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1. Introduction

1.1. Motivation

Molecules are complex many-body systems of electrons and nuclei, and being able
to describe such systems accurately is an ongoing challenge. In this paper, we will be
interested in improving the description of the relative motion of nuclei in a molecule,
i.e. improving the description of molecular vibrations. The non-relativistic Hamiltonian
governing the electron-electron, electron-nuclei and nuclei-nuclei interactions can be
approximated using the so called Born-Oppenheimer approximation so as to separate the
electronic and nuclear degrees of freedom. This allows for nuclear motion to be described
as the motion on a multi-dimensional potential energy surface. Continuous advances
in theoretical models for the solution of the systems of electronic many-body problem
have led to the ability to calculate increasingly more accurate potential energy surfaces,
thereby improving the accuracy of molecular structure and properties. Since potential
energy surfaces are essential for the description of nuclear motion, improvements in
their quality also open up the possibility for improving on the prediction of vibrational
transition frequencies and probabilities. Due in part to the high dimensionality of
the problem, vibrational frequencies have typically only been conducted using the
harmonic approximation where the potential is approximated by the first non-zero term
in a Taylor expansion about a minimum on the potential surface. While this may be
adequate for low-level vibrational excitations, more accurate results can be obtained
by including additional terms in the Taylor expansion of the potential, albeit with a

dramatic increase in computational complexity.

Spectroscopy is defined as the study of the interaction between matter and
electromagnetic radiation. The resulting spectra of a certain sample provides
information about transition energies and transition probabilities between different

quantum mechanical states of its constituent molecules, and can be used to infer



information about their environment, such as temperature and pressure. Information
about geometric symmetries can also be revealed in spectral patterns, due to the effects
of isotopic substitution. Vast data sets have over time been compiled listing atomic and
molecular transition frequencies. Such data sets can in turn be used to identify the
constituents of an unknown sample, by studying the observed spectral patterns. One
particularly important application of spectroscopic knowledge is in astronomy, where
observed transition energies can help determine which atomic and molecular species are

in, for example, a gas cloud or a stellar atmosphere.

The current focus of the research is in the generation and analysis of general and
isotopic spectral results, which for many experiments contain a mixture of isotopomers
for multiple molecules (1). Therefore, assigning observed transition energies to their
corresponding molecules requires an accurate study of vibrational frequency patterns
and intensities. The evolution of better and better theoretical and computational
methods has increased our ability to generate simulated spectra of new molecules for
comparison with experiment and in doing so, simplifying the identification of new

species.

In this paper, we investigate a new method of calculating vibrational state energies,
taking advantage of coupled cluster (CC) techniques. This process can be thought of as
solving two distinct problems. Firstly, one must develop a method in order to accurately
generate so-called ’anharmonic parameters’ from the potential energy surface, from
higher-order cubic and quartic terms in the Taylor expansion of the potential energy.
The second problem is finding a solution for eigenvalues of a coupled set of perturbed
harmonic oscillators, discussed in detail in this paper. Although we are aware of a
number of implementations of similar approaches, the aim of the project is to create
our own independent computer codes which will allow us the ability to create our own
extensions to the code and pursue the implementation of new methods as they are

developed.



1.2. Anharmonic Molecular Vibrations

We first begin with a general mathematical description of molecular motion, from

the Hamiltonian of a molecular system (in atomic units).

P SR T ) ST QRN SR R
i 2 A 2my ! T a4 A i>j "ij  asp "AB .
Here, we have included the kinetic energy of both the electron and nuclei, as well as
the potential energy for electronuclear attraction, electronic repulsion, and internuclear
repulsion. In the first step of the Born-Oppenheimer approximation, nuclear kinetic
energy is assumed to be negligible. Then, the remaining terms are gathered into
an ’electronic Hamiltonian’ H.;, which has eigenvalues only dependent on nuclear

coordinates. Using r; and r, to denote sets of all electronic and nuclear coordinates

respectively, we find:

nuc

1

> %Vi ~0 =  Ha(r,ry)va(r,ry) = Ea(rs)va(r;,ry) (1.2)
A A

Varying nuclear coordinates will give rise to a multi-dimensional "potential energy
surface’ (PES), given by F.(ra). In other words, each molecular geometry directly
corresponds to a different potential energy. A number of methods with varying accuracy
have been developed in quantum chemistry in order to handle this problem (2; 3; 4). In
our case, we are concerned with molecular vibration, which is motion about a certain
equilibrium geometry of the molecule. This would correspond to a local minimum on the
potential surface. Modeling the potential surface around a given minimum for N nuclei
can be done via a Taylor expansion where, for convenience, we have set the potential to

zero at the minimum.
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Rather than using Cartesian coordinates, the surface is more conveniently expanded

(1.3)

€q

) TpTqlpTs + ...

in normal-mode coordinates:

N 3

G =Y cli)jo/M5)s (1.4)

j=1 s=1

These coordinates are linear combinations of mass-weighted nuclear displacement
coordinates, defined such that the harmonic term is diagonalized. In this representation,
translational and rotational degrees of freedom can be separated, and the potential

governing nuclear vibrations can be Taylor expanded about an equilibrium point:
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1oz 2‘ Z ( p eq) » T3l Z <8qp8qq8qT
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where M = 3N — 5 (3N — 6 if the molecule is linear) denotes the number of

) Apqqqr~+
eq

(1.5)

) dpqqrQs + -

eq

vibrational modes.

We next use the first term in this expansion and define a set of unperturbed
harmonic oscillator Hamiltonians.
HO:Z< 162+1Zq) (1.6)
- 20q? !
Figure 1 shows a generic depiction of a potential molecular energy surface. Although
any potential is harmonic around a local minimum for sufficiently small displacement,
this figure illustrates that we generally have to view the surface as anharmonic in order

to get an accurate description of nuclear motion.



Fig. 1.— A generic depiction of a potential energy surface for a molecule with multiple

vibrational degrees of freedom (¢; and ¢» depict arbitrary coordinates).

While even higher order terms could be included in the Taylor expansion, it quickly
becomes important to notice the dimensionality of the problem. Given the number
of vibrational degrees of freedom, calculating higher-order derivatives of the potential
energy surface is computationally costly even for relatively small molecules. With the
advance of numerical techniques and computer speeds, such calculations will become
increasingly feasible. To date however, most practical applications have made use of
the harmonic approximation, with vibrational frequencies simply being obtained from
a mass-weighted Hessian matrix (which has matrix elements consisting of second-order

derivates of the PES).

Although harmonic frequencies can often be sufficiently accurate for many
applications, in some cases even small changes in the second derivative of the potential

can give rise to problems when attempting to identify a particular molecular spectrum.

Figure 2 shows simulations of the isotopic spectrum of the 14 (0,,) mode of linear
Cy at the harmonic approximation using three different models for solving the electronic
many-body problem. As is apparent from the figure, the isotopic pattern differs quite

remarkably between the three calculations.



Even though this situation is quite unusual, it speaks to the need for highly
accurate potential energy surfaces for certain applications and the desire to be able to
include anharmonic effects. Note that all three full '2C isotopomers have been scaled to

coincide the experimental value of 1998.0 cm™! (5).
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Fig. 2.— Comparison of harmonic isotopic spectra obtained via Hartree-Fock (Top,
HF); Many-Body Perturbation Theory to Second-Order (Middle, MBPT2); and Coupled-
Cluster Theory with Single & Double Excitations (Bottom, CCSD) methods.

As seen from the potential expressions in equation (1.5), this leads to the necessity
of obtaining higher-order derivatives of the potential energy surface as well as solving
the Schrodinger equation for a set of coupled perturbed harmonic oscillators, each
presenting its own challenges. In this paper, we will focus on finding solutions to the

second problem, calculating eigenvalues of a set of perturbed harmonic oscillators.



2. Methodology

2.1. Ladder Operators and the Unperturbed Hamiltonian

0
Rather than using the operators ¢; and p; = —1¢ 5 to represent position and

(]
momentum for our harmonic oscillators in our normal coordinate space, we will recast

the problem by making use of the canonical "ladder operator’ formalism, as follows. We

first define the creation and annihilation operators for each mode, alT and a, respectively.

D L O : N 2.1
a; \/2(% wipz) ; a; \/2(qz+wipz> (2.1)

For reference, this relation can be inverted so that:

1 .
0=yl5 (elra) 5 m=iy5 (d-a) (22

1

These operators satisfy the following canonical bosonic commutation relations.

[ai,a}] = 0;; ; la;,a;] =0 ; [al,al] =0 (2.3)

These operators have the following important properties. All annihilation operators
kill the vacuum.

a; [0) =0 (2.4)

A creation operator increases the number of quanta for a particular oscillator when

acting on the system ket.

a;r N1, no, ...,ny) = vVn; + 1|ng,ng, ...,n; + 1,ny) (2.5)

An annihilation operator decreases the number of quanta for a particular oscillator

when acting on the system ket.

a; ny,na, ...,ny) = /ni|ny,ne, ...,n; — Lny) (2.6)



The number operator returns the number of quanta when acting on the system ket.

Ni |TL177’LQ, ceey TLN> = CLIGZ‘ |n1,n2, ...77LN> =", |n1,n2, ...,nN) (27)

In terms of the ladder operators, the Schrodinger equation for the unperturbed
system of IV oscillators with individual frequencies w; can then be expressed as:

al 1 al 1
H0:Z(Nz+é>wz:Z(ajaz+§>wl

i=1 i=1 (2.8)
Hoyny,ng, .o;nn) = Euyng.ony 01,12, o, niy)
with the eigenenergies for the system given by:
By = D (nZ + %) wi (2.9)
i
By making use of the ladder operator representation, we have in effect transformed
the original set of differential equations to a set of algebraic equations. We note that
this is a conceptually very satisfying picture of molecular vibrations, i.e each vibrational

mode is described as a harmonic oscillator and excited vibrational states are simply

described by providing the appropriate set of integers (ny,ns, ..., ny).

2.2. The Form of the Anharmonic Perturbation

Consider now the unperturbed Hamiltonian Hy, perturbed by some potential V. In
our case, the perturbation is obtained from the Taylor expansion around the minimum
of a potential surface encountered earlier. Consisting of powers of the normal mode
coodinate, the perturbing potential can of course also be expressed in terms of ladder

operators.

