon that does not happen when X is in C'(S') [4, Corollary 7.25]. It also shows
the difficulty of calculating the index directly for even fairly basic examples of operators

in T(C(S') x4 Z,) — something an index formula will save us from in the future.

Example 2.1.6. Consider T.;(_.45v in T(C(S') X4 Zs). Note that the adjoint is

Tst(—24zv- We find the kernel for each.

Suppose T4 (—.45v(f) =0 for f = Z a;2’ in the Hardy space. Then

J=0

P (zZasz) - P (zZaj(—z)]) + P (zZaj(—z)j> =0

§=0
e.) oo
= 2z2a2j+1z2j+1 =-—P (Z aj(—l)jzj_1>
j=0 j=0
(e.) o]
= 2 Z a2j+122j+2 = — Z aj(—l)jzj_l.
j=0 Jj=1
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Since the left side of the last equation has only even powers of z, starting at z?, matching

with the odd indexed constants, every as;, except for ag, must be 0. Our equation is then

D o
2j+2
2 E agjp12” E aj41%
Jj=0 Jj=0

Matching powers of z from both sides, we get that 2as;11 = agjy3 for j > 0. Clearly
no such sequence of coefficients will converge unless each as;11 = 0. However, qq is still

free, so the kernel of T’ (_.,z)y is the span of {1}.

We now check the adjoint.

o0
Suppose Tsi(—.45v(f) =0 for f = Z a;z’ in the Hardy space. Then
=0

P (226L]’Z‘7> — P <zZaj(—z)j> +P (ZZCLj(—Z>j> =0

j=0
= 2P (Z &2j22j1> =z Zaj(—l)jzj
j=0 j=0
=2 ayz T =) a1y
j=1 j=0

Since the left side of the last equation has only odd powers of z, starting at z!, match-

ing with the even indexed constants, every agj;; must be 0. Our equation is then

o0 [e.o]
2j-1 _ 2j+1
2 E a2z = E ag; 27"
j=1 j=0

Matching powers of z from both sides, we get that 2as; = as;_2 for 7 > 0. Selecting

any constant ag, this will create a convergent sequence, so the kernel of 7% (.4 is the

span of Zaogz 7,
5=0
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Since both of these kernels are one-dimensional, the index of T, (_. sy is 0. But

since the kernels are non-trivial, the operator is not invertible. %

Lastly, we give an example of some of the calculations that will be needed to use our

promised index formula.

Example 2.1.7. Let X = 322+ 27*V? in C(S') x,Z3. Note that dX = 62dz —4275V?%dz
924 + 62772'/3278‘/ _ 364771‘/3272‘/2

-1
and that X = 376 1

. (The inverse can be found by switch-

ing to the matrix form of Definition 1.3.3, or by inspection.)

We calculate v(X 1dX).

924 - 62dz — ™32 8 - (427%dz)  B42® — 42713
—1 o _
V(X dX) = 2726 + 2712 C 2726 4 12 dz. <

2.2 Compact Operators and the Symbol Map

In Theorem 2.2.2 we will establish an isomorphism, which we label o, between C'(S1)x,Z,,
and T(C(S') x4 Z,)/K. The isomorphism is defined by p(X) = Tx + K, where X is an

element of C'(S*) X, Z,. With this isomorphism the short exact sequence

0— K — T(C(SY) x4 Zyp) — T(C(SY) x4 Zy) /K — 0.
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can be rewritten as

0= K= T(C(S") X Zn) S C(SY) Xq Zn, — 0.

where o is the symbol map. This short exact sequence will later be used to find the

K-theory of T(C(S') x4 Z,) and to help calculate the indices of operators.

As in Definition 1.1.1, for any symbols X and Y, we will call the Toeplitz operator

Txy — T'xTy a semi-commutator. We start with a lemma about semi-commutators.

Lemma 2.2.1. Let m and n be positive integers. For all X,Y in M,,(C(S') x4 Z,),

Txy — T'xTy is a compact operator.

Proof. We begin with the case where m = 1.

Both [4, Proposition 7.22] and [2, Theorem 1] inform us that semi-commutators in

n—1 n—1
T(C(S')) are compact. For any X = ZflVl,Y = ngvk in C'(S) g Zy,
1=0 k=0

Txy —TxTy = PXY — PXPY

o) (B () ()

3
|

=

~

- O

n—1 n—1
=P (Z Vg VE — flPVlgkvk>
=0 k=0
n—1 n—1
= (Tfl(al‘gk) - szT(al-gk))VHk'

Il

o
B
o
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But since each T, — T}, Tia1.g, is compact, the sum is compact as well. Tt follows

al-gg) ol-gy,

that QD(XY) =Txy + K=TxTy + K = go(X)cp(Y)

When m > 1, a calculation verifies that each entry of T'xy —Tx Ty is a sum of operators

of the form T.

J1-92

iy, — Ix, where each X, j, and Y}, 5, is in C(S') X4 Z,,. Thus

each entry, and therefore the entire semi-commutator, is compact. O]

Theorem 2.2.2. The map p : C(SY) x4 Z, — T(C(SY) x4 Z,)/K defined by p(X) =

Tx + K for each X in C(S') x4 Z,, is an isomorphism.

Proof. We begin by showing that for any X in C(S') x4 Z,, [|X|| = || Tx/||. Tt will follow
that ¢ is contractive and therefore continuous. Note that we are considering X as an

operator, so the operator norm will be applied.

n—1

Let X =Y f;V7 and € > 0. Clearly ||X|| > [|Tx||. Next, pick & in L*(S") such that
j=0
||| =1 and || Xh| > || X]|| — €/2. Note that

n—1

> L@V h(2)

J=0

IX (=" n)l| =

‘ = [|z"5(X)hll = | XAl

for every integer k as V(") = (e?™/"z)"* = 27k This fact allows us to shift XA to
X z¥"h without changing norm. However, as k increases, the expansion of sz’mh will be

moved more and more into the Hardy space, so the impact of the Toeplitz projection P
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will vanish. That is, for each f; there exists an integer k; such that for any integer L > k;
|Pf;(2)2"th(z) — fi(2)z"h(2)|] < €/2n. Letting k = max{k;}o<j<n_1, it follows that
|Tx (2"*h(2)) — X2"Fh(2)|| < €/2 and that || Tx (z"*h)|| > || X 2" h|| — /2 = || X h|| — €/2.

Thus [|Tx || > | Tx (2"h)|| > [ XA] = €/2 > | X]|| — €. So || X][| = [|Tx]-

Further, applying Lemma 2.2.1, we see that ¢ is an algebra homomorphism since for

any X, Y in C(S") Xo Zy, o(XY) = Txy + K =TxTy + K = o(X)p(Y).

Next, we show that ¢ is injective.

n—1
Suppose T'x is compact and X = ijVj with each f; in C(S'). Because Tx is
=0
compact, for any € > 0 there exists N such that for every integer m > N, ||[Tx(2™)| <
€/(2n). And, multiplying by 2™ to shift each f; more and more into the Hardy space, we

can select M > N such that for all integers m > M,

(Z f] 27F’L]/7’L m>

Without loss of generality, let m be a multiple of n. So, for each integer [ such that

||TX 27rz]/n )m

—€/2.

0<l<n,

n—1n—1 — n—1
’nle < Z Z e27rz )] k/nf Z eQm(j—l)k:/nfjH
k=0 j=0 k=0 || j=0
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Thus each f; = 0, so ¢ is injective.

Finally, as ¢ is an algebra homomorphism whose image includes all the generators of

T(C(SY) x4 Zy,), it is surjective.

Thus ¢ is an isomorphism. The short exact sequence follows. O

Using Lemmas 2.2.1 and 2.2.2, it is straightforward to verify that, for any positive

integer m, M,,(C'(S*) X4 Z,) = M, (T(C(SY) x4 Zy,))/K.

