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1 Introduction

Consider an n-dimensional smooth manifold M; denote by QF(M) the collection of all
degree k differential forms on M and by H*(M) the corresponding de Rham cohomology
group. Let w be a closed 1-form that is not necessarily exact. We consider the twisted
operator d, : QF(M) — QFY(M) defined by d,, = d + wA, where d is the usual exterior
derivative. It turns out that (d,)? = 0. The differential cochain complex (Q*(M),d,,) is
called the Morse-Novikov complex of the manifold M. The cohomology groups HY(M) of
this cochain complex are called the Morse-Novikov or Lichnerowicz cohomology groups
of M and have been utilized by many researchers. Morse-Novikov cohomology was first
studied by A. Lichnerowicz in [24], and used in the context of Poisson geometry. The
idea of Lichnerowicz has been exploited to study many properties of manifolds. In [26]
and [27] S.P.Novikov proved a generalization of the Morse inequalities by comparing
the ranks of these cohomology groups with combinatorial invariants derived from the
zeros of the form w. Pazhintov [33] gave an analytic proof of the real part of Novikov’s
inequalities. E. Witten used the Morse-Novikov cohomology for exact w in his famous
discovery [45] of what is now known as Witten deformation. In this case Morse-Novikov
cohomology is isomorphic to de Rham cohomology (see Corollary 2.4). M. Shubin and
S. P. Novikov applied the deformation method to a rigorous treatment of eigenvalue
limits of Witten Laplacians for more general 1-forms and vector fields in [28] and [38].
Many other researchers have extended and generalized this work, such as Braverman and
Farber [6] in cases of nonisolated zeros of 1-forms and vector fields. See [14] for a good

reference on these related topics. Alexandra Otiman studied Morse-Novikov cohomology



for particular classes of closed 1-forms in [31]. I. Vaisman studied locally conformal
symplectic manifolds in [41], and L. Ornea, and M. Verbitsky studied Morse-Novikov
cohomology of locally conformally Kéhler manifolds in [30]. The closed 1-form used
in the work of Vaisman, Ornea, and Verbitsky is called the Lee form. In [8], X. Chen
showed that if a Riemannian manifold M has almost non-negative sectional curvature and
nonzero first de Rham cohomology group, then all the Morse-Novikov cohomology groups
of M vanish irrespective of the choice of the closed non-exact 1-form w. In [25], L. Meng
established an analogue of the Leray-Hirsch Theorem for de Rham cohomology and a
blowup formula fo Dolbeault-Morse-Novikov cohomology on complex manifolds. Morse-
Novikov cohomology theory has also been used to study locally conformal symplectic
manifolds (see [42], [41], and [43]).

In our study we work with Morse-Novikov cohomology applied in the foliation set-
ting; the kernel of a d,-closed form is involutive and hence gives rise to a foliation of
the manifold. In the presence of a metric, if the d,-closed form is a volume form of
transverse distribution of a foliation, it turns out that the closed 1-form w in d + wA
is the mean curvature form of the transverse distribution. Later on, we restrict the 1-
form to be closed along leaves of a foliation. In the first section of our study, we review
basic properties of Morse-Novikov cohomology of a manifold — for example, homotopy
invariance (Proposition 2.17 and Corollary 2.18), Hodge decomposition (Theorem 2.24),
and Poincaré duality (Theorem 2.25). In fact, we give a proof of Poincaré duality for
Morse-Novikov cohomology (originally shown in Proposition 3.5 of [32]), using the Hodge
star operator and the Hodge Theorem 2.24 for Morse-Novikov cohomology. We compute
the Morse-Novikov cohomology groups of S”, RP", in Examples 2.6, and 2.8. It turns
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out that they are independent of the 1-form w. We also compute the Morse-Novikov
cohomology of T? in Example 2.10 for a particular 1-form w, and this computation can
be adapted to an arbitrary 1-form.