We will assume that this potential has been normal-ordered, i.e. the commutation
relations between the ladder operators have been used in such a way that all strings of

operators are of the form (aza}...)(aras...). (We will discuss this further in the section



on Wick’s theorem). Upon normal ordering, we can write the potential in the terms of
contributions V,,

V=Vo+WV+Vat+Vs+V,+ .. (2.10)

such that each term V,,, consists of all possible combinations of m normal ordered
creation and annihilation operators. For a potential containing up to quartic terms in
the normal mode coordinate, the normal ordered potential takes on the following form.

Vo = (constant) ; V; = Z (A,al + A%a,)

a

1 .
Va = Z (aBaba a) + Jlala, + 5 —B"q ab)
ab

1 1 c 1 C aoc
Vs = Z (icabc aqa + 91 =K ba aba + 91 Kb aba + |C ’ aaabac> (2'11>

abc

1 1 11, .
VZ; - Z (4!Ddb€daTab + 3 Labc al Tad + §2|M gaTaba ad—|—
abed

1 1
gLZCdaLabacad + ﬁD“deaaabacaO

In what follows we will seek solutions to the Schrodinger equation where the
perturbing potential is exactly of this form, thereby modeling a system of nuclei moving

in an anharmonic potential.

Here we note that the coefficients in the equation above must satisfy certain
symmetry requirements. We know that since the operators fulfill the commutation
relations in equation (2.3), purely changing the order of subscripts or superscripts can
cause no change in the corresponding coefficient (e.g. M = M = Mgd = Mg £ M.
Additionally, we can make use of the fact that in our application V' is assumed to be
Hermitian. Therefore, swapping subscripts and superscipts of a coefficient is equivalent

to taking the complex conjugate (e.g. L% = L)

abc

The mathematical solutions for single quartic oscillators have been studied

extensively in the literature through a variety of techniques (see for examples (6-13)),



and can serve as a reference for evaluating the method we have developed. However,
explicit details for the treatment of a system of coupled quartic oscillators in the

literature is lacking.

2.3. Perturbation Theory

One commonly encountered approach for finding eigenvalues for systems where
we can divide the Hamiltonian into an unperturbed Hamiltonian, for which solutions
are known, and a perturbation, is by the use of perturbation theory. In perturbation
theory, the energies as well as the eigenvectors are expressed in an order-by-order
expansion in terms of powers of the perturbation strength. For reference, here we
give a compact presentation of the expansion of the energy eigenvalues by use of the

Bracketing Theorem.

Let us define a bracketing (X) = (a|X|a), where |a) is the unperturbed ket for
the state for which the perturbed energy is sought. For the general case of multiple
oscillators, |a) could represent any combination of excitations in the system. We can

then define the resolvent, R, as follows.

(2.12)

The order-by-order energy corrections due to a perturbation V' are now given by:
EY=(v)y ,  E®=(VRV)
E® =(V(RV)*) = (V)(VRV)
EW =(V(RV)*) — (V) [{VR(RV)*) + (VR)’RV)] + (2.13)
(V)?(VR*V) —(VRV) (VR*V)

...ete.

10



The nth order contribution consists of a ’principal’ leading term (V(RV)""1). In
addition, there are contributions from terms where bracketing has been inserted around
V, VRV, ... in all possible ways in the principal term. Bracketings which include the left
and rightmost V' vanish. Each bracketing term is multiplied by a sign given by (—1)"z,
where ny is the number of bracketings in the term. Bracketings within bracketings are

also allowed.

Given the bracketing rules there can be no additional bracketing terms in
first and second order since they would have to involve the left and/or rightmost
V. In third order, however, we have the possibility to form the bracketing term
(VR(V)RV) = (V) (VR*V). No more bracketings are possible. In fourth order there

are four possible bracketings. In general the total number of term for each order n,
(2n —2)!

including the principal term, equals ——.
nl(n —1)!

As an example of the resolvent raised to a power, we can write out:

18Y (817 (v 18)85. (7| 18){B]
E:X:E —Ep) ( E-—E E:Z:E-—EgﬁE-—E) Ez@h-ﬂ#

B¢a7¢a ") B#a y#a T Ba
(2.14)

Interpreting the order-by-order expressions using the definitions above, we can

recoup the more familiar expressions for the energy contributions, e.g.

H_ . 2 _ N (VB {BIV]a)
EY = (aV]a) E()_% B~ 5y

VIS BVImIVie) 0§ @VIBBIV]e) (2.15)
- ST SRR - v g

...etc.

2.4. The Coupled Cluster Approach

In the current paper, we will be making use of a different perturbative approach

termed coupled cluster theory, to find solutions for perturbed harmonic oscillators.

11



This approach differs from perturbation theory by including contributions from singly,
doubly, etc. excited states to infinite order. In other words - perturbation theory
truncates the order by which we accumulate energy corrections, but includes all possible
excitations at a given order, while coupled cluster theory collects energy contributions

by considering up to infinite order contributions from specific levels of excitation.

In the present paper we will make use of the so-called Equation of Motion Coupled
Cluster (EoM-CC) approach to calculate the ground state and excited state energies
for a perturbed system. In the process of developing this model, we will first present
the basic approach which coupled cluster methods take to find the perturbed ground
state, using an exponential operator to generate all possible excitations from the
unperturbed ground state. Before being able to derive the operating equations for
specific perturbations, we will present a set of tools which will enable us to efficiently
generate the necessary terms in our equations. This approach compares closely to the
first implementation of the EoM-CC approach for the many-electron problem (14),
although here the quasi-particles abide by the commutation rules for bosonic operators
(vibrational quanta) as opposed to the anti-commutation rules for fermions (electronic
quanta). Variants of this method have been applied to a general study of the vibrational
structure of molecules (15) and have been proven to be relatively accurate compared
to other methods (16). One of the goals of the current paper is to develop the details
of this approach independently and explore novel ways in which the method can be

expanded to provide more accurate results.

We begin by considering the Schrodinger equation for the ground state of our

perturbed system. We will denote the perturbed ground state by |0).

(Ho +V)[0) = H[0) = Eol0) (2.16)

It is fair to assume that the perturbed ground state has a non-zero overlap with

the unperturbed ground state, such that (0|0) # 0. In this case, since the unperturbed

12



solutions form a complete set, we may write the perturbed ground state as a linear
combination of all possible unperturbed excitations. In the EoM-CC method, this is

done using the cluster operator T'.

_ 1 1
0) = e’']0) = (1 + T+ ETQ + gT?’ + ) |0)
(2.17)

1 1
T — Tl + TQ + T3 —|— cee — Ztka,L + 5 Ztkla};a}- + 5 Ztklmaza;ajn _|’
k Tkl " klm

The lowercase t coefficients for each cluster operator are referred to as ’cluster
amplitudes’. We can use this relation to rewrite the perturbed Schrodinger equation, in

order to directly solve for Ej.

H|0) = HeT|0) = Epel|0) 5 e THeT|0) = Eol0) ; FEo=(0le THeT|0)  (2.18)

The perturbed ground state and its energy can thus be obtained if we can determine
the cluster amplitudes defined in equation (2.17). In order to do so we project the above

Schrodinger equation with all possible unperturbed excited states.
(Ola,e"THeT|0) =0 — ot
(0la;a;e " He™|0) =0 — by (2.19)

<O\aiajak...e’THeT\O):O - tijk..

Since the cluster expansion is an infinite series, the process will generally result
in an infinite number of coupled non-linear equations, providing the necessary cluster
amplitudes when solved. This introduces the need to truncate the cluster expansion at
some level. Of course, including higher order excitations in the cluster operator T' gives
rise to better approximations of the ground state, but it is also important to note here
that the expressions for the ground state energy in equation (2.18) as well as for the
cluster amplitudes in equation (2.19) are self-truncating for a given perturbation as a

result of the Baker-Campbell-Hausdorff (BCH) expansion of the operator e~7 He™ .

eTHE" = H+ [H,T] + 3 [H.7).1] + %[[[H, 7,70, 7+ ... (2.20)

13



2.5. Wick’s Theorem

The brute force way to evaluate the commutators in the BCH expansion from
(2.20) is by directly applying the commutation relations for our ladder operators. A
more effective approach is making use of Wick’s theorem. In a future section, we use
these results to create a diagrammatic scheme, which is significantly faster and more
visually intuitive. Using the commutator relationship between our operators, we begin
by writing:

[ai, a}] = 0; ; aiaj» = a;ai + 0y (2.21)

While this seems straightforward, longer strings of operators will require multiple
steps of using this relation, which is an arduous task at best. In order to simplify this

process, we will formally define the following notation:

v J

{a-aT} = a;ai ; atal® =0y (2.22)

so that we can write:

aia} = {aia;} + a;aj.' (2.23)

The curly bracket here denotes the 'normal order’ of the operators within.
Normal-ordering a string of operators quite simply brings any a;r- operators to the
left-hand side of the string, leaving all a; operators to the right. The bullet symbols
(°) indicate that a 'contraction’ has been made between the two operators in question,
resulting in a Kronecker delta. The contraction between two operators occurs between

some a,; and an a; operator somewhere to the right of it in a given string of operators.

We will use different numbers of bullet symbols to denote different contractions, so
as not to confuse them. Single contractions include terms with only one contraction,
double contractions contain two sets of contracted operators, and so on. Wick’s

Theorem states that for any string of operators A, we may express it using a sum

14



over normal-ordered single contractions, double contractions, and all other possible

combinations.

A={A}+ ) {A}+ D (A=} +.. (2.24)

single double

In order see this in practice, let us apply this example to a string of multiple

operators. Consider the operator aiajaza;.

aiajaza; = {aiajalzalf} + Z {(aiaja;ia;) } + Z {(aiajaLaD } + .. (2.25)

single double

Each sum can then be expanded into multiple terms, as follows.