2.3 K-Theory

We now look at the K-theory of 7(C'(S') x4 Z,). We will use the results from Lemma

1.4.5 and apply a similar argument to the classical one for the K-theory of T(C(S')).

Theorem 2.3.1. K (T (C(S") x4 Zy,)) is isomorphic to 0 and Ko(T(C(SY) x4 Zy)) is

1somorphic to 7.
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Proof. We turn our attention to the six-term exact sequence

Ki(K) ———— Ky(T(C(SY) %0 Z.)) %5 K, (C(S") %0 Zn)

| s

Ko(C(S") X Zy) o) Ko(T(C(S") X Zy)) ——— Ko(K)

arising from the short exact sequence
0= K — T(C(S") ¥4 Zy) L C(S*) x4 Zy, — 0.

From Lemma 1.4.5 we know that, for i = 0,1, K;(C(S') x, Z,) = Z. Further, it is
known from [8, Corollary 6.4.2, Example 8.2.9] that Ky(K) = Z and K;(K) = 0. So the

six-term sequence becomes

0 —— Ky (T(C(SY) %a Zn)) 2% 7,2 [ (C(SY) %0 Z)

T Js

Z T Ko(T(C(SY) x4 Zy,)) < Z.

Clearly, Ko(o) is surjective and K;(o) is injective. If d; is an isomorphism, then the rest

of the sequence will also be known. We now show this to be the case.

Ky(K) is generated by the rank one projection, Fj, which projects onto the space
spanned by the first basis element, 1, of the Hardy space. Using a standard definition
of the index map [8, Proposition 9.2.4], we apply an argument similar to the one used

in [8, Example 9.4.4, Exercise 12.4] to calculate K (7 (C(S'))).
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0
Considering [z]; € K(C(S')xZ,), we compute d;([z];) by lifting the unitary [(Z) _]

z
T, 1-T,T;
in My(C(S') ¥4 Zy,) to the unitary in My(T(C(SY) x4 Z,)). We then
0 T
evaluate
T, 1-T,)17:| |1 0| |T, 1-=-1T.1% T, 75 0 1—-F 0
0 T 0 0 0 T 0 0 0 0

The last equality follows from Example 1.1.2.

By the standard definition of the index map, d;([z];) will be this last matrix with
any constant terms removed, so d1([z]1) = —[Fi]o. Since [F}| was a generator of Ky(K),
01 is surjective. But a surjective homomorphism from 7Z to Z must be an isomorphism.

Therefore d; is an isomorphism.

Returning to the six-term exact sequence, ¢; being an isomorphism implies that K (o)
is the zero-map. Since Kj(o) was also injective, K1(T(C(S') %, Z,)) = 0. Further,
the map from Ky(K) to Ko(T(C(S') x4 Z,)) must be the zero-map, implying that

Ko(T(C(SY) %o Z)) = Ko(C(SY) %o Zn) = Z. O

It follows from the above argument that [2]; generates K;(C(S') x4 Z,), because it
is mapped through an isomorphism to a generator of Ky(K). We will use this fact in the

next section.
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2.4 Index Formula

The index formula will be similar to the standard formula for winding number mentioned
in Section 1.1, but it will require the additional map v from Definition 2.1.4 to restrict
a 1-form on C'(S') %, Z, to a 1-form on C(S?), allowing us to integrate. We begin with

two necessary, if technical, lemmas.

Lemma 2.4.1. Let X be an element of M,,(C(S') x4 Z,), and let Y be a 1-form

from M, (QY(C(SY) x4 Z,,)). If Zajhj is the power series expansion of v(tr(XY)) —

v(tr(YX)), then whenever j = —1 mod n, a; will be 0. In particular, the difference

v(tr(XY)) — v(tr(Y X)) will be an ezxact form.

Proof. We show the result holds when m = 1. The result will follow for m > 1 as
m—1,m—1

v(tr(XY)) — v(tr(YX)) = Y (v(Xi;Y5) — v(Y;:Xi,)) where X;; is the (i, j)th
i=0,j=0

entry of X and Yj; is the (j,4)th entry of Y. Thus the m x m case reduces to the one-

dimensional case.

n—1 n—1
For X = f,V"in C(S") %0 Zy and Y =Y _ g;dzV7 in Q1(C(S) 90 Zy), it is clear
w=0 7=0

that v(XY) will be the sum of the products (f,V*)(g;dzV?) = f,(a* - (g;dz)) where
w+j = nor 0. Similarly v(YX) will be the sum of the products (g;dzV7)(f,V") =

g;dz(a? - f,) where w+ j =n or 0.

When w + j = 0 then w = j = 0 and the relevant terms are f,V° and goV°. But

clearly, (foV?)(90V?) = fog0 = g0fo = (goV?)(foV?).
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We next examine any particular w and j such that w4+ 7 = n.

[o.¢] (0.)
Let f,, have the power series expansion Z aiz* and g; the expansion Z bz', where
—0o0 —0o0
each ay and b; is a constant. Since this lemma is concerned only with —1 mod n terms,
and we will be multiplying z* and 2!, the terms we are concerned with are precisely those

where k + 1 = —1 mod n. But using Example 2.1.2 and noting that w = —j + n, we see

that for each such k and I,

(ar 2"V (02l d2V7) = a2 (2 - (bi2'dz)) Vet
:a,kble<Oéw i (Zl>)(0./w . (dZ)) — akblZk+l€27rlwi/n€27rwi/ndz

:akblzk—i-le(l-‘rl)%rwl/ndz — akblzk+le(_k mod n)27rwz/ndz

:akblzk—l-le(—k)%rwz/ndz _ akblzkHe(Jk)?m/”dz.

But (b2dzV7)(ap2"V?) = apbizldz(a? - (2%)) = apbzF+1el0)?mi/ndz as well. Thus the
—1 mod n terms of ¥(XY') are identical to those of v(Y X) since they match for each

relevant selection of k£ and [.

We conclude by noting that the expansion of v(XY) — v(YX) will have 0 as the
constant for its z7!'dz term. Since every other term integrates to 0 over the circle,

v(XY)—rv(YX) is an exact form. O

Lemma 2.4.2. If X and Y are elements of GL,,(C>®(S') x4 Z,) and X is homotopic
toY in GLy,(C(S") X4 Zy,), then X is also homotopic to Y in G Ly, (C*(S1) x4 Zy).
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Proof. For t € [0,1], let X; = nz_l(fi)tvi (where each (f;); is in M,,(C(S')) and V*
applies to each entry) be a hom(;zgpy from X to Y in GL,,(C(S') x4 Z,). Define v :
M, (C(SY) x4 Zy) — M, (C(SY)) by v ("Z_E hiVZ') = hy. Since 7 is continuous, 7(X;) =
(fo): will vary continuously in Mm(C(Slz)?] Similarly, for each i, 7(X; V") = (f;)s, so

each (f;); will also vary continuously in M,,(C(S')). However, we can approximate each
path (f;); in M,,(C(S1)) with a path (g;); in M,,(C*>(S")) as closely as needed to make
n—1

Z(gi)tvi a homotopy between X and Y in GL,,(C®(S?) x4 Zy,). O

=0

We define the map Ch and then use it to define and verify our index formula.

Definition 2.4.3. Let the map Ch : GL,,(C*(S') x, Z,) — QY(C(S")) be defined by

Ch(X) = v(tr(X'dX)). &

Theorem 2.4.4. If X is in GL,,(C®(S") x4 Z,), then the index of Tx is equal to
1

1
5= Ch(X)=—=—— [ v(tr(X 'dX)).
T Jgs1 ™ Js1

Proof. The following argument has a similar outline to that of the standard proof for the
index formula for Toeplitz operators with continuous symbols mentioned in Section 1.1.
We begin by demonstrating that our formula has certain index like properties, although

only Property 2 is actually required to complete the proof.