There are mainly two types of Morse-Novikov cohomology associated to foliations: ba-
sic (see [34]) and leafwise. Liviu Ornea and Vladimir Slesar studied basic Morse-Novikov
cohomology in [29]. K. Richardson and G. Habib used basic Morse-Novikov cohomol-
ogy to prove that the basic signature and the Alvarez class of a Riemannian foliation
are homotopy invariants [17]. They have also used a modified differential as in Morse-
Novikov cohomology to define a twisted basic cohomology for Riemannian foliations that
satisfies Poincaré duality [16]. J. A. Alvarez Lopez, Y. Kordyukov, and E. Leichtnam
studied leafwise Hodge decomposition on Riemannian foliations with bounded geometry
and extended the Morse-Novikov differential complex [3].

Using d + wA as the differential for a closed 1-form w, we study leafwise Morse-
Novikov cohomology groups whose isomorphism classes turn out to be smooth invariants
of the foliation. In the cases where w is truly a closed 1-form on the manifold, one
further obtains Morse-Novikov cohomology groups from the foliation. In Section 3 we
study the basic properties of leafwise Morse-Novikov cohomology groups, including the
homotopy axiom in Proposition 3.13, and foliated homotopy invariance in Corollary
3.14. With the additional assumption that the foliation is Riemannian, we give a proof
of the Hodge decomposition in Corollary 3.20 and Poincaré duality in Corollary 3.21. We
extend these results to more general settings of forms of p, ¢ type: homotopy axioms for
general leafwise Morse-Novikov cohomology in Proposition 3.24, Hodge decomposition

for general leafwise Morse-Novikov cohomology in Theorem 3.25, Poincaré duality for



general leafwise Morse-Novikov cohomology in Proposition 3.27. The assumption that
the foliation is Riemannian is required to obtain Hodge theory and Poincaré duality; for
general smooth foliations, those results are false, even for the case when w = 0.
Ordinary foliations arise from distributions, subbundles of the tangent bundle of a
manifold that are involutive and thus generate integral submanifolds through each point
of the manifold. Generalized foliations allow leaves that are not necessarily of the same
dimension at each point. They may arise from Pfaffian systems (see [21] for details).
In Section 4, we study an interesting connection between these distributions and Morse-
Novikov cohomology, which classifies the types of foliations. Given a foliation (M, F) on
a smooth manifold M of codimension ¢, there exists a g-form v such that the tangent
bundle to the foliation T'F may be defined as the set of vectors v such that vaor = 0,
where v denotes interior product. Let v be an arbitrary ¢-form on a manifold that
satisfies the differential equation of the form (d + wA)v = 0 for some closed differential
1-form w. Then each Morse-Novikov cohomology class [v] € HZ(M) defines an involutive
cosmooth distribution and hence a smooth foliation whose tangent bundle is the maximal
smooth distribution contained in kerv; see Proposition 4.22, and Corollary 4.23. If
dim(M) < 3 and if ker v has locally constant rank, it is involutive if and only if there
exists a 1-form w such that dv = w A v. In other words, every cosmooth involutive
distribution of locally constant dimension is associated with a particular set of leafwise
Morse-Novikov cohomology groups; see Corollary 4.34. In general, it is not true that
(d + wA)-cohomologous ¢-forms determine the same foliations; see Example 4.42 and
Example 4.43. But ker v may be involutive even if it does not satisfy the differential

equation (d + wA)v = 0 for any closed 1-form w; see Example 4.39.



The g-form v may be taken to be the volume form of the normal bundle NF in the
presence of a Riemannian metric g, and in general such a form may be found even when
the foliation is not regular, i.e. when the leaf dimension is not constant. A volume form
v satisfies a differential equation of the form (d + wA)r = 0 for some closed 1-form w
if and only if ker(v) is involutive and thus defines a foliation. It turns out that w is a
leafwise closed form; therefore v yields leafwise Morse-Novikov cohomology groups; see
Theorem 4.10. In the presence of metrics, this form w may be derived from the mean cur-
vature of the orthogonal distribution associated to the foliation; see Corollary 4.11, and
mean curvature is leafwise cohomologous for different metrics; therefore the isomorphism
classes of leafwise Morse-Novikov cohomology groups associated to [v] are independent
of the metric. In other words, a transversely oriented foliation of a Riemannian mani-
fold uniquely determines leafwise Morse-Novikov cohomology groups whose isomorphism
classes are independent of the choice of the metric; see Lemma 4.13 and Corollary 4.12.
The leafwise Morse-Novikov cohomology groups are also invariant under diffeomorphism;
see Corollary 4.16. Let v be a transverse volume form of a foliation (M, F) on a Rie-
mannian manifold, and let x be the mean curvature of the normal distribution N F.
The foliation is minimal and the normal bundle N F is involutive if and only if v is
(d + kN\)-harmonic; see Proposition 4.36.