Z {(aiajaLaD } = {a;ajagaj} + {a;aja,taj'} + {aia;a;r;azr} + {aia;azar}

single
—daad b +laalsyt +laas, b +laals.
% Vik 5@Vl 1Y Y5k 1YEY5l

= azrajéz-k + aLaj(S,-l + a;aiéjk + azaﬁjl

Z {(aiaja;ia;) } = {a;a;'ayaj"} + {a;a;'a,t"ar}

double
= {001} + {0ubj} = dir0ji + 610,
(2.26)

As there are no possible triple contractions here, adding each of the above terms as
well as the normal-ordered term in the beginning will be equivalent to using the original

operator string.

a,a,afaj = {%ajala?} + Z {(aiaﬂ'a’zaw } * Z {(aiajaLaD } i

single double (227)
= a,ta;aiaj + (a;ajdik + a,tajdil + a}aidjk + CL;LCLZ-(SJJ) + ((Sik5jl + 5il(5jk)

While this is true, the result can be greatly simplified when a given string of
operators is summed over their indices. Recall that in our potential (and most other

terms we will encounter in this problem), each operator string is summed over all

15



existing oscillators. Then, each individual operator index can be permuted or rearranged

so that they match, as shown below. For the contracted terms specifically, we have:

Z Z {( ak“z)'} _ Z (ajajéik + aLaj(Sil + a;rai(Sjk + ait%(sjl)

ijkl single igkl
= Z a;a;0i + Z a,tajéu + Z aj a0 + Z ala;0;
ijkl ijkl ijkl ijkl
= Z agajéik + Z a;ajéik + Z agajéik + Z alTajéz-k
ijkl ijlk ikl jilk
= 4Za;aj5ik = 42@}% (2.28)
ijkl ijl

)3 {( akaz)“} = (b +6adi) = Suwbu+ Y Sudj

ijkl double ijkl ijkl ijkl
E E 2 2
- 57jk5jl ‘|— 5ik5ﬂ - 2 5ik:5jl - 2N
ijkl ijlk ijkl

where N indicates the summation limit for the operators. Therefore, expressing the
sum of all operators of the form a,;a; akazr becomes far more convenient (and useful) than
expressing each individual term.
Zaa alal = alalaa —|—4Zala3+2N2 (2.29)
ijkl ijl
The same method can be applied to any string of operators, although it is necessary
to include triple or higher-order contractions if they are possible. Note that we obtain
a similar result for the single oscillator case, where the only values in the sum are
1,7, k,1 = 1. This would be equivalent to getting rid of the sums over i, j, k, and [, giving
us:

aaa’a’ = a'a'aa + 4a'a 4 2 (2.30)

Having introduced Wick’s Theorem, we can apply it to the BCH expansion which

we enountered earlier in equation (2.20). Take the first commutator in the expansion,
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[H,T] = HT — TH. Keeping in mind that the cluster operator T consists of only az

operators, the term T'H is already normal-ordered. Therefore, the only remaining terms
from the commutator are the contractions that we would find using Wick’s Theorem (as
the first normal-ordered term in HT' is simply T'H). The sum of all possible contractions

between two terms such as H and T will be called ’connections’, denoted by a subscript

C.

Caution should especially be used when connecting large blocks of terms, instead
of strings of individual operators. In this case, a connection must occur between each
term. For example, consider a connection occurring between the operators A = aia;r» and
B = azalT:

(AB), = <aia} : aLaDC = Z {(aia} : aLalT).}

single (231)

= {(cﬁa}) (aL'aI)} + {(a?a}) (aialh)} = a}a}éik + a}aléil

The hypothetical term {(afa}') (ala})} does not appear, as the second term is
not included in any connection. Note also that a single term cannot be connected with

itself.

2.6. Diagrammatics

The above results of Wick’s theorem can be condensed into diagrammatic techniques
in order to efficiently derive non-zero contributions to our equations. Keep in mind that
we are assuming that our Hamiltonian has been normal-ordered. Let us first define the
concept of an open part of an operator as any parts which contain strings of annihilation
and/or creation operators, and a closed part of an operator as any possible scalar. As a

simple example, for our unperturbed Hamiltonian, we have:

N N N
1 1
HO = Z (azai + 5) Wi ; H0,0pen = Z ajai(,(.)i > HU,Closed = 5 Zwl (232)
i=1 i=1

17



Any normal-ordered operator can be written as the sum of its (normal-ordered)
open and closed parts, such that A = Agper, + Aciosea- We can now take advantage of

this fact, as the term e~7 He® becomes slightly simplified:

e THe =T (H + H

open closed

) el =eTH

T
open€ + H, (2.33)

losed

Applying this to the BCH expansion in (2.20), we can rewrite the term with H,pe,
using the formalism of connections defined in Wick’s Theorem. Note that a connection
involving a constant is not defined, so each of the connected terms below only involve

the open part of H.

_ 1
e "Hypene" = (He")o = H,por, + (HT ) + §(HT2)C + . (2.34)
Each of these connections will result in both open and closed parts, and can be

separated as such. While this seems trivial, we can write out the three terms needed to

compute e~ T He® explicitly.

e THe = TH e + Hpseq = (H@T)C +H,

open losed

(2.35)
- (H6T>C,open + (HeT)C,closed + Hclosed

From here, we can take similar steps following the ground state energy equation in
(2.18). As the perturbed ground state energy is calculated between two |0) states, the

contribution from all open operators is zero.

EO = <0|€_TH6T|0> = (HBT)C,closed + Hc (236)

losed

Alternatively, we can consider cluster amplitude equations in (2.19). As the
equations are now being calculated between |0) and some excited state, the contributions

from closed terms become zero. Therefore:
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<0‘ai(H€T)C,open’0> =0 - U

(0|aiaj(HeT) 0)=0 — i

C,open |

(2.37)
<0|aiajak...(HeT)C7Open|O>:0 - tijk..

...etc.

Conveniently, we now see that the only surviving terms from (He) which directly

C,open
contribute to cluster amplitudes are purely combinations of azT operators. Terms ending
in any number of a, operators immediately have zero contribution, as they operate on

the |0) state.

In order to readily express the resulting operator terms above, we now introduce
the diagrammatic representation of each operator. Various diagrammatic schemes have
been defined in the past (17), although in our case we will define a slightly different
scheme for our specific use. Let us define a diagram for each string of normal ordered
operators and its associated coefficient. A horizontal line or 'vertex’ will denote the
amplitude for the term, and the operators a; and aj will be denoted by vertical lines,
leading down or up from the horizontal vertex. For example, terms from a perturbed

Hamiltonian H or cluster operator 1" can be rewritten in the form of diagrams as

1 i
1 ij E;B 1 P % “
51 Z BYa;a; 0 L ; 5 Z tyapa, (2.38)
ij ’

An important distinction to make is that we use a dotted horizontal line for
coefficients in the Hamiltonian, and a solid line for amplitudes in the cluster operator.
Generally, it is not necessary to label these horizontal lines any further, as each constant
already corresponds to a certain number of creation and annihilation operators. The

constants can therefore be inferred.
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In preparation for future calculation, the w energy term will be written slightly

differently, such that it mirrors the notation of other existing terms.
Zwiajai — szjémazaj (2.39)
i

The normal ordered open part of the Hamiltonian under a quadratic perturbation

can as an example be expressed using simple diagrams as follows.

open Zw aba a’b 2' ZBaba ab Z Jb Jrab 2| ZBaba y

The cross symbol and square symbol above are used to differentiate the w energy
term and the J term, as both have the same diagrammatic shape. The cluster operator

T will be expressed in diagrams, as:

T'=T+To+T5+ .. :Ztkak a1 Ztklakal 30 Ztklmakalam—i—
k klm

(2.41)
:kl+kul+k I m o+

A key process in developing the operating equations for the coupled cluster method
is the evaluation of products of normal ordered operators. Below we will derive the
general expression for such operator products, but here we will hint at the usefulness of
diagrams through an example of the product between two operators in diagrammatic

form.

A connection between two diagrams occurs between an a, operator in H and any of
the aj» operators in 7. Diagrammatically, this connects a ’down-facing line’ in H with

any 'up-facing line’ in 7. One specific example could be:

(B“b'ﬂ)cza kE 4+ a

j j (2.42)
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Notice that each connected line only requires one index. Here we have condensed
the operators and factorials into one symbol, based on the coefficient.
1
b b
Beb — 5ZBa aa, ;5 Ti= thkla alata] (2.43)
T oab ijkl

The above diagrams will represent a sum over all possible connections between Bab

and Ty, with single and double connections represented by different diagrams.

2.7. Symmetry

Before being able to fully interpret factors corresponding to each diagram, we

should briefly discuss the topic of symmetry.

Firstly, recall that the order of any ag operators in a term are interchangeable, as

[a;r, a;] = 0. The indices over any sum are interchangeable as well, therefore we can

write:

— — — Tt
B Zt”azaj =5 Ztﬂajaz =5 Ztﬂazaj =5 Ztﬂaiaj (2.44)
ij

By swapping indices, we can quickly show that ¢;; = t;; and is symmetric. This
identity was briefly discussed earlier, although now the same issue can be applied to
diagrammatics. Consider the only connection occuring between j{l and T,. The diagram

and result found via Wick’s Theorem are written below.

1

(Jr 1), = meery J -3 % () al (2.45)
J

a

As we have two a' operators in the sum, we would expect the indices ¢ and j to be
interchangeable. We can quickly see, however, that written as above this is in general

not the case, in that
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ZZ Jit,;) ala #ZZ (J5t,) alal (2.46)

In order to fix this problem, we symmetrize the coefficient by separating it and

interchanging indices, as shown below.

1
ZZ Jit,;) al :§<ZZ Jit,;) ala +ZZ Jit,;) ala )
=5 (ZZ (Jftey) alal + 3D (i) a§a3> (2.47)

Now, the coefficient in parentheses is symmetric with respect to interchanging ¢ and

j, and matches the result we find using Wick’s theorem.
1
a ay a ay T
522 Tt e + Jit, ZZ (S0, + Jit,;) alal (2.48)
ij a

We would like to directly interpret diagrams in such a way that they are already
symmetrized, as the labels for lines are entirely arbitrary. Any indices for free "up-facing
lines’ (not participating in a connection) should commute the same way, so we could

write the above equation as:

‘ J

-] = B (2.49)
an aJi

For the case of a single oscillator, the symmetrized coefficients would collapse, as

all indices act on the same oscillator.

%ZZ (Jit,; + Jity) alal  —
ij a

(2Jt5) a'al (2.50)

N | —
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While writing Jt, would be more simple, we may wish to keep the information
on factors and how many terms are needed to properly symmetrize the coefficient.
Therefore, we will keep the single oscillator term in the form shown in the above
equation. In the future, some diagrams will take numerous terms in order to completely
symmetrize, so let us define some operator S which turns a single term into all of
its properly symmetrized counterparts. If a subscript Sy is included, it will tell how
many terms are required to symmetrize (and therefore, the factor needed for a single

oscillator), as shown below.