Property 1: /
Sl

Ch(XY) = /

Sl

Ch(X) + / Ch(Y).

Sl
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Compute:

/S (ChxY) = [ (v X))

v(tr(Y ' X Y ((dX)Y + XdY)))

y(tr(Y L XN dX)Y)) + / y(tr(Y 1Y)

Sl
v(tr(Y ' X HdX)Y)) + / Ch(Y).

Sl

But, by Lemma 2.4.1,

/S (tr(YTIXTHAX)Y)) = /S (VY TIX X)) = ; Ch(X),

verifying Property 1.

Property 2: If X is homotopic to Y in GL,,(C®(S') %, Z,), then / Ch(X) =
S1

Ch(Y).

Sl

Let X; be a differentiable homotopy between X and Y. We will show that, for each

t € [0,1], %(C’h(Xt)) is an exact form in Q'(C'(S1)).

Compute:

0 0 -1
5 (Ch(X)) = = (v(tr(X,1dX,))
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= (o (G0 0))
“o( E( ) e (o))

( aXt “1)(dX,) + X7 g(dXt)>>.
o,

: 0
But, using the fact that ﬁ(dXt) =d <W

v (o (xSt aan) ) v (o (a2 ))

is an exact form. Let this difference be called J. We conclude that

) and Lemma 2.4.1, we see that

XX + X S0, )
(Xt‘l)(dXt)(—Xt‘l)% + X, 'd (%))) +J

(v
(v
—v (tr (d(X;l)aa—)t( ~d (85?))) +J
(v
(

is an exact form.

Let m be the quotient map from Q'(C(S1)) to QY(C(S'))/Z, where we let Z be the

%(Ch(Xt)) isin Z, so mo Ch

is homotopy invariant. Thus 7(Ch(X)) = 7(Ch(Y)). We conclude that Ch(X) =

space of exact forms. We see that for every ¢ € [0, 1],

Ch(Y') + an exact form, so [ Ch(X)= [ Ch(Y), proving the second property.
st st
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1
With these properties established, we can now argue that 5 Ch(X) computes
™ Jg1

the index of T.

We know from Example 1.1.2 that the index of T, is —1. Further, it is clear that
1 1 1 d
— [ Ch(z) = —/ v(z7tdz) = — % _ 1. We also know that, for any Fred-
2m Js 2m Js 2m Jg1 2
holm Tx with X in M,,(C(S") x4Z,), X must also be invertible since Tx + K is invertible
and the isomorphism ¢ from Theorem 2.2.2 maps X to Tx + K. Thus, X is homotopic

through invertible elements to a unitary [8, Proposition 2.1.7], and further, since [z];

generates K;(C(S') %, Z,), X is homotopic through invertible elements to

2k 0 0
0 1

Y —
0 1

for some integer k. Further, by Lemma 2.4.2, we can construct this homotopy to be in
G Ly, (C®(SY) x4 Zy,) so that Ch will be defined along the entire homotopy. A straight-

forward calculation shows that Ch(Y) = kz~'dz.

Applying Property 2, we get

ey =L [ enyy == [ -

21t Jo 21t Jor T Js1
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Since Ty has index —k and index is homotopy invariant in Fredholm operators, T'x

1
also has an index of —k, so ——— [ Ch(X) is the index formula. O
T Js1

Example 2.4.5. Let X = 3224+271V? in C(S"') x,Zs3. From Example 2.1.7 we know that

Ch(X) = (X1dX) = 22 =4 1 Evaluating, we get that ——— [ Ch(X) = —2

=V = ——az. valuatlll W —_ = — 4.
2726 4 212 & Wes omi Jo

We conclude that the index of Tx is —2. &
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3 Toeplitz Operators with Symbols from C(S°) %, Z,

The argument in this final chapter will follow the basic structure of the previous chapter;
however, the proofs will be more involved and the resulting index formula more interest-
ing. The additional complexity stems from the facts that zz is not equal to 1 in C'(S?)
and that the set of points on S? that are fixed by rotation is the set {(w,0)|w € S},
not the empty set. We will rely heavily on the map ¢ from C(S3) %, Z,, to a subalgebra

of M,,(C(S?)) from Definition 1.3.3 and the K-theory discussed in Section 1.4.

3.1 Definitions and Examples

In this section we will update the definitions from the previous chapter to apply in the

case of the 3-sphere.

Definition 3.1.1. Having selected any positive integer n, let a be the homomorphism
from the group Z,, to the automorphism group of C'(5?) where a(1) acts by a(1)- f(w, 2) =
f(w,e*/"z).  As in previous chapters, we will use just a to stand for a(1) as well.
Note that with w = e¢?1sinn and z = ¢ cosn, we could define o by a - f(61,605,1) =

f(01,05 4 2mi/n,n). In particular, a - (e'1) = € and « - (¢2) = ?™/n¢if2,
The crossed product algebra that results, C(S®) %, Z,, can be viewed as the subal-

gebra of B(L?*(S?)) generated by multiplication operators with symbols from C(S?) and

the operator, V, which sends f(w, 2) to f(w,e?™/"z) for every f in L?(S%).
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Again we will need differential forms for our index formula. As before we define

n—1 n—1
a linear map d on the crossed product algebra by d <Z fiV’) = Z(dfi)vi, where
i=0 i=0
d on the right hand side is the usual exterior derivative. We decree that d(V) = 0.
With w = e¢? sinn and z = € cosn, for any f € C(S®) set V(fdf,) = (a - f)db,V,

V(fdfy) = (a- f)d05V, and V(fdn) = (a - f)dnV. o

Example 3.1.2. Note that dz = d(e?? cosn) = ie'2 cos ndfy— e sin ndn. Thus V (dz) =

a - (i€ cosndfy — €2 sinndn)V = /" (ie?2 cos ndfy — €2 sinndn)V = > /mdzV .

Similarly, dw = d(e® sinn) = e sinndf; + € cosndn. And so V(dw) = o -

(i€ sin ndf; + €1 cosndn)V = (i sinndf; + e cos ndn)V = dwV'. O

The product rule for d follows from Lemma 2.1.3.

Definition 3.1.3. For [ = 1, 2, or 3, let Q/(C(S?)) be the space of I-forms on the 3-
sphere, and let Q'(C(S?) %, Z,) be the space of I-forms on the crossed product algebra;

n—1
that is, Q' (C(S?) x4 Zy) = {Zwi\/i | each w; € QZ(C(S3))}.

i=0
n—1

We redefine the map v : Q3(C/(S?) x,Z,) — Q3(C(S?)) by v (Z ijJ) = wp, where
=0

each w; is a 3-form. Further, let m be the quotient map from Q3(C(S%)) to Q*(C(S?))/Z

where Z is the subspace of exact forms.
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For [ = 1, 2, or 3 and an integer k such that 0 < k < n, we define Q'(A;) = {w €
QUC(S®)) | V(w) = e2™/mw}. Tt follows from Example 3.1.2 that, for appropriate integers
ll,lg,k’l, and ]{?2, if w; € Qh (Akl) and wy € 0l (AkQ) then wiwy € Ol (A(kl-l—kg)mod n)

We allow [; or Iy to be 0 here with the understanding that Q°(A;) = Aj.

As in Section 1.2, let P be the projection onto H?(S%), and let Tx = PX. Define
T(C(S?) x4 Zy,) as the algebra generated by the set of Toeplitz operators {Tx | X €

C(S?) %0 Z ).

Note that V acts invariantly on H?(S?), so PV — VP = 0. O

Definition 3.1.4. We also redefine the map Ch so that we can use it in this chapter.

Let Ch : GL,,,(C®(S?) %o Z,) — Q*(C(S?)) be defined by Ch(X) = v(tr((X1dX)?)). &
We present a modification of Lemma 2.4.1 for 3-forms on the 3-sphere.