We further explore some special geometric situations in the latter part of Section 4.
Given a smooth distribution with characteristic p-form x, from Rummler’s formula (see
[37]) we have dx = —k A x + ¢o, where & is the mean curvature 1-form of the distribution
that is of type (0, 1), and ¢¢ is a (2,p — 1) type form. In many interesting cases, such as

when the foliation is Riemannian and has a metric with basic mean curvature, then we



have dk = 0. Because of this, it turns out that ¢q is d + kA-closed, so that ker ¢y defines
a generalized foliation that is an invariant of the distribution; see Example 4.27.

A smooth singular foliation of a given Riemannian manifold (M, g, F) is a partition of
M into smooth, connected, injectively immersed submanifolds, called leaves of the folia-
tion, if there are possibly an arbitrary (infinite) family of smooth vector fields X, Xs, - - -
on M that spans the tangent bundle T'F at all points of M. See Examples 4.3, and 4.4.
The Morse-Novikov cohomology groups of these smooth singular foliations turn out to be
foliated homotopy invariants; see Corollary 3.14, Proposition 4.47, and Proposition 4.48.
It is important to emphasize that these invariants are new even for regular foliations,
and luckily the construction applies even to the singular foliation setting; see Proposition
4.20. In the case of orbits of compact Lie group actions, several homotopy invariants
are known, but none of these known invariants generalize easily to the singular foliation
setting.

Let (M, F) be a transversely oriented g-dimensional foliation with transverse volume
form v. By Theorem 4.10, there exists an 1-form w such that dv = —w A v. This 1-form
is leafwise cohomologous to the mean curvature 1-form of the transverse distribution of
the foliation. It was observed by Godbillon and Vey (see [15]) that the form w A (dw)?
is closed and its de Rham cohomology class depends only on the foliation (M, F). This
cohomology class is called the Godbillon-Vey invariant of (M, F). In the codimension one
case, the Godbillon-Vey class measures some type of exponential growth of the leaves of
the foliation (see Theorem 3.1 in [13], and [7]). The Godbillon-Vey class vanishes often.
If v is an invariant transverse volume form of (M, F), then w is zero. This is the case for

Riemannian foliations or singular Riemannian foliations; thus the Godbillon-Vey class



is trivial and the Morse-Novikov classes are actually de Rham cohomology classes (see
Example 4.28). When there exists a submanifold of dimension ¢ that is transverse to all
the leaves (as is the case for many taut foliations), this class is always nonzero since the
integral of the transverse volume form over the submanifold is nonzero. In some cases
the associated leafwise Morse-Novikov cohomology group may not be trivial while the
Godbillon-Vey class is trivial, but in other cases both classes can be trivial — for example,
nontaut Riemannian foliations. Example 4.38 gives a nice example of a non-Riemannian
foliation where the mean curvature 1-form w is not exact and where the corresponding
Morse-Novikov cohomology groups are also nontrivial while the Godbillon-Vey class is
trivial. In this sense leafwise Morse-Novikov cohomology groups is a finer invariants than

the Godbillon-Vey class.



2 Morse-Novikov cohomology and corresponding

de Rham Laplacian

Consider an n-dimensional smooth manifold M; denote by QF(M) the collection of all
degree k differential forms on M and by H*(M) the corresponding de Rham cohomology
group. Let w be a closed 1-form which is not necessarily exact. We consider the twisted
operator d,, : QF¥(M) — QFF1(M) defined by d,, = d + wA, where d is the usual exterior
derivative. Since dod = d? = 0, wAw = 0,and d(w A ) = dw Ao —w Ada for any k-form
a, it follows that d, o d, = (d,)? = 0. The differential cochain complex (Q*(M),d,,)

is called the Morse-Novikov complex of the manifold M. Let di be the restriction of

ker(dy)
im(d‘}jil)

d, to QF (M). The cohomology groups HX(M) = of this cochain complex are
called the Morse-Novikov cohomology groups of M. We review some standard results in

Morse-Novikov cohomology, which can be found in [24]. This cohomology theory is also

called Lichnerowicz cohomology.