S(Ji't,;) = Sa(Ji't,;) = Jitte; + Jit,, (2.51)

2.8. Symmetrized Operator Products

In the general case, we want to be able to find the product of two normal ordered
operators with symmetrized coefficients after n contractions using diagrams. For
the sake of generality, let us investigate this as a connection between two (already

symmetrized) operators A% and B¢

~ 1 1 o
ab... __ ab...(L indices) Tt
Ars... - ﬁﬁ Z rs...(K indices) (ara’s"‘)K operators (aaab"’)L operators
ab...rs...
2.52
Bcd... _ 11 cd...(N indices) Tt ( )
tu... — Mﬁ dzt tu...(M indices) Ay Q- M operators (acad"')N operators
cd...tu...

Note that in our case, éthjl;;; will actually represent one of our cluster operators 7T),,
which have no attached a operators at all. Therefore, N = 0 for diagrams we will use in
practice. It would be most convenient to interpret any connected diagram immediately

into the following form:

N 11 L
ab... __ 2 : ab...(S indices)
HTS“‘ N ﬁg HTSM(R indices) (aial'”)R operators <aaab"')5 terms (253)

ab...rs...
where the T19 coefficient is interpreted such that it is already symmetrized.
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The number of possible unique nth contractions all represented by the same

diagram when using symmetrized coefficients is shown below.
LIL-—1)(L—-2).(L—(n—=1)x M(M—-1)(M—=2)....M — (n—1))

Un(L,M) = o

B LIM! 1
(L —n)Y (M —n)!'n!

(2.54)

For a single contraction (n = 1), the expression simplifies to L x M unique

possibilities.

We can now figure out how many terms we need to symmetrize the new coefficient.
There are (K + M — n)! ways of labeling the indices for creation operators. K of
these are given by the flﬁi’j:: coefficient, and M — n of these are given by the remaining
operators on the Bf{f coefficient after connections. There are therefore K! ways in
which permuting the (K + M — n)! labels give rise to the same labeling on the Agg;;;
coefficient since it is symmetrized. Similarly, there are (M —n)! ways in which permuting

the (K + M — n)! labels give rise to the same labeling on the ij_‘_‘_‘ coefficient.

The unique number of labels for the creation operators is therefore:

e (e

(2.55)

A similar argument for the annihilation operators gives that the number of unique
labels is:

(N_|_L—n)!_(N+L—n> (2.56)

NYL —n) N
So, the total number of unique labels is given by multiplying equations (2.55) and
(2.56):

Vi (K, L, M, N) = (K+M—n)!(N+L—n)! _ (K+M_n) (N+L_n

K!\(M —n)!  N!L—n)! K N ) (2.57)

This is the number of terms needed to properly symmetrize the coefficient, shown

in the subscript of the Sy operator. When connecting a diagram with a cluster operator
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(N = 0), the expression in equation (2.56) becomes 1. Then, equations (2.55) and (2.57)

are equivalent.

The resulting factor we need to use in front of the resulting sum of coefficient and
operators is therefore given by multiplying the factorials in the definition of operators
A and B¢ and number of possible ways to form n contractions U, (L, M), then
dividing by the total number of necessary symmetrizing products V,,(K, L, M, N). Let

us call this total term in front some A, (K, L, M, N).

1111 Un(L, M)
AMKLWUW:RﬁﬂWNPﬁMKJJLM
1111 LIM! 1 i

T KIDMIN S (L= )M —n)lnl ~ (K+M-n)(N+L—n)

K\ (M —n)!  NI{L—n)!

:iiiix LIM! ix K\(M —n)! NY{L—n)!

K'\L'M!N!' (L—n)(M —n)In! " (K4+M —n)! (N + L —n)!
1 1

(K+M—n)\(N+L—n)n!

(2.58)

In terms of the remaining number of creation and annihilation operators in the final

diagram after connection, we can write the factor simply as:

1 1

A?’L K7L7M7N — . . . . . - . n
( ) (# remaining creation)! (# remaining annihilation)! n!

(2.59)

Therefore, the general diagrammatic form we defined in equation (2.53) has

coefficients related as:

1

R=K+M-n S:N+L—n;AmQ:7
n:

{A- By} (2.60)

R is simply the number of remaining creation operators and S the number of

a

remaining annihilation operators. {ATi’:j:ij‘;;} denotes the symmetrized coefficient

product where indices which represent contractions have been set equal.
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We note that in the case of a single oscillator, symmetrization of the coefficient is

unnecessary since there is only a single index. Our operators can then be written:
I K L A M N
A= EEA% (a")” (a) ; B = ——B]\Af[ (a")™ (a) (2.61)

The diagrammatic product after n contractions would be similarly simplified:

. 11 R, \S K+M-n\(N+L—-—n\1
HZMWH%(QT) (@)’ H%Z( i )( N )HAII/(B]\]\/[[ (2.62)

This form is particularly emanable to implementation in computer code which
would automate the generation of operator product coefficients and ultimately the

coupled cluster equations themselves, a path which we will explore in the future.

2.8.1. Diagrammatic Examples

Let’s take the example of diagrams encountered in equation (2.42), as a result of

connecting B and Ty. The two diagrams would be interpreted as:

. ) 111
al b i| j yﬂﬂZZBabthka akaa
_______ wigk b (2.63)
. 111 "
a b 1 5&5223 tabuazaj
ij ab

No symmetrizing is needed in either case, as all of the creation operators are
attached to the same vertex. An example of a situation where symmetrizing is needed

is shown below, for the double connection between Mgb and 7.

i
(Mf}b'T4> = ]
c
Q b k [ (2.64)
_ 111 S Mab T T 7T
= EEEZZ ( ytabkl) a;a,a
ijkl ab
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There are now 4 total creation operators. As there are 2 pairs of operators
connected to the same vertex (i and j, as well as k and 1), the number of terms needed

4!
to properly symmetrize is 2191 = 6. Therefore:

ijkl ab

‘ 4, Bl Z Z S M(;btabkl T TGM
)

11 i 2
=12 > Se (Mt ) ajajala) (2:65)
"7 gkl ab

11 a a
T 412 Z Z (Mz "t st Mk] abil T Mljbt“bki+

ijkl  ab

M, tabjl + M tabky + My abzg) aTaTaLa;r
Again, for a single oscillator, we would find that all 6 terms collapse into one.
11 tatalal
120 (6Mt,)a'a'a'a (2.66)
For a final example, we will consider terms connected by multiple cluster operators,

occuring in the higher order connections in equation (2.34) resulting from rewriting the

BCH expansion, or the expansion of e in equation (2.17).

f)abcd-lT;’ IR bl c| d|
372 ), 3!
(2.67)

111 abed T T
_ ( )555 ZS D tzatbctdj) a; J

ij abed

a

There are now 2 total creation operators. As there are no operators connected
2!
to the same vertex, the number of terms needed to properly symmetrize is o = 2.

Dropping any factorials or operators, the symmetrized coefficient becomes:
>N S (D™ igtucty) =Y > Sa (D tigtuctys)
ij abed ij abed

=33 (D" tiatyety + Dt jutyeta;)

ij abed

(2.68)
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In this case, we have two Ty operators which are being treated equivalently
(singly connected to ﬁ“de). For this reason, a slight simplification can be made when
symmetrizing. As indices in each individual sum can be permuted, we will be able
to swap a and d. Doing this and exchanging indices on the (already symmetric) ¢

coeflicients will show that:

e = Z Z (Dadetmtbctdj + Dadetjatbctdi)

ij abed

= Z Z (Dadetmtbctdj + Dadetjdtbctai) (269)

ij abed

=33 2(D"tatyety)

ij abed

And therefore, the symmetrization collapses - similarly to what we would see
for a single oscillator. Again, this simplification only occurs when we have two T
operators which are being treated equivalently, and will not generally collapse the entire

symmetrized expression.

2.9. Excited States

For this section we will limit the discussion to a single oscillator, although the
generalization to multiple oscillators is relatively straightforward. To calculate excited
states, we again use the fact that the unperturbed states form a complete set to define
an excitation operator which generates the n’th excited state from the unperturbed

ground state, as follows.

) = 1) = 3 ) = 3 eailn) = 3 () ()" 10) = QN0
. " " (2.70)
() = 3 e, ) (o)’
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Due to the fact that both Q(7) and e” consist exclusively of af operators, we know
that they commute as [Q(ﬁ), eT] = 0. It also becomes convenient to introduce an

operator Q(7), defined below for shorthand notation.

Q(n) = e"QR) 5 |7) = QA)|0) = e " QR)|0) = T Q(R)e"|0) = Q(7)|0) 2.71)
2.71
or alternatively, = e’e"TQ(7)[0) = e Q(7)[0)
We can use these expressions for |7) to rewrite the Schrédinger equation for the

n’th excited state in two different ways, which are shown below.

Hli) = E,|n) HQ(7)|0) = E,9(7)|0)
o (2.72)
e THe'Q(n)|0) = E,Q(n)|0)
Noting the above equation and results from equation (2.18), we can write:
e_THeT,Q(ﬁ)] |0) = (e_THeTQ(ﬁ) - Q(ﬁ)e_THeT> |0)
:(@mm_ﬁmmom> (2.73)

Normal-ordering and separating the e=7 He” as shown in equation (2.35) would

show that the commutator becomes:

e THE . 0(0)] 10) = [ (HE")pen + (HE")etonea + Hotoneas )| 0) -

:BHJ) mmhm:AEﬁ@W>

Copen>»

Where we have used the fact that the commutator between any constant and any
operator is zero. Similarly to what we did with e? earlier, due to the form of Q(fz) we

can write:

(HE ) ogens )] 10) = (HE )0, pen(R)) 10) = AE,Q(@)0)  (275)
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This equation can be rewritten in matrix form, where we now change notation in

order to define some H = (HeT) with eigenvalues AE, and eigenkets given by

C,open
Q(n)|0).
(Ol H[0) (O] H[1) (O|H[2) ---\ [con Con
1WH0) (HID A H2) - || e
( \/\! ) l,\| ) !f\l ) ol _ap | (276)
(2[H [0) 2[H[1) (2[HI2) -] | com Con

We can continue the above derivation in order to find the matrix elements of H.

Let us write a general term in the connected Hamiltonian as W, such that:

o 11
W=an

W(a")*(a)! (2.77)
Any general matrix element from this perturbation can now be written as follows.
A 11
(1 |n) = — W Gl 0!} (@) )
11 1
“an
11 1 1
- W
NV /mlvnl

We can then show that the matrix element is greatly simplified. In fact, the only

(@WJV@)7§@UWD (2.78)

1
(0l(a)™(a")"(a)'(a")"[0)

case for which the matrix element is non-zero occurs for:

min!