Lemma 3.1.5. Let X be a 2-form element of M,,(Q2*(C(S®) X4 Zy,)) and Y a 1-form

from M, (QY(C(S?) x4 Zy)). The difference of | v(tr(XY)) and/ v(tr(Y X)) will be
53 s3

an exact form.

Proof. We will prove that the statement is true when m = 1. The more general result

will then follow from the property of the trace that for matrices X and Y with entries X; ;
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and Y; ; respectively, tr(XY) ZXZ ;Y and tr(Y X) Z Xji- So the difference
i\j

between these traces is a sum of one-dimensional X; ;Y ; YJ,sz-

In a manner similar to that of Definition 1.3.3, for 0 < k < mn and [ = 1,2, or 3,
n—1

let E! be the projection from Q'(C(S?)) to Q!(Ag). Note that Z E} is the identity on
k=0

QUC(S?)).

Suppose w € Q3(C(S5?)). Then, using the coordinates (61, 65,7), and the volume form

sin 1) cos ndf.dndb;, we get
w = f(01,63,n) sinn cos ndfydndb;

for some function f(6y,62,7n) € C(S?). Further, the integral over S* can be written as the

2 2
triple integral / / / f (61,02, 7) sinn cosndhadndd,. We will only need to focus
o Jo 0

on the first part of this integral: / f(01,02,m)dbs.
0

Since the action « takes 65 to (0 + 27 /n) mod 2w, it is clear that, for any function

2 2w 2w
g € C(S?), /0 V(gdbfy) = /0 gdfy. However, when k # 0, we get that /o EL(fdf,) =
27 21 2w
/ V(EL(fdfy)) = Zﬂki/”/ EL(fdfy). Tt follows that / E}(fdf,) = 0. We con-
0 0 0

2

2m
clude that fdby = / E;(fdfs), and therefore / w= / E}(w)
0 0 3 S3

We next show that E3(v(XY) —v(Y X)) =0.

50



n—1 n—1
For X = Z fuV", where each f, is a 2-form, and Y = Z ngj , where each g; is
w=0 =0
a 1-form, it is clear that v(XY) will be the sum of the products (f,V*)(g;V”?) where
w+ j =n or 0. Similarly, v(Y X) will be the sum of the products (¢;V?)(f,V") where

w+j =mnor0.

If w+j =0 then w = j = 0 and the relevant terms are foVV'° and goV'°. But clearly,

(foV2)(90V?) = fogo = gofo = (9oV*)(foV?).

We next examine any particular w and j such that w + 7 = n.

Note that o - (fu(a™ - g;)) = (o - fu)g;- Thus EG((fuV")(g;V7) = (9;V))(fuV")) =
E((fuV* ) (g:V7)=a?-((fuV")(g;V7))). But we also have that E§(a-((fuV")(g;V7))) =
ES((fuV")(g;V7)), s0 EG((fuV*)(9:V7) = (9:V7)(fuV™)) = 0. So Ef((XY)—v(Y X)) =

0, and thus /

[ ) = uvx)) - / E3((XY) - n(Y X)) = 0.

S3
In conclusion, by de Rham’s theorem, integration over S? is an isomorphism between
the de Rham cohomology group H?(S%;C) and C. Thus any 3-form on S which inte-

grates to 0 is an exact form. ]

Corollary 3.1.6. If E3 is the projection from Q3(C(S?)) onto Q3(Ap), then for any
w € N3(C(S?)), / w = / E3(w). Further, if w € Q3(A;) where | # 0, then w is an
53 53

exact form and w = 0.
S3
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Proof. Immediate from the argument of Lemma 3.1.5. [

3.2 The Symbol Map

Considering Toeplitz operators with symbols from C'(S?) 1, Z,,, we will show that there

exists the short exact sequence

0= K = T(C(S?) X Zn) S C(S?) Xq Zp, — 0

where o is the symbol map. This sequence extends naturally to the short exact sequence

of m X m matrices

0 = My () — M (T(C(S)) S M, (C(S?)) — 0.

We establish the first short exact sequence by showing that C(S®) x, Z, is isomorphic

to T(C(S?) %a Zy) /K.

Lemma 3.2.1. The map ¢ : C(S?) Xy Z, — T(C(S?) x4 Z,)/K defined by p(X) =

Tx + IC, is an isomorphism.

Proof. We will show that ¢ is a x-map, multiplicative, and bijective.

It is already known from [2, Theorem 1] that ¢ restricted to C'(5%) is a *-isomorphism

from C(S?) to T(C(S?))/K. We consider those Toeplitz operators involving the operator
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V. For any functions f,h in H?(S?), any function ¢g in C'(S?), and any integer [ such
that 0 <1 < n note that (T, f, h) = (Pg(a’ - f),h) = (&t - f,gh) = (f,P(a”"- (gh))) =
(f,T(a-1.5)yn—th). Thus Tr = Targvn-t = Tigyny-, and, by linearity, for any X in

C(S?) %o T, 9(X)* = (Tx + K)* = (Tx)* + K = T + K = p(X7).

Next, with P the projection onto the Hardy space, note that PV = V P since V' acts
invariantly on the Hardy space. Further, from Coburn [2, Theorem 1], semi-commutators

in T(C(S?)) are compact. So, following a nearly identical argument to Lemma 2.2.1, for

n—1 n—1
any X = ZflVl,Y = ngvk in C(S3) g Zn,
1=0 k=0

Txy —Tx1Ty = PXY — PXPY

() (o) (£ £

( fiVig vk — szVlngk>

1

3
I

=

]

—
3
—

I
s

(]

0

I+k
(Tfl(al‘gk) - Tfl(al‘gk))v .

3

|

S '~

Il

- o
o
Il

I
o
B

Il
o

But each T}, (at.g,) — T (at-g,) 18 compact from [2, Theorem 1}, so the sum is compact as
well. It follows that o(XY) = Txy + K = TxTy + K = ¢(X)p(Y), establishing that ¢

is multiplicative.

n—1

To show that ¢ is injective, suppose Tx is compact for some X = Z iVt in
1=0

C(S3) x4 Z,. Then for positive integers a and b such that a + b = n we have that

T,.Tx is compact. Using the compactness of semi-commutators, we get that T,.x is
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compact. This implies that T,.xT,» is compact, which, applying the compactness of

semi-commutators again, implies that T%.x,» is also compact.

n—1 n—1
But 2°X 2z’ = 2° Z fiVizh = Z el n v,
1=0 1=0

Letting a range from 0 to n — 1, we get n compact operators T,.x,» which we

n—1 n—1
can sum into another compact operator Ty, where W = ZZ@QW(”_“W nt RV =
a=0 1=0
n—1n—1 n—1
e~2mial/n n g7t Tt is a standard result for roots of unity that Z e~ 2mal/n —
=0 a=0 a=0
n—1
unless [ = 0. So W = Z 2" fo = nz" fo. Thus Ty is a compact operator in T (C(S?))
a=0

and so a result from Coburn [2, Lemma 2] informs us that W = nz"fy = 0. Since fy is

continuous and 2" = 0 only on a measure 0 subset of S, we conclude that fy = 0.

Similarly, for each non-negative integer k less than n, we can construct n com-

pact operators T zrira/n,ex,0, Whose sum is the compact operator Ty, where W; =
n—1 n—1

2262”('““4“)/”2"]‘[1/1 = nz"kak. So TWkV”_’“ = T,.ny, is also compact. As be-
a=0 [=0
fore, this requires that fr = 0. Thus ¢ is injective.

The surjectivity of ¢ is clear as the image of ¢ will contain all the generators of

T(C(S?) %o Z2)/K. O
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3.3 K-Theory

We now look at the K-theory of T(C(S?) x4 Z,). We will use the results from Lemma
1.4.6 and the fact that 7 (C(S5?%)x,Z,) is a subalgebra of the algebra of bounded operators

on H%(S?), so T(C(S?) x4 Z,)/K is a subalgebra of the related Calkin algebra.

Theorem 3.3.1. K, (T(C(S?) x4 Zy)) is isomorphic to Z"' and Ko(T (C(S?) x4 Zy,))

18 1somorphic to 7.
Proof. We turn our attention to the six-term exact sequence

Ki(o)

Ki(K) ———— K{(T(C(S?) x4 Z,,)) —— K1(C(S?) x4 Zy,)

| L

Ko(C(S%) %o Zn) s Ko(T(C(S?) 2o Zn)) ———— Ko(K)

arising from the short exact sequence
0—= K = T(C(S?) Xa Zn) S C(S?) Xq Zy, — 0.

Using the results from Lemma 1.4.6 — that K;(C'(S®) x4 Z,) = Z" when i = 0 or 1

— and the facts that Ko(K) = Z and K;(K) = 0, the six-term sequence becomes

0 —— Ky (T(C(S?) xa Zn)) 294 77 = K (O(S%) %0 Z0)

T Js

" T Ko(T(C(S?) x4 Zy,)) < Z.

Clearly, Ko(o) is surjective and K;(o) is injective. If §; is surjective, then the rest

of the sequence will be known. We make a brief argument that this is the case using
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the result of Lemma 3.2.1 that C(S®) X, Z, is isomorphic to T(C(S?) X, Z,)/K. Tt is
clear from the contruction of the maps ¢ and o that, for any Ty € T(C(S?) x4 Zy,),

o(o(Y)) =Ty + K.

Consider [Tx + K|; in Ki(T(C(S?) x4 Z,)/K) where X is the element from Ex-

ample 1.2.4. We select any unitary v in My(T(C(S?) X Z,)) such that o(o(v)) =

Tx +K 0
. Using the definition of the connecting map §; found in [8, Propo-

0 Tx«+ K
sition 9.1.4], we know that 6;([Tx + K]1) will be determined by v. However, the element

v is also in My(B(H?(S%))), while Tx + K and T+ + K are also in the Calkin algebra
B(H?(5%))/K. Letting p be the quotient map from B(H?(S%)) to B(H*(S?))/K and 0

the new connecting map, we have the six term sequence

Ki(K) ———— Ki(B(H2(5%)) 2 K, (B(H(S))/K)

i b
Ko(B(H?(5%))/K) +—— Ko(B(H*(5%))) «———— Ko(K).

However, for any Ty € T(C(S?) x4 Z,,), p and ¢ o o will be equivalent, since both will
send Ty to Ty + K. It follows from this fact, and from the definition of the connecting
map from [8, Proposition 9.1.4], that 6([Tx + KJ;) is determined by v in the exact same
manner as &, ([Tx + K]1) was, so 0,([Tx + K]1) = 6([Tx + K]1). But for any Fredholm
operator W € B(H?(S%)), Ko(Tr) o 6([p(W)]1) gives the index of W [8, Proposition
9.4.2], and we have shown in Example 1.2.4 that the index of Tx is 1. Thus [Tx + K]; is
mapped by both § and 8, to a generator of K(K). Since Ko(K) 2 Z, which only requires

one generator, 9, is surjective.
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Returning to the six-term exact sequence, d; being surjective and K;(o) being in-
jective requires that Ki(T(C(S?) x4 Z,)) = Z"'. Further, the map from Ky(K)
to Ko(T(C(S?) X4 Zy,)) must be the O-map, implying that Ko(7(C(S?) x4 Z,)) =

Ko(C(S) %4 Z,) = 7. O

It is clear that the generators of Ko(7 (C(S?) x4 Zy,)) will map to the generators of
Ko(C(S?) x4 Zy). Refer to the note after Lemma 1.4.3 for the generating projections

when n = 2.

In the last few sections we will find generating unitaries, X;, of C'(S%) x4 Z,. It is clear
from the K-theory that all except one of these will be related to a generating unitary in
T(C(S?) x4 Zy,). In fact, there must exist generating unitaries T, + L; where each L;
is some compact operator. Precisely which compact operators should be used for each

unitary, however, is unknown.

3.4 Maps for the Index Formula

K1(C(S®) x4 Zy,) is isomorphic to Z", so it is not too shocking that our index formula
will require n different parts added together. We will view each part as corresponding to
a generator of one copy of Z in the K; group. It will be necessary to show that each of
these parts has the same two index-like properties we saw in Theorem 2.4.4. The first

part of our formula simply uses the map v to apply the formula of Theorem 1.2.5 to the
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crossed product algebra. We begin by proving that this formula still has the necessary

index-like properties in this new context.

Lemma 3.4.1. If X and Y are in GL,,(C*(S?) x4 Z,), then

/53 Ch(XY) = /S Ch(X) + /S Ch(Y).

Proof. Compute: /

SS(Ch(XY)): / v(tr[(Y ' XH(XY))?)

SB

_ /S (Y X T (@X)Y + X (dY))))
_ /5 (e[ IX T @X)Y + YY)
_ /S (YT X dOY)))
n /33 p(tr[3(Y LX THAX)Y)2(YTIAY) + 3(Y LY ) (YT LX T dX)Y ) (YY)

+ /53 v(tr[(Y1dY)?).

The last equality here applies Lemma 3.1.5 to collect the terms in the middle integral.

It is further noted that

3Y I XdX)Y)2(YHY) + 3(Y YY) (Y I X HdX)Y) (Y ldY)
=3V ' X NdX)X 'dXdY +3Y 1 (dY)Y ' X ldXdY

= 3d(=Y ' X"'dXdY).
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Since this is an exact form, and v, tr, and d are all linear maps, we get that
v(tr(3d(—=Y X 1dXdY))) = d(v(tr(-3Y X 1dXdY)))
is also an exact form. Thus
/Sg v(tr[3(Y P XM dX)Y)RY YY) + 3(Y YY) (YL X TN dX)Y) (YY) = 0.
Applying Lemma 3.1.5 one more time we get

/53 v(tr[(Y I X HdX)Y)?]) = /SS v(tr[Y T X HdX) X HdX) X HdX)Y))

= [ vttt @xyy

= | onx).

S3

Thus | CW(XY)= [ Ch(X)+ [ Ch(Y). 0
53 3 93

Lemma 3.4.2. If X and Y are in GL,,(C®(S®) x4 Z,) and X is homotopic to Y wvia

invertibles, then | Ch(X)= [ Ch(Y).
3 s3

0
Proof. Let X; be a homotopy via invertibles from X to Y. We will show that E(Ch(Xt))

is an exact form. To simplify expressions, let B = X, 'dX,.
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Compute:

0

9 3
SH(Ch(X) = o (w(tr[BY)

= ()

B OB , OB ,0B
_y<t KatB +8% 5 p m)D

B B
Now Lemma 3.1.5 implies that v (tr (%32)> and v (tr (Ba@_tB)) differ by an

B B
exact form which we label .J;. Further, v ( ( (?% BQ>) and v (tr <B2aa—t>) also dif-

B B B
fer by an exact form which we label Jy. Thus v (tT [(6—32 Ba B+ B25 )]) -

ot ot ot
0B
3v (t?" |:EBQ:|> + Jl + JQ.

0B 0X
We replace — with — X, !

™ T —X; ldXt—l—Xt_lé

T (dXy), giving us

%) 0X %)
a(Ch(Xt)) =3v (tr K X attXt‘ldXt + X;la(dxt)> BQD + Ji + Jo.

0X,

m — X7 1dXtB2D

We apply Lemma 3.1.5 one more time to notice that v (tr {—X !

0X,
—tp2 ) differ by an exact form, which we label J;. Using

ot
Xy

and v (tr [—Xt_ldXtX !
the facts that 2(dXt) =d (— and that, by the product rule for 1-forms, d(B?) = 0,

ot ot

we conclude that
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0X, 0

=3v (tr g — B+ X, 18 (dXt)) BQD + i+ o+ J;

X X
=3v (t < 1dXtth%B2 X; d(a t)) BQD +Ji+ Jo+ J3
d

ot
_3u( ( aXt >D+J1+J2+J3

oo ] 0

an exact form.