(Ol(@)" (a""(@)'(a")"10) = 75

iff m—k=n—1I (2.79)

And therefore, the matrix elements can be written:

(m|Wn) = W iff m=n—+k—I (2.80)

3. Applications

After having derived the general framework of our coupled cluster approach as

well as the necessary tool with which to generate our operating equations, we next
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present some explicit applications in order to evaluate the approach. We note that the
method is still under development and the presented examples do not constitute an
exhaustive testing of the method, but point to some basic properties. In addition, the
application process lead to a somewhat unexpected development by which to improve
on the numerical results, i.e. the use of an operator transformation scheme by which an

improved unperturbed Hamiltonian can be obtained.

In this section, we will derive and illustrate the results for two different cases with
different levels of complexity. The case of a quadratic perturbation allows for a relatively
simple application of our diagrammatic techniques to derive operating equations. An
example of a quadratic perturbation would be a simple modification of the original
harmonic oscillator potentials by changing the mass of the oscillators. A change in mass
could be directly incorporated into the mass-weighted normal coordinates which would
immediately give rise to a new set of harmonic oscillators with new frequencies. One
would therefore expect that any successful model would mirror this situation. Here we
will show the details of the development of the EoM-CC model for a set of oscillators
under a quadratic perturbation. In a second application we investigate a single oscillator
subjected to a perturbation including a quartic term. Before we venture into solving
the general case of coupled equations at the quartic level, we used this example to gain

some additional experience regarding the behavior of our model.

3.1. Quadratic Perturbation

In order to keep things general, we will write the Hamiltonian with a quadratic
perturbation as follows, noting that a quadratic perturbation will create some zeroth

order perturbative constants when normal ordered (e.g. aa’ = a'a + 1).
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H(]:Z( ala, + - >w —Zwaéaba ab—l—z
2'ZBaba a, + ZJI’ Tay, + 2'ZB‘“’OL ay + ¢

The perturbation consists of the V5 terms introduced earlier, as well as a constant

(3.1)

Vo term with no operators. For a simple comparison, a quadratic perturbation for a
single oscillator would look something like V' = f¢%. In the formalism of creation and

annihilation operators, this reads:

é(aTaJr +2a'a + aa + 1) (3.2)

2 _
Bq—Z

Now for the general case we have expressed H = Hy + V' in diagrammatic form
below. We have already encountered this in a previous example, although here the extra

closed part of the Hamiltonian is added on.

Hopen = Zw At a, + o1 ZBabaTaZ+ZJb Tay, + a1 ZBaba ay,

The next step is to choose the appropriate cluster operators, so that we can solve
for the desired amplitudes. Consideration of parity is especially useful here, due to

relations between the parity operator and operators in the Hamiltonian.

(Pal} ={P,a}=0 Vi (3.4)

By definition of the parity operator, we already know that the unperturbed ground

state is of even parity. In the case of the quadratic perturbation we can quickly show
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that [V4, P] = 0, since each term consists of two creation/annihilation operators. For this
reason, we can assume that the new perturbed ground state is also of even parity. This
limits the cluster operators needed in the expansion to only even operators 15,7}, ..., T, .
While this seems like an easy simplification, one should note that when, for example,

cubic potential terms are included in the anharmonic perturbation, the parity operator

no longer commutes with the full Hamiltonian.

We can also use the shape of the diagrams to infer where the BCH expansion
'self-truncates’. The term with the most amount of a; operators (or ’"down-facing lines’)
is é“b, which is able to participate in two connections at most. This way, the BCH

expansion only requires us to use terms up to 72

For the specific case of a quadratic perturbation, analysis of the Hamiltonian
diagrams can be used to further infer the highest 7, operator which needs to be
considered. We can see that, if left unconnected, the B,;, term in the Hamiltonian is the
only term which will directly contribute to the cluster amplitudes in 75. Furthermore,
no terms in the Hamiltonian will contribute to 7} or higher excitations when connected
with T5. Therefore, any terms past T are not needed. By this, we now know that 75 is

the only required operator in the expansion for this case.

We can now write the cluster operator el as:

1 1
eT:eT2=1+T2+§T22+...:1+k’ l+5k‘ ‘lm|

where we will only include terms up to and including 7% since no additional higher

n+.. (3.5)

power terms can completely connect with the Hamiltonian in the BCH expansion. The
connections between the Hamiltonian and the exponential operator will be represented

in diagrammatic form below.
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Our diagrammatic rules can then be used to interpret each term as follows.

(HGTZ)C = Hopen + % Z Z Sg la(sazta] _|_ Z Z Bwtajajaz +— 5 Z Babtab
J ab
1
+ 5 Z Z Sy (Jit,;) alal + (5) YD S (Bt ty) alal

1 ab

(3.7)

We have used S’ here to denote a term that should be symmetrized, but may
partially or completely collapse due to having two or more 7' operators being treated

equivalently. After symmetrization, the above terms read:

(HeT2)c = Hopen + % Z Z ;l(smta] + w;”éa]tm —|— Z Z Bmt CL a;
i a
* % Zb B+ % Z > (Fitoy + Jjter) alaj + <21') 21 > 2B, b,ald]
a %] a

ij  ab

(3.8)

Now that we have derived all of the terms in (He'?),, we may wish to group them

together based on their operators for convenience. Let us define the following.

<H6T2 Copen Zwiézjaza] + 5 2' Z’CU a; j + Z‘C a] 2‘ ZM ja’laj (39)
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The script K, ,Cg , and M% represent the groups of terms found after connections.

Zj’

_’C ! 2' Z géaltw + w?(sajtaz)
a a 1\1 "
+ 1 Z (Jz‘ to; + Jj tm») + (2‘) 5 ZZB btzatbg
" a (3.10)
=J +> B,
R
EM J :EB J

We have dropped the operators and their sum for convenience. Note that, in
this (unique) case, each term can be written directly as a matrix product. Permuting
indices and cancelling the factorials would allow us to write an equation for the cluster
amplitude directly. Let us define some matrix Ty, which has matrix elements ¢;;. The

matrix form of K;;, £1, and M¥ are as follows.

’Cij - B:j (wztz] + Wﬁy) (JT2)ij + (T2J)ij + (TZBT2)7;J'
MY =B

ij
As the some of the coefficients here are symmetric (e.g. B;; = By; ; tij = tji), their

corresponding matrices will be symmetric as well (BY = B ; TZ = T,). The operating

equations for cluster amplitudes which were derived earlier show that:

1
<O|6L (H@ )C|0 O|a7‘a'S§Z}C’LJ [ ] §ZKU<O|CLTCLSCLZCL]|O> =0 (312)
(]

As every term (0]a,a,a) aj '10) is greater than zero, the only solution is that for which

all IC;; = 0. Therefore, we have:

B;; + (w; +w;) ty; + (JTy); + (T2d),; + (TeBTy),, = 0 (3.13)
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An iterative procedure is used to solve the above equation, beginning by setting all

cluster amplitudes to some Téo) = 0, and iterating according to:

[B* +IT8 + 103 + T BTY }
) ij (3.14)

(w; + w)

Although it may seem trivial, it is important to relate the fact that once tg-") is

converged, K;; = 0. The perturbed ground state energy is subsequently given by:

E - (HBT)C' closed T Hclosed

(3.15)
2'ZB“btab+c+Z SWa =5 Tr(BTy) + ¢+ E,

Where we have again permuted the indices to write the expression in matrix form.

1
We have also used the fact that the unperturbed ground state energy is Ey = Z §wa.

a

3.1.1. FEzcited States

Transitioning to the excited states of a single oscillator, the matrix equation for

H = (He")g gpen is simplified as well. As all open terms in (He”), contain an even

amount of operators, any matrix elements between states differing by an odd number

become zero.

(O|H|0) (O|H 1) (0|H[2) --- O[H|0) 0  (0|H2)
S |aIED aEpD EER) | |0 HD o
(2[H[0) (2HI[) (2[H]2) - (H[0) 0 (2[H2)

(3.16)
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The matrix then decouples, separating states with even and odd parity.

(O[H|0) (0|H [2) (0] H|4)
<2|I:1|o> <2|I§|2> <2|r:1|4> S s
(4[H|0) (4 H[2) (4/HI4)
(H|L) (1/H3) (1H]3)
<3|1:1|1> <3|I§|3> <3|r:1|5> e .
(5| H|1) (5|H[3) (5]HI5)

Looking at individual terms in (He®)

C,open

we see that the number of operators

in any term is either 2 or 0, which causes another massive simplification in the form
of our matrices. The only non-zero matrix elements therefore lie along or immediately

adjacent to the diagonal.

(Ol H [0) (0] H[2) 0 Con Con

2l H|0) (2| H [2) (2/H |4 Con o,

CEIUNCETEINC TN | P S, o
0 (4| H [2) (4] H [4) Can Cin

(11H[1) (1] H[3) 0 Cin Cin

3/H|1) (3[HI|3) (3HI5 Can e,

BIEY GHE GHE o] a0
0 (5| H |3) (5] H |5) Csn Csn

In the special case when T, has converged, we know that we will have reached a

1 —~
solution where alCaTaJr = 0. Therefore, any elements of the form (m + 2| H |m) will

become zero as well.
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(O H [0) (O] H |2) 0 o\ | con Con

0 AAH2) @ H1) - || e o,
SR TTI | 9 B, .

0 0 <4| H |4> s Cyn, Cyn

(IJH 1) (1] H |3) 0 o\ | e Cin

0 3(H3) BH[E) - || e s
e @ || e .

0 0 <5| H |5> e Csn Crp,

For such upper triangular matrices there is no need for diagonalization to find
the eigenvalues, since they can be obtained directly from the diagonal elements of the
matrices given by H,,,,.

I/_\Imm = <m| ﬁ |m> = <m| (waTa + E(ZTCL) \m} = Em — Ey
(3.23)

Ep=m(w+ L)+ Ey=m(w+ J+ Bty) + Ey
This result is better illustrated if we write the new ground state out to mirror this
equation.