XX, x; !

Letting m be the quotient map from Q3(C(S?)) to Q3(C(S®))/Z, where Z is the
0

a(Ch(Xt)) is in Z, so mwo Ch
is homotopy invariant. Thus 7(Ch(X)) = w(Ch(Y)). We conclude that Ch(X) =

Ch(X) = / Ch(Y). 0

space of exact forms, we see that for each ¢t € [0,1],

Ch(Y') + an exact form, so /
S3

The other parts of the index formula we are constructing will use the isomorphism ¢
from Definition 1.3.3 to represent elements of C(S®) x, Z, as matrices in a subalgebra
of M, (C(S?)) and the algebra homomorphisms 1);, 0 < i < n, from Definition 1.4.4 to
map from these matrices into Ag/I;_1. Recall from Lemmas 1.3.6 and 1.4.6 that for each

i, Ao/Ii1 = C(SY).

Definition 3.4.3. For any positive integer m, extend the map ¢ from Definition 1.3.3

to the map ¢ : M, (C(S3) Xq Zy) — Mpn(C(S?)) defined by sending each m x m
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matrix | .. with entries from C(S®) X, Z,, to the mn x mn matrix

¢($1’1) e QZS(xl,m)

Note that each ¢(x;;) is an n x n block. It is clear that

¢ is an algebra homom(_)rphism.

Extend each ¢; from Definition 1.4.4 to t; from M, (C(S?)) to M,,(C(S')) by con-
sidering the mn x mn matrix as an m x m matrix of n x n blocks and applying ; to
each block to make an m x m matrix of elements from C(S"). Note that ¢; is also an

algebra homomorphism.
To simplify notation, let ¥; be the composition 2/3295

Define Chy : GLy(C%(S?) ¥a Zy) — C=(SY) by Chi(X) = tr[(0;(X))~d(¥;(X))]

for 0 < i < n. &

Lemma 3.4.4. For invertible elements X and Y in M,,(C*(S?) x4 Z,) and any integer
i such that 0 < i < n, Chy(XY) = Chy(X) + Ch;(Y). Further, if X is homotopic to Y

Chi(X) = / Chi(Y).

through invertible elements, then/
S

62



Proof. We have that ¥; = ;¢ is an algebra homomorphism into C'(S').

Compute:

Chy(XY) =tr(V;(XY)) " d(¥;(XY)))
= tr((W(Y)) 710 (X) TH((dW: (X)) Wi(Y) + Ti(X)d(T4(Y))))
=tr(U;(Y) (X)Wl (X)W (Y)) + tr(P, (V) Hd¥,(Y))

= Chi(X) + Chy(Y).

This last step uses the cyclic property of the trace, which applies here as C'(S') is

commutative.

Further, / Ch;(X) is homotopy invariant since ¥ = 1);¢ preserves homotopies and
Sl
if X is homotopic to Y via invertible elements of M,,(C>(S")), then Ty and Ty have the

same index, so /

tr(X~1dX) = / tr(Y~1dY). (See [4, Theorem 7.26] for when m = 1
St

Sl

and [9, Exercise 4.4.30(2)] for the more general case.) O

Lemma 3.4.5. If X and Y are elements of GL;,,(C*®(S?) x4 Z,) and X is homotopic

toY in GLy,(C(S?) x4 Zy,), then X is also homotopic to Y in G Ly, (C°°(S?) x4 Zy,).

Proof. The argument is nearly identical to the argument of Lemma 2.4.2. O
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3.5 Index Formula and Calculations

In this final section we will find a generating invertible element for each copy of Z in
K1(C(S%) x4 Zy,) and show that the corresponding Toeplitz operators all have index one.
We will then see that the symbols of each of these operators will correspond to either

Ch or a particular Ch; from Section 3.4. We will then weight these integrals as

33 St

necessary to discover a general index formula.

We choose the following invertible elements:

w =z
Xo =
zZ W
w 0 Zn 1
0 1 0
Xi=¢"!
-zt 0 L. w
and, for each integer k such that 1 < k < n,
1 0 0
0
Xp=9¢7"'|: w z*
0 — 2k w

Each of these is invertible as they all have a determinant of |w|? + |2|?*, which is never 0.
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While it is usually easier to represent and work with these elements as matrices, to
show that their associated Toeplitz operators are index one we will need to view them in
the crossed product algebra. Using the formula for ¢! from the end of Definition 1.3.3,

and letting £ = €2™/" note that

n—1 n—1 n—1 n—1
1
X, — — c cy/e 2cy/c . Lk key/c
i R(ZV HY VLD VO (w— M) Y
c=0 c=0 c=0 c=0
n—1 n—1
+ Zé(kJrl)cvc 44 (U_) + Zk) f(nl)cvc) )
c=0 c=0
Further, note that for positive integers B < n and [
1 n—1 1 n—1 Zl n—1
- ZfBCVC(Zl) — Z&BC€CZ<ZZ) _ ZfC(BJrl)'
n n n
c=0 c=0 c=0
n—1 n—1
When (B +1) mod n = 0, this sum is equal to 2! since Z{C(BH) = Z 1 =n. And when
c=0 c=0
n—1
(B +1) mod n # 0, the sum will be 0 since ZfC(BH) =0.
c=0

Lemma 3.5.1. For k > 1, the kernel of T, will be the linear span of {z} while the

kernel of the adjoint, T, , will be {0}. Thus the index of Tx, will be one.

n—1
1
Proof. Applying the fact mentioned before this lemma, we see that — ZSBCVC(Z) =z
n
c=0
when B =n — 1 and 0 when 0 < B <n — 1. Thus it follows from our expression for Xy
that

Tx,(2) = PXi(2) = P((@ + 2)(2)) = P(wz) + P(|z[*Z*7).
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By an argument similar to the one in Lemma 1.2.3, wz and |z|?2*~! will be orthogonal

to the Hardy space, so T, (z) = 0.

o
Suppose g = Z amwizj is in the kernel. Compute:
i,j=0

T, () :P( S a4 S gz

4,7=0 1=0,5=1

Hw Z Qi njp1 W 2T 4 (0 2F) Z i (n-nyw' 2"~ (n_l))

i=0,j=1 1=0,j=1

oo
1
= i’z + E ipjaw' 2" 4
1,7=0 1=0,5=1

[e.9]

o0
i+l nj—k+1 i nj+1
+ E ipj—kirw" 2" - E Uij kW' 2T A
1=0,j=1 1=0,j=1

o0 o0
2 i—1_nj+1 2k i nj+1—k
+ P(|w| E Qipjpiw' 2" ) + P(|z| E Qinjpiw 2™ T )

1,7=0

Applying Lemma 1.2.3, these last two projections can be rewritten as the two sums
o [e'S)
A i—1 _nj+1 B i nj+1—k ivel h h
imj+1@inj W 2 and i1 Qi1 W' 2 respectively, where eac
i=1,7=0 i=0,j=1
A; njy1 and B; 41 is a positive constant.

Since we are assuming Tx, (¢) = 0, we examine the sums termwise and conclude that

any w'z’ term, where J # nj —k + 1 and J # nj + 1, must be 0. Further,

o [o.¢]
i—1_nj+1 _ i—1 _nj+1
g Ai,nj—l—lai,nj—f—lw z = E Ai—1nj—k+1W 2

1=1,57=0 i=1,j=1
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and

t,nj+l-k _ i nj— k+l
E Binji1Gimj1w'z ! E Qi—1,nj—k+1W 2

1=0,j=1 i=1,j=1

This leads us to conclude that, for i, 7 > 0,

Qi—1nj—k+1 = Ai,nj+1ai,nj+l = _Bi,nj+1ai,nj+1-

But all B;; and A, ; were strictly positive, so a;—1 nj—x+1 = 0 and a; ;11 = 0.
When ¢ = 0 and j > 0 we have that By ;100,41 = 0. So agnj+1 = 0 also.
Finally, when i = j =0, ao is free. So the kernel of Ty, is the linear span of {z}.