1 1 1 1
EOZEBt2+C+§OJ:§(UJ+J+Bt2)+(C_§J> (324)

We have therefore showed that the quadratic problem simplifies into a new harmonic
1
oscillator where the ground state energy has been shifted up by <c — §J ) The new

transition energy of this oscillator is given by w = w + J + Bts.

3.1.2.  Bogoliubov Transformations

The fact that the coupled cluster solution for a quadratic perturbation leads to

a new set of harmonic oscillators can also be obtained through the application of a
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Bogoliubov transformation, with an example for a single oscillator shown in (18). We
note that a number of other possible transformations exist (19), but this becomes the
most convenient to use in our case. The following derivation illustrates the result of such
a transformation for a single oscillator, though the generalization to multiple oscillators

is straightforward. Our perturbed Hamiltonian reads:

1 1 1
H = alaw + EBaTaT + aBaa + Ja'a +c+ W (3.25)

For the case of a quadratic perturbation, we make use of the following Bogoliubov

transformation.

V=Fa'+Ga ; b=Fa+Gad (3.26)

We seek a transformation for which the transformed operators satisfy the bosonic

commutation relation.

[b,b'] =1 (3.27)

This commutator relates the transformation coefficients as:
[b,bT] = bb' — bTD
= (F*a + G*a")(Fa' + Ga) — (Fa' + Ga)(F*a+ G*a')
— (F*G — GF"aa + (G*G — FF*)d'a + (F*F — GG*)aa' + (G*F — FG*)ata" (3.28)
= (G*G — FF)d'a + (F*F — GG*)aa' = (F*F — GG*)(aa' — a'a)

— (F'F = GG")a.a] = [P = G =1

These transformed operators will act on a new set of states denoted by |n)y, i.e.

bln)y, = v/nln — 1), ; bin)y = vVn 4 1|n + 1),

b0y =0 5 blbln), = nln),

(3.29)

Let’s consider the condition for b|0), = 0. As we can write any state as a linear

combination of all states in the unperturbed basis, this equation can be expanded as
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follows for a quadratic perturbation. We again note that the discussion of parity for this

problem allows us to exclude any odd excitations.

1

b0)y =0e5|0) =0 ; S=S5+Si+.. ; S,= Esn(aTaT...aT)n terms (3.30)

Where S is a cluster operator mirroring the 7' cluster operator for the original |0)
vacuum state. Note however, that we cannot assume s, = t,, at this point. Applying

e~ to both sides, we find:
e be”10) = (be”)[0) = ((F*a + G*a')e®) ,10) = 0 (3.31)

The resulting terms of this connection can be obtained algebraically or by use of

diagrammatics.

1
a+ G a')e = a+Ga +Fsa +—=r"s4a'a'a 4 ...
Fra+Gal)e”),[0) = ( Fra+ GTal + Frspa’ + 5 Fsyalaldl 0

] (3.32)
- ((G* + F*sy)a’ + gF*smTaTaT + ) |0)
For the above relation to hold, we must have that
G*
2= o S4=8=..=0 (3.33)

Using the result of the commutator in equation (3.28), we can rearrange the above

expression for s,.

G"=—F'sy ; F'F—-—GG =F'F—FrsisoF =1 (3.34)

We can now directly solve for the F' and GG needed in a Bogoliubov Transformation,

in terms of ss.

F=F'=(1—-ss,)""" | G=—Fs;=—(1—sbs,) s} (3.35)

So far, we have only shown that any S, cluster operator generates a specific
Bogoliubov transformation where the transformed operators have €52]0) as the vacuum

state.
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Next we seek to express our perturbed Hamiltonian in our new operator basis.
After substitution of our new operators into our perturbed Hamiltonian, we find that in

order for the transformed Hamiltonian to be diagonal in the new basis we must have:

1 1
F? [(w+J)s® + 3B+ 53*52 =0 (3.36)

The expression in the parenthesis is nothing but the equation for the ¢, amplitudes

found previously, so to make the Hamiltonian diagonal we must have that sy = 5.

Normal ordering the remaining terms of the transformed Hamiltonian, we find that

we can write:

1 1

We have found that if we select the cluster amplitude obtained from solving the
coupled cluster equation, the corresponding Bogoliubov transformation results in our
perturbed Hamiltonian being transformed into a new harmonic oscillator Hamiltonian.
The Bogoliubov transformation also provides explicit expressions for the shift in the
zero-point energy, as well as the frequency for the new oscillator identical to the ones we
found using the EoM-CC approach. This result can be straightforwardly generalized to

a set of harmonic oscillators subjected to a quadratic perturbation.

3.1.83.  Ilustrative Results

The equations derived were incorporated into a Python code which iteratively
solved the coupled cluster amplitude equations and generated the ground state energy.
Throughout the iterative process, we constructed matrices for the calculation of excited

stated energies.
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Quadratic Perturbation: B=1.35

=]
[=]

T2 Amplitude | -0.3158974769...

Lo
o o
[N

]
=]
w

(LTI

T2 Amplitude
| | | |
dse s

Perturbed G.S. Energy | 0.9617692031...

=
=

-
=
.

0.9+

0.8 1

Ground-State Energy

0.7 4

Ground State Energy | 0.9617692031...
15 «  Excited Energy #1 | 2.8853076093_..
. Excited Energy #2 | 4.8088460154...
«  Excited Energy #3 | 6.7323844216_..
Excited Energy #4 | 8.6559228278_..
«  Excited Energy #5 | 10.5794612339...
. " - Excited Energy #6 | 12.5029996401...
: Excited Energy #7 | 14.4265380463...
Excited Energy #8 | 16.3500764524. .
Excited Energy #9 | 18.2736148586...
Excited Energy #10 | 20.1971532648...
Excited Energy #11 | 22.120691669...
«  Excited Energy #12 | 24.0442300749...

251

20 1

{Real Part of) Excited State Energies

T T T T T T
0 ii] 57 85 14 142 171 199 228 56 285
Iteration Number

Fig. 3.— An illustration of the iterative scheme derived earlier, depicting how the T5
amplitude, new ground state and excited state energies vary for each iteration. See text

for further details.

Here we illustrate the behavior of the numerical results as we iterate our coupled
cluster amplitude equations. The harmonic frequency in all of these examples will be
set to w = 1 for simplicity. Figure 3 shows the numerical results for each iteration with

potential coefficients given by B = J = 1.35, ¢ = 0.675. The top graph in the figure
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shows the oscillatory behavior towards convergence of the iterative values of the ¢,
amplitude, and the middle graph depicts the corresponding oscillating perturbed ground
state energy. Finally, the bottom part of the figure shows the behavior of the real part

of the iterative excited state energies as obtained from the diagonalization of the matrix.

The effects of the fact that the matrix is non-hermitian are seen in the first (roughly)
30 iterations of the bottom graph, where certain eigenvalues of the Hamiltonian are
complex (marked by x-points) until ¢, is closer to convergence. The graph also shows
that the perturbed system exhibits a harmonic oscillator spectrum with equidistant

energy levels as was expected from the analysis above.

Quadratic Perturbation: B=1.5

¢ Ground State Energy | 1.0...

Excited Energy #1 | 3.00000000000004...
Excited Energy #2 | 5.00000000000028...
Excited Energy #3 | 7.0000000002695...
Excited Energy #4 | 9.00000000093823 ...

. Excited Energy #5 | 11.00000037042685...
", Excited Energy #6 | 13.00000085768252...
5 ¢ Excited Energy #7 | 15.00014368494214
Excited Energy #8 | 17.00024842027981...
Excited Energy #9 | 19.01574384308642...
Excited Energy #10 | 21.02161062191833...
Excited Energy #11 | 23.43289767445596...
# Excited Energy #12 | 25.501723267892...

10

.
- > > >

- >

Imaginary Part of Excited State Energies
=1
-
-
+
+
H
*

0 5 10 5 0 5 30 £ a0
Real Part of Excited State Energies

Fig. 4.— An illustration of the iterative scheme derived earlier, depicting how the energy

of each state changes over each iteration in the complex plane. See text for further details.
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Since we can expect the appearance of complex eigenvalues in our method, we also
studied their behavior in more detail by plotting their paths in the complex plane as a
function of iteration number. Here we used a slightly larger set of potential parameters,
B =J = 1.5, ¢ =0.75. From Figure 4, we see how conjugate pairs of eigenvalues
with large imaginary parts appear at the beginning of the iterative solution of the ¢,
amplitude, only to end up on the real axis once the amplitude has converged. This
behavior is to be expected, as we know that our method provides the exact solution
in the quadratic case (i.e. all final eigenvalues will be real). For a more general

perturbation, this may not be the case.

The perturbation parameters used in both cases correspond to a perturbation for
which we can easily obtain the exact result, in the form of some V = fB¢%. For the
perturbation shown immediately above (B = J = 1.5, ¢ = 0.75), the exact excited state
energies turn out to simply be the odd integers 1, 3, 5, 7, and so on. This result is well
reproduced by our calculated excited state energies. Discrepancies seen in higher excited
states are able to be eliminated by using either a tighter convergence criterion for the

cluster amplitude, or considering higher excited states when diagonalizing the H matrix.

3.2. Quadratic + Quartic Perturbation

Following the earlier derivation, we can find the solution of a perturbation including
both quadratic and quartic terms. A perturbation quadratic in ¢ gives rise to normal
ordered contributions to V and V5, and a perturbation quartic in ¢ gives rise to normal
ordered contributions to Vg, Vs, and Vj, (e.g. aaa’a’ = a'a’aa +4a’a+2). Therefore, the
formalism for handling a quartic perturbation automatically handles also the quadratic

+ quartic case and the Hamiltonian takes on the form:
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H0:Z( ala, + )w —Zwaéaba ab—l—z

11 ;
il ed t 1
4| Z Dabcda ab 3' Z Labc o + 2191 Maba apa.aq
abed abed abed
3.38
+lZLdeaTaaa +lZD“deaaaa ( )
S!ade a a™b%cd 4!ab0d a'b*ed

1 b ab
+EZBabalaZ+2J alay, + Q'ZB a,a, + ¢
ab ab

In diagrammatic form, we have H = Hy + V expressed in the equation below.

a bl c a b Q| .
Hopen— a b‘ C d| + ot + - + - + a b} C d
________________ d c d b c d
a a -
+ X + a b + W + a \b
b L b
Hagsea = ¢+ 3 2
closed — 9
(3.39)

Similar arguments can be made as before in order to simplify the cluster operator.
Once again, all terms in the Hamiltonian have even parity, and therefore only
15, Ty, ..., Ty, terms are required. The term with the most amount of a; operators (or
"down-facing lines’) is Deed which is able to participate in four connections at most.
This way, the BCH expansion again ’self-truncates’ and only requires us to use terms
up to T#. The individual T operator is still an infinite sum, and requires us to manually

truncate at some point.