We now make a similar calculation for the adjoint which, applying ¢! again, has the

expression

T;((k (Zvc_i_Zg VC+Z§26VC U)+Z Zékcvc
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o0

Suppose g = Z ai,jwizj is in the kernel. Compute:

i,j=0
oo oo
o i
Tx(9) =P( Y ainjw'2 + > i w2 4
i,j=0 i=0,j=1
oo o
— k i nj—k+1 =k i nj—(n—1
+(w + z ) E Qi nj—k+1W 2 J + -+ (U) — Z ) E ai7nj_(n_1)w 2™ ( )
i=0,j=1 i=0,j=1
oo oo
=3 aiw'E 4 > w2
1,j=0 i=0,j=1
o.] oo
2 } : i—1 _nj—k+1 2 : i mj+1
+ P ]w[ Q5 nj—k+1W z™ + Qi pj—k+1W 2 J + .-
i=0,j=1 i=0,j=1
oo oo
i+1 _nj+1 2k i nj+l—k
+ E Qi 2T — Pz E Qi pjprw' 2"
i,j=0 4,7=0

Applying Lemma 1.2.3, the two projections in this last expression can be rewritten as

o0 o0
the sums E Amj_kﬂai,nj_kﬂwz_12”7_'”1 and g Bivnﬁlai’nﬁlwzznﬁl_k respec-
i=1,j=1 i=0,j=1

tively, where each A; ;11 and B; ;11 is a positive constant.

Examining all the sums termwise, we conclude that any wiz’ term, where J # nj —

k+1and J # nj + 1, must be 0. Further,

oo o0
i—1 _nj—k+1 _ i—1_nj+1—k
E Ai,njkarlai,njkarlw 2™ = E Bz’fl,nj+1ai71,nj+1w 2™
i=1,j=1 i=1,j=1
and
[o.¢] (o]
i,mj+l _ i,.nj+1
g A nj—k4+1W 2 I =~ E A;1,pj1W 2 I
i=0,j=1 i=1,j=0
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We know from this last equation that all ag,;—x+1 = 0 and all a;_;; = 0. And

together the equations allow us to conclude that, for ¢, 5 > 0,

Ai,njfk+1ai,njfk+l = Bifl,anrlaifl,anrl

and

Ainj—k+1 = —Ai—1,nj+1-

But all B;; and A, ; were strictly positive, so a;,j_r+1 = 0 and a;_1 511 = 0.

Thus kernel of the adjoint is {0}, and the index of T, is one. O

A very similar argument shows that the index of T, is one.

We next find each Ch;(Xy) for 0 < j <nand 0 < k <n.

1
Lemma 3.5.2. If j # k, then Ch;(Xy) =0. If j =k =1, then — | Chi(X;) = —1.

T Js1
1
If j=k>1, then — [ Ch;(Xy) =1
™ Jg1
Proof. First note that
w 0 —zt

P+ [P

At | B w
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and

Xk_l — ¢!
while )
d(X1) =06
and -
d(Xy) =067
So X;ldX, =
- 1

Wl + [P

10
0
1
[w]? + |z[*
0
dw 0
0

dw

—kzF1dz

wdw + (n —1)|z]*"*2dz 0

Z" dw — (n — 1)wz"2dz

dw

kzk—1dz

w(n — 1)22"2dz — 2" tdw

wdw + (n — 1)z *zdz
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while Xk_lka =

0 O 0
0
gb_l ; - 2%—2 —1.5k—1 75 sk
w|2 + [2| wdw + k|z|*"*zdz wkz"tdz — ZFdw
0 ... z2Pdw—wkzb"tdz ... wdw+ k|z|*722dz

Note that for any positive integer B and every integer j such that 0 < j < n,

1 1
o () -
I\ WP+ T2F7 ) ~ ol

w5 1= 650 = (g ) ol + 1229 =0y (o )

[w]? + [2]*# |w]? + 2|28

We evaluate each / Ch;(X}) in the three possible cases.
S1

Case 1: j#£k

In this case Chj(X;) = 0 as the (j, j)th entry of ¢(X, 'dXy) is 0.

Case 2. 1=k =1

dw , dw
Here Chy(X1) = % On the circle, with w = €%, Z‘U ‘1;) is equal to —id6, so
w w
1
— Chi(Xy) = —1.
277'7; S1 1( 1>
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Case 3. j=k>1

od o wd
Here Ch;(Xy) = Y On the circle, with w = e, Wi i equal to idf, so
’ |wl? |wl?
1
— | Ch;(X};) =1.
27 Jor 5 (X)

Since we know from Lemma 3.4.4 that each C'h; is homotopy invariant, we conclude
that each X} is in a separate homotopy class. These classes will, in fact, each be a distinct

generator of K;(C(S?) x4 Zy). O

The only thing left is to calculate the integral over S® of Ch(Xy) for each 0 < k < n.

Note first that for a matrix of 1-forms

0 0 0
0
A= a b
0 c d
we have -~ -
0 0 0
0
A’ = | 2abe — bed abd
0 ... —acd ... —2bcd + abe
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Also, note that for any Y in C(S%) x4 Z, or Q3(C(S?) x4, Z,), v(Y) is equal to
1
— multiplied by the sum of the entries of ¢(Y). In particular, for A* from above,
n

V(1 (A%)) = %(3@66 _ 3bed + abd — acd).

Ch(Xy) = % while — . 2 [ cnx) =

L 3.5.3. forl <k <
emma or n, 2 27

12 272 Jg
n—1

n

Proof. For 1 < k < n, we see from the previous example and the above notes that

[enx = [ ueeax) -

S3

0 O 0
0
1 1 '
Vo EESEERE wdw + k|z[*1zdz wkz*tdz — Z*dw
S3
0 ... 2Mdw—wkz*"dz ... wdw+ k|z|*1z2dz
1 1 _ W—22 1\ (mtsh—1 75 =k o\ K k—1
= —W[S(wdw + k|z|*" 2 2dz) (wkz" " dz — Z¥dw) (2" dw — wkz"" dz)
g3 n (Jw 2

—3(wkz"1dz — ZFdw) (2" dw — wk2* 7 d2) (wdw + k| 2|72 2dZ)
+(wdw + k| z|F 1 2d2) (wkz2* T dz — 20 dw) (wdw + k|z|F 7 2dZ)

—(wdw + k|z|" 2d2) (P dw — wk2* T dz) (wdw + k|z|F 2dz)).
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However, the last two lines are in Q3(A,_;) and Q3(Ay) respectively, so by Corollary

3.1.6, they will be exact forms. Thus we can simplify to

1 1
/;3 EWB(U_]CZU) + k:]z]%ﬁidz)(LDka*le — deﬂ_)) (zkdw — ’LUkailClZ)

—3(wkz"dz — ZFdw) (2 dw — wk2" T dz) (wdw + k|z|* 2 2dZ)).
We calculate:

(wdw + k|2|**22dz) (wkz"'dz — 2Fdw) (2" dw — wkz""'dz)
= — K*w|w|*|z|*2dwdzdz + k|w|?|z|**?2dwdwdz
— k2| 2|22 P wdwdzdz + k|22 2|*F zdwdwd 2

=k|2|* 2 (|w* + |2)**) (kwdwdzdZ + Zdwdwdz),
and, similarly,

(wkz"'dz — 2°dw) (" dw — wkz*'dz) (wdw + k|z|** 2 2d?)

=k|2|*72(|w]* + |2|**) (zdwdiwdz + kwdiwdzdz).

1 1
So E . 2—7]_2 . Oh(Xk) =

LI / ﬂ(kwdwdzdi + Zdwdwdz — zdwdwdz — kwdwdzdz)
12n 272 Jgs (|w|? + |2|?)?
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k 2|2 o . .
e /53 (|w||2 L_ EESE [(k sinn(isinndf; + cos ndn)(—2i cos i sin ndbadn)

+ cos (i cos ndfy — sin ndn)(2i cos n sin ndfdn)
— cosn(—1 cosndfhy — sinndn)(2i cos n sin ndb,dn)

— ksinn(—isinndfh; + cos ndn)(—2i cos n sin ndbydn)]

k cos®* () 3 - .3
:8n7r2 o () 1 cosZk(n))Q (4 cos®(n) sinn + 4k cosnsin”(n))dd,dbsdn

w/2 p2m p27m og2k—1 ;
/ / / (n) sin (COSQ<7]) + ksin®(n))d0,ddydn
(sin?

)+ Cos% (n))?

2n7r2

2/{3 /2 os2k— 1( )Sln’ly »
A S (cos?(n) + ksin® (1)

n 1) + cos*(n))?
21 sin?(n) /2
“n 2 sin®(n) + cos?*(n) lo
2% 1k
n 2 n
B ilar calculati £ — | onx) = n-l
y a very similar calculation we get -5 - 5— | —
Theorem 3.5.4. Let X be in GL,,(C>*(S?) %, Z,). Define
11 11 —n—k
T — ha( h
(X) = 12 272 C (X) = n 2mi C (X0 + o 310 #(X).

k=2

The index of Tx is equal to T(X).



Proof. Using Lemmas 3.5.2 and 3.5.3 it is clear that, for 1 < j < n,

n—1
1 1 1 1 n—k 1
T(X,)=— — Ch(X;)—— — Chy(X C— Chy(X;
( ]) 12 972 5 ( J) n 2mi Jo 1( ]) +  n i Js k( ])
1 1 n—j 1 j mn—j
= h — Ch;(X,) == =1.
12 272 Jg Ch(X;) + n 2w Jg 5(X5) * n
And, when j =1,
11 11 —n—Fk 1
T(X,) =— h(X Chy(X Chi(X
(X) 12 272 Jg Ch(X) = n 2mi Jo 1(X) + ~ n ol Jg #(X)
1 1 1 1 n—1 -1
=— Ch(X Chi(Xy) = —— =1
12 272 Jg (X =2 om 1 1) == n
And for X a calculation verifies that, for 0 < k < n,
wdw 0
Chi(Xo) = tr = wdw + wdw,
0 wdw

1 1
0 / Chi(Xo) = / (wdw + wdw) = 0. So T(Xp) = C’h(XO) as the other
St S1 12 271'2

terms will be 0. But the argument of Theorem 1.2.5 includes a calculation showing that

1 1

12 272 Oh<X0>_1

Further, if X and Y in M,,(C*(S®) x, Z,) are homotopic via invertibles, then
T(X) = YT(Y), since Lemmas 3.4.2 and 3.4.4 inform us that each summand in the
formula is homotopy invariant. This also allows us to conclude that X is not homotopic

to any other X; and is a generator for K1(C(S?) X, Z,,).
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And, for any X and Y in M,,(C*(S?) x,Z,), T(XY) = YT(X)+Y(Y) since Lemmas

3.4.2 and 3.4.4 again inform us that each summand in the formula has a similar property

for products.

Finally, since K;(C(S?) x4 Z,) = Z™ and has X; (0 < j < n) as independent

generators, for any Y in M,,(C*°(S?) x4 Z,) there exists an integer M such that Y &1y,

will be homotopic via invertibles to some X = (X,)' @ - (X )% @ a3 where [ and

each k; are integers. By Lemma 3.4.5 we can construct this homotopy to be through

elements of C*°(S%) x1, Z, so that Ch and each Ch;, will be defined along the entire

homotopy. We conclude that ind(Ty) = ind(Tye1,,) = ind(Tx) =T(X) =T ®1y) =

T(Y).

Example 3.5.5. Let X = ¢!

X'=

-1

_wQ 0 22
0 w 0
20 w?
0 —22 0

!
sz 0
R
) B
—Z,z? 10
i 0 522

. We will find the index of Tx.

[]

7



and that _ _

2wdw 0 —2zdz 0
0 dw 0 2zdz
dX = ¢!
2zdz 0 2wdw 0
0 —2zdz 0 dw
Thus X 1dX =
2 (|wlPwdw + |z|*2dz) 0 2(—w?zdz + w2tdw) 0
0 £ (wdw + 2|z|*zdz) 0 +(2wzdz — 22dw)
(b_l
2(—wzdw + w?zdz) 0 2(|lw)Pwdw + |z]*zdz) 0
0 +(Z2dw — 2wzdz) 0 = (wdw + 2|2[*zdz)

At this point it is clear that Chy(X) = 2wdw, Chy(X) = wdw, and Chz(X) = 2wdw.

To calculate Ch(X), we see by inspection that for 1-forms a,b, ¢, d, e, f, g, and h,

2abc — bed 0 abd 0
3
a 0 b 0
0 0o f| 0 2efg — fgh 0 efh
c 0 d 0
0 g 0 h —acd 0 abc — 2bed 0
0 —egh 0 efg—2fgh
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a 0 b 0
1 e 0 f . 3 3
If we let (X dX) = 0 4 ol then, recalling that, for Y € Q°(C(S%) x, Z,),
c
0 g 0h

1
v(Y) is equal to — times the sum of the entries of ¢(Y'), we get that v((X 1dX)3) =
n
1
Z(3abc — 3bed + abd — acd + 3efg — 3fgh + efh — egh). However, from Lemma 3.1.5, it
is clear that abd, acd, efh, and egh will all integrate to 0 over the 3-sphere, as they are

orthogonal to Q3(Ag). So, after some simplification, we get

1 1 1
— [ Ch(X)= —/ —(3abc — 3bed + 3efg — 3egh)
S3

212 Jgs 272 4
! dwdzd dwdwd 0 dwdwdzd dwdwd
2_7r2 4A2|w||z|(ww22+2wwz)+42z|(wwzz+zwwz)

7T/2 2 2 6
27T2 / / ( sin 1 cos® ) + 5 (2sin® 7y cos™ ) 4 sin gy cos” n)) 0 dfocdn

=2(6 + 3) = 18.

Thus

1 1 1 1 1 1 11
Y00 = 35 [, M5 [ 05 [ Ona g [ onx)

3 1 1 1
which yields T(X) = 3 +§+ 3 +§ = 3.

We conclude that the index of Tx is 3. &
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ABSTRACT

TOEPLITZ OPERATORS WITH SYMBOLS FROM CERTAIN ROTATION
ALGEBRAS AND THEIR INDEX FORMULAS

by Nathanael Hellerman, Ph.D., 2018
Department of Mathematics
Texas Christian University

Research Advisor: Efton Park, Professor of Mathematics

Let C(S') X, Z, be the crossed product algebra where « enacts a rotation on the
complex coordinate z by rotating it to e?™/"z. Let T(C(S') x4 Zy) be the algebra of
Toeplitz operators with symbols from the crossed product algebra C'(S') x, Z,. We find
the K-theory of T(C(S') x4 Z,) and a formula to calculate the Fredholm index of an

operator from this algebra.

Similarly, let C(S®) x4 Z, be the crossed product algebra where a enacts a rotation on
one of the complex coordinates of % by rotating (w, z) to (w, e*™/"z). Let T (C(S?) x4 Zy,)
be the algebra of Toeplitz operators with symbols from the crossed product algebra
C(S?) Xy Z,. We find the K-theory of T(C(S®) %, Z,) and a formula to calculate the
Fredholm index of an operator from this algebra. The index formula is the sum of n
integrals which can be used to determine when two operators are in different homotopy

classes, even if they have the same index.