In the present development we will include contributions from 75 and T}, but
note that future work will also investigate the effects of higher levels of excitation.

Additionally, in what follows we will only present results for a single oscillator although
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the generalization of the equations to the case of multiple oscillators is straightforward

In this case, the perturbation can be written as V = £¢% + d¢*. In terms of normal

ordered annihilation and creation operators we find:

B¢ = g(aToff +2d'a + aa + 1)

)
6¢* = ~(a'a'a'a" + 4a'ata’a + 6a'a'aa + 4a'aaa + aaaa + 6a‘a’ + 12aa + 6aa + 3)
(3.40)

Applying our previously derived diagrammatic rules, we can now write down the

equations for determining the cluster amplitudes, where we have deliberately retained

the expressions on a form conducive for the application to multiple oscillators.

1 1 1 1 1 1 11
—5200752 = EB + §2Jt2 + EB (2|2t2t2 + 2|t ) + EEMZSQ

1./11 1
+ 5L <§§2t2t2 + 3 2t4> (3.41)

1 11 1 1
—D 2totot 2tot tot
2' (3|2| 222+3 24+2'2'24>

1 1 1 1
~dwt, = 4Jt4+ '4Bt2t4+ D+ —ALty

4! 4! 4] 4]
1]\/[ 112tt 6t
+4, 5] 22+2, 4
1 1 1 1
1 1 11 1
D [ —24t,tst5t — —Atotot — —12t9t5t
+4‘ <4! 2222+22 224+2!2 ololy
1 16tt ! 4t 4t
+2|2!2! 44+2'3' 4l4

as well as the ground state energy:

~ 1 111

1 ) 1
EO = gBtQ—l—@th;—i— 2|2|2|Dt +c+ 2w

(3.43)
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The coefficients in the above expressions are given by

2 12
:§+3745 ; B:2!<§+%) ; J:76+ 45
4] 46 60 (3:44)
D=4- , L=3— ; M=22—
4 4 4

3.2.1.  Generalized Bogoliubov Transformations

As shown in the case of a quadratic perturbation, a Bogoliubov transformation
based on converged T, amplitudes generates a new basis in which the Hamiltonian is
diagonal (and the quadratic perturbation is transformed away). This leaves any further
attempts to refine the energy using a CC calculation useless, since the amplitudes would
be identically zero. The effect of the quadratic perturbation is shifted to a set of new

harmonic frequencies and a constant energy contribution, as shown in equation (3.37).

We now wish to employ a similar tactic with respect to the quartic oscillator, in
an attempt to create a basis in which the effects of the quartic perturbation would be
lessened. Let’s first consider a Hamiltonian for a single oscillator of the general form
below, where a superscript has been introduced for the appearing constants for reasons

which will shortly become apparent.
w 1 4
Ha — A(O)CLTG + =+ A(O)aTaT + A(O)CLCL + I‘(O) + 5(0) |:_ (aT + CL):| (345)
2 V2
Now, consider the effects on the above Hamiltonian due to a real Bogoliubov
transformation of the same form presented in (3.26).
br = FOdf + GOq ; b=GOd" + FOq (3.46)
Note that we have again introduced superscripts, and F(© and G are both now

defined to be real coefficients. Inverting these relations would lead to the expressions:

ol =FO —cgOp . a=—-GO 4 FOp (3.47)
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Now, we can use these expressions to rewrite each individual term in equation

(3.45), in terms of the operators arising from the Bogoliubov transformation.
AO gt = ((F(O))Q + (G(O))Q) AOpty — FOGOAO T _ OGO A0 4 (G(O))QA(O)

A9 (aaf + aa) = (FO)2 + (G2 AQ (b1b! + bb) — 4FOGOAOpp — 2FOGOAO)

1 1

50 {_2 (af + a)r = (FO — g)" 50 {E (o' + b)]4

(3.48)

Collecting terms, we find that we can write the transformed operator on the same
form as equation (3.45).
1

Ho = ADpTp 1% L AOpTpt 12 AOpp - T 1 5O
b +2+ + + + NG

(o' + b)] 4 (3.49)

This new Hamiltonian and the one in equation (3.45) are identical, where we have

now defined:
A — ((F(O))2 + (G(O))Z) A _ 4 FO)7(0) A ©)

AD = ((FO)2 4 (GO)2) A© — FOGOAO
(3.50)

!
ES
=
=
Il

TO) 4 (GO)2A0) _ 2O GOIA©

50 = (FO) - G<o>)4 5O

Both sets of operators sets, by construction, also satisfy the bosonic commutation
relations (i.e. [a,a’] =1 and [b,b'] = 1). The Bogoliubov transformation does, however,
change our zeroth order harmonic oscillator Hamiltonians. For the two sets of operators,

we find:

HO = AOdq+ 2470 & gO =AW+ 2 47O (351)
a 9 2

We note that two sets of operators refer to different vacuum states, and consequently
also have different ground state energies. One would therefore also expect different

results for any approximate calculation of the eigenvalues to the Hamiltonian H,(= Hj).
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Here we propose the following scheme, using iterative Bogoliubov transformations,
to improve the accuracy of the energy derived in our coupled cluster method for any
particular truncation of the cluster operator. Below, we will specifically illustrate the

method with T = T, + Tj.

First we note that our quartic oscillator Hamiltonian can be written in the form

given in equation (3.45).

A0 — AY=0 . TO=0 . =5 (3.52)

’

Solving the EoM-CC equations for this Hamiltonian provides us with cluster
amplitudes tgo) and tflo), via equations (2.19). Next, we perform the Bogoliubov
transformation using the tgo) cluster amplitude, such that the commutation relation for

the new operator is guaranteed ([b, b'] = 1).

o\ —1/2 o\ —1/2
FO) _ (1 ~ (tgn) ) GO = (1 _ (tg°>) ) e (3.53)

This then generates the new Hamiltonian, H,. In the case of the quadratic
perturbation, the effect of this transformation was to bring the Hamiltonian to a
diagonal form where t, = 0. Although this does not immediately occur for a quartic
perturbation, we still expect the t5 amplitude to be reduced in magnitude over a number

(1

of iterations. Once new amplitudes ¢, ) and tfll) are obtained, we can create a second

Bogoliubov transformation using new transformation parameters:

9 2 —-1/2
Fm:(l_(t;w)) ;Gm:_(l_(tgw)) W (3.5

The process above is the basis for a calculation scheme using iterative Bogoliuov

~1/2

transformations with constants obtained from the following sets of equations
‘ N2\ /2 , N2\ 2
FO = (1 (1) ) ;GO = (1 - (") ) ty’ (3.55)
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AGHD — ((F(i))z + (G(i))Q) AN A OFel OFN Q)
AGHD — ((F(i))Q + (G(i))2) AD — @) A6

(3.56)
PG+ — ) 4 (G(i))2A(i) Y A0relOFNO)

50D = (FO) - G<i>)4 5@

In each step of the iterations we would expect the t(;) amplitude to diminish in
magnitude, leading to the coefficients ' — 1 and G — 0. The eigenvalues would then

converge as when F' =1 and G = 0, the Bogoliubov transformation has no effect.

3.2.2.  Ilustrative Results

Below we illustrate the results for a perturbations of the form V = B¢ + d¢*. The

harmonic frequency in these examples was again set to w = 1.

Figure 5 shows the numerical results for each iteration with potential coefficients
given by B=.J =0.525, D=L =M = 0.75, C'=0.16875. The top graph in the figure
shows the oscillatory behavior towards convergence of the iterative values of the cluster
amplitudes and the bottom graph depicts the corresponding oscillating perturbed

ground state energy.
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Perturbation: B=0.15, 6=0.125

T2 Amplitude | -0.152178023...
T4 Amplitude | -0.054251821.._
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Fig. 5.— An illustration of the iterative scheme derived earlier, depicting how the cluster

amplitudes and new ground state vary for each iteration. See text for further details.

As we showed earlier, in the pure quadratic case (when 6 = 0) we expect the
T, operator to give the only nonzero cluster amplitude. On the other hand, this
simplification cannot be made for a pure quartic perturbation (when 5 = 0). This is

shown in the following two figures.

We note that the rate of convergence can be greatly improved by a very simple
modification in our iterations. The oscillatory behavior of our iterated cluster amplitude
can be damped to a large extent using the following scheme.

to )+t

: () (3.57)

In the future we will experiment with other schemes by which to improve the rate

of convergence of our coupled cluster iterations.
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(Pure Quadratic) Perturbation: f=1.45, 6=0

0.0
-0.1 5
°
2
z 03
g
- 04
a
] i
3 -05 $
5 b
-0.6 . « Perturbed G.5. Energy | 0.9874208829_..
T2 Amplitude | -0.327695334..
—0.7 . « T4 Amplitude | -0.0...
0 200 400 &00 a0o
Iteration Number
(Pure Quartic) Perturbation: p=0, 6=0.14
0.05
. « Perturbed G.S. Energy | 0.5782301802..
B T2 Amplitude | -0.1235551556...
0.00 .t T4 Amplitude | -0 06931869
w
U
°
2 005 . k
= .
E %
o —0.10
7]
e
w
= &
9] _oas ,-/r
-0.20 .

0 200 400 800 800
Iteration Number
Fig. 6.— The iterative scheme applied to purely quadratic and purely quartic perturba-
tions. In the quadratic example, we see T, leads to the only nonzero cluster amplitude as

expected. For comparison, none of the amplitudes become zero in the quartic example.

Next, we discuss the accuracy of the coupled cluster results when compared to
other methods. In Figure 7, we compare our numerical coupled clusters results for
the ground state energy calculation for a single oscillator with other methods for a
quartic perturbation of varying strength. For the single oscillator case we can calculate
the (virtually) exact energies by numerical integration of the Schrodinger equation.
We have previously developed a Python code for this purpose where the Schrodinger
equation is recast into a Riccati equation and the eigenvalues are found by matching the

logarithmic derivatives of the wave function. The exact result is shown in red in Figure 7.
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Comparison of Methods
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Fig. 7.— Comparison of results obtained by different orders of perturbation theory,

coupled cluster methods, and numerical integration.

Bender and Wu (20) calculated the perturbation theory corrections for a quartic
oscillator and found that the energy expression to fourth order is given by (note that

F = w in our units
333 5 _ 30885

& :
16 128 (3:58)

E:E0+26—2—8162+
In the figure we have clearly gone beyond this limit as we see no hint of convergence.
The figure provides the separate results obtained from perturbation theory for first,
second, third, and fourth order. The quartic perturbation is interesting in that the
perturbation series is divergent beyond a certain value of the perturbation strength.
For small strengths of the perturbation parameter (6 < 0.1), subsequent orders give
an improvement to the energy but the results diverge for larger values. This is not
to say that perturbation theory is not generally useful, but can be of limited range of

applicability.
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Our coupled cluster results, on the other hand, show good agreement with the
exact results, even when only the 75, cluster operator is included. We have to remind
ourselves, however, that the T, operator also generates higher levels of excitations due

to the exponential character of the theory.

To illustrate the effect on the calculated energy due to this iterative Bogoliubov
transformation approach, Figure 8 shows results for a quartic perturbation with 6 = 0.1.
For reference, the exact perturbed energy value obtained by numerical integration for

this perturbation is £ = 0.55914633.

0.015
B AE(V0)
B AE(V0,T2)
] AE(V0,T2,T4)
0.010
S
i
0.005

N R TEN T

CC(T2,T4) B1-CC(T2,T4) Bn-CC(T2,T4)

Fig. 8 — Error in the energy (calculated vs. exact) using three methods of calculation

of the ground state energy for the quartic oscillator. See text for further details.

The blue bars show the deviation from the exact result when only first order

contributions are considered (e.g. the constant terms in the normal ordered
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Hamiltonian). Orange bars show the effect of only adding in the contribution due to 7.
Finally, the grey bar shows the full coupled cluster result including contributions from

both T2 and T4.

The pre-Bogoliubov transformation results using 75 and T are labeled CC(T2,T4).
We note that the energy to first order deviates considerably from the exact answer.
Including contributions from 75 reduces the error and finally, including contributions

from both T, and T, improves the results even further.

The results labeled B1-CC(T2,T4) were obtained after solving the coupled cluster
equations after a single Bogoliubov transformation using amplitudes from an initial
set of calculated cluster amplitudes. Note the dramatic reduction in error in the first
order result. This is due to the fact that a new zeroth order Hamiltonian is being
used, which deviates less from the perturbed Hamiltonian than the original zeroth order
Hamiltonian. Including contributions from 75 does not seem to improve the situation,
this being a result of the t, amplitude having been dramatically reduced after only one
Bogoliubov transformation. Most importantly, the error obtained with including both
Ty and T} contributions has also diminished dramatically. Even a single Bogoliubov
transformation gave us a much smaller error for our ground state eigenvalue. Finally,
Bn-CC(T2,T4) labels the results after several consecutive Bogoliubov transformations,
which only produces minor changes as the ¢, amplitude converges to zero rapidly after a

few Bogoliubov iterations.

3.3. Full Quartic Perturbation

Although a code has not yet been written for the full quartic case, we have derived
the iterative equations needed for a solution. As before, quartic perturbations in ¢ give
rise to normal ordered contributions to Vg, V5 and V4. A cubic perturbation ¢ would

similarly give rise to normal ordered contributions to V; and V3. Therefore, a cubic
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and quartic perturbation in g together would result in a full quartic perturbation as

expressed in (2.11). Here we give the equations where the cluster operators T, and T}

have been included.

The ground state energy is given by:

1 1 1 1
Ey=VW+ At + B (2'152 + 2'151751) +C ( t3 + 2‘t1t2 + t1t1t1>
3.59
Dt A s L i ) + e .
nlatgrggrtele T gifats + Siorhihite + Sl 5

And the coupled-cluster amplitude equations are given by:

1 1 1
_wtl = A + AtQ + Jtl -+ B (5153 + tltg) + K (2't2 + §t1t1> +

oL, 1 1 (L] 1
St T gt + gitits + gptitita | + L ( opts + oitata + it ) +

D 1tt 11tt 1tt 11ttt 11ttt 1tttt
3|14+ 2|2|23+3,23 +2,2,122+2,2|113+§1112

(3.60)

1 1 1 1 1
—§2wt2 = 514153 -+ 2'B + 2|2Jt2 + 2'B (2‘t4 + 2|2t2t2 + tltg) +

1
EK“ + 5 i (2'2t3 + 2t1t2)

1C ltt-i— 1tt—|—12tt +12ttt+1ttt +
5] oplits opl2ts T 5 alats gpehitate + oititits

L 1t+1 +1L 12t+112tt—|—12tt—|—12ttt +
2 2172 T gt TN T T TR TR LT I

1p 11tt+12tt + 1112tt+11tt +
2 P TR T 9191917373 T oy 3)"33

1 1 11 11
5t1t2t3 + 2'2t1t2t3 + — =ttty + = = 2latate + — =2t 1t 1ot +

2191 3191 2191
1
§t1t1t1t3

(3.61)
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13 B
—5 wtg—

—a4wt4 =

1 1 1 1
SiAt+ 53t + 2B (Bt + 3hts) + 5O+

1 1 1 1
§3Kt2 + = 3l —K <2!3t4 + 9 6t2t2 + 3t1t3) +

1 1 11 1
—C ({—t2t4 + 91 3t2t4} + 553153753 + t1tats + '3t1t1t4 +

1
o |6t2t2t2) +

3

1 1 1
it + M (2‘3@, + 3t1t2)

3'L (2|3t1t4 + {2'6t2t3 + 3152753} + 6t1t2t2 +

o1 '3t1t1t3) +

2

1 1 11 1
3|D <{ 3l 3ty + 553153754 + a0 3t3t4} {5t1t2t4 + 53131752154} +

212!

13ttt 11
2,2, 1t3ts + 2'2'

11 1
—6tolots + — 3t2t2t3} + §6t1t2t2t2—|—

1 1
§3t1t1t2t3 + §t1t1t1t4)

(3.62)

1 1 1 1
4'4Jt4 + EB (4152154 + 561&3753) + I6Kt3 + ZK(41t11t4 + 12t9t3)+

1 1 1 1
—C i Otata + opdtsts o + dtitats + 6ttty + oy 12btts ) +

11 1. (1 1
D+ —Lty + —M ( =6ty + - 12tats + 611t
PTP TR T (2' trgehh 13)+

1 1 1 11
ZL ({512252154 + 2|4t2t4} + 5512253253 + 12¢1t5t3+

1 1 1 11 111
§4t1t1t4 + 524t2t2t2) + 1 —D ({ —At4ty + ———6t4t4} +

1 11 1
{2|4t1t3t4 + 6t1t3t4} + {2' S 2batsts + o 2'6t2t3t3} +

11 11 1 1
12t5t5t — —Atotot — 12t totot — 0Ot 1ttt
{2|2| 224+22 224}‘1‘2! 1223‘1‘2! 1titats+

11 1
orgrtititats + 4;24tatataty

As before, these equations can be written into an iterative code to find the cluster

amplitudes tq, t9, t3 and t4, leading to the ground state energy FEj.
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4. Conclusion

We have derived a method combining coupled cluster theory and iterative
Bogoliubov transformations for the solution of a set of perturbed harmonic oscillators.
Using our general operator product, matrix element and diagrammatic rules we found
explicit expressions for calculating coupled cluster amplitudes and ground state energies

for perturbations of quadratic and quartic form.

To illustrate the accuracy of the method, we presented the results for a few test
cases. For a set of coupled oscillators with a quadratic perturbation, we showed that
following the calculation of the ground state energy, the full excitation spectrum could
be easily obtained by considering the diagonalization of an effective Hamiltonian in the
space of unperturbed harmonic oscillator states. We also showed that this eigenvalue
spectrum is equivalent to the spectrum obtained through a suitable Bogoliubov

transformation of our ladder operators.

We presented a series of test cases for a quartic perturbation of variable strength,
and compared the accuracy with results obtained from numerical integration of the
Schrodinger equation. Although the CC results agreed well with the exact results, we
showed that they could be dramatically improved through the inclusion of an iterative
Bogoliubov transformation scheme which in effect generates an improved zeroth order

Hamiltonian through a series of transformations of the operator basis.

4.1. Future Work

To fully investigate the feasibility and accuracy of our proposed new method using
coupled cluster techniques and iterative Bogoliubov transformations, we need to perform

a sequence of additional steps:
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Implementation and testing of the inclusion of linear and cubic terms in the
perturbation potential. This will necessitate the inclusion of additional cluster
operators in our coupled cluster scheme, as well as a modification of our Bogoliubov

transformation.

Implementation and testing of excitation energy calculations using the EoM-CC
scheme, using an effective Hamiltonian derived from the operators obtained at the end

of the iterative Bogoliubov process.

Implementation and testing of higher excitation in the coupled cluster operator
to assess convergence for stronger perturbations. Here we propose to make use of a

computer driven code generation scheme which we are currently developing.

Ultimately, our goal is to apply our numerical code to calculate anharmonic
transition frequencies for molecular systems. Initially we will make use of existing
anharmonic potential parameters and evaluate our method against other approaches,
but we will in addition perform our own calculations and develop new parameters for

small molecules.
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ABSTRACT

A COUPLED CLUSTER TECHNIQUE WITH ITERATIVE BOGOLIUBOV
TRANSFORMATIONS FOR COMPUTING EIGENVALUES OF PERTURBED
QUANTUM HARMONIC OSCILLATORS
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Research Advisor: C. Magnus L. Rittby, Senior Associate Dean & Professor of Physics

The details of a coupled cluster technique making use of iterative Bogoliubov
transformations for the calculation of the ground and excited states of a coupled
set of perturbed harmonic oscillators are developed. A diagrammatic approach is
presented and implemented for the efficient development of cluster amplitude and
energy equations. The method is applied to a quadratic and quartic perturbations to
illustrate the power of Bogoliubov transformations in providing an improved zeroth
order Hamiltonian for perturbative methods. Some initial numerical results for a single
quartic oscillator are also presented showing good agreement with exact results obtained
from numerical integration of the Schrdinger equation. A new iterative Bogoliubov
transformation scheme is applied and shown to improve the agreement with exact results
considerably. Finally, explicit coupled cluster and energy equations are presented for a

set of coupled oscillators subjected to cubic and quartic perturbations.