Example 2.1. For the circle S, consider d,, = d + wA, where [w] = w = df € Q'(S?).

If d, f = 0 for some function f € Q°(S?) then

df + fdo = 0

=f = ce”,

9 is not periodic unless ¢ = 0. Therefore no nonzero

where c is a constant. Notice f = ce™
function on S! is d,-closed. In other words ker(d,,) is empty. Hence H2(S') = 0.
Clearly any 1-form on S* is d,-closed. If g(6)df € Q'(S') and we wish to solve d,f =
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g(0)df. Expanding f(0) = > a,,e™? and g(0) = > b,e™? in Fourier series, we obtain

f(e) = i:ileme, and ¢(0)d(0) is d, exact. If g is smooth i.e. rapidly decreasing

coefficients, so is f. Hence H!(S') = 0.

Note that we could deduce the vanishing of the Morse-Novikov cohomology from the

main theorem of [25], since S! has almost nonnegative sectional curvature.

Proposition 2.2. If w and 0 = w + dg are cohomologous in H'(M), then for each k
the Morse-Novikov cohomology groups HE(M) and HE(M) are isomorphic. i.e. the map

given by [a] — [e79a] is an isomorphism.

HE (M) = HE(M).

Remark 2.3. Therefore, to calculate all possible H®(M), it suffices to restrict to one
representative in each de Rham cohomology class in H'(M). So for instance, if a partic-
ular metric is chosen, since every closed form is cohomologous to a harmonic form, one

could always pick the harmonic representative [35].

Proof. If w and 6 are cohomologous, then there exists g € Q2°(M), such that § —w = dg.
Define the mapping ¢ : H*(M) — HY(M) by ¢([a]) = [e™9a]. One can check that ¢ is

well-defined and is a group homomorphism, since

(d+06N) (e%a) = (d+wA+dgh) (e %a)

= e (d+wA)(a),

for all o € QF (M).



Suppose a, 3 € QF (M) are cohomologous. Then there exists v € Q=1 (M) such that

a—f = (d+ wA)v. We have

¢(la=p]) = le?(d+wA)V]

= [(d+0n) (e79v)] = [0].

Similarly if, ¢([a]) = 0, Then [a] =0 € H*(M), and ¢ is injective.
If [a] € HE(M) then we find similarly that [e9a] € HE(M), so that ¢ is surjective. [
Corollary 2.4. If w is an exact 1-form, then for each k the Morse-Novikov cohomology

group H¥(M) and the de Rham cohomology group H*(M) are isomorphic.

HE(M) = H*¥(M).

Corollary 2.5. If the first de Rham cohomology group H'(M) vanishes then for every
closed 1-form w and for each k the Morse-Novikov cohomology groups satisfy HF(M) =
Example 2.6. For n > 2 de Rham cohomology group of the sphere H!(S™) is 0, so the
Morse-Novikov cohomology HF(S™) = H*(S™) for each k. Similarly H¥(R") = H*(R")
for £ > 1 and all closed 1-forms w in R".

Corollary 2.7. If the fundamental group m (M) of a manifold M is finite, then its

de Rham and Morse-Novikov cohomology groups are isomorphic.

Proof. The abelianization of the fundamental group (M) is isomorphic to the ho-
mology group Hi(M,Z). By the universal coefficient theorem of singular cohomol-
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ogy with integer coefficients, the singular cohomology H'(M,R) of M is isomorphic
to Hom (H, (M, Z),R). Since a homomorphism from a finite group into the group of the
set of the integers is the zero homomorphism, H'(M,R) = 0. By the de Rham theorem

HY(M,R) = H'(M) 0. 0

Example 2.8. The fundamental group m(RP") of the real projective space RP" is Z,.

So HE(RP™) = H*(RP") for all k and any closed 1-form w.

Lemma 2.9. For any smooth manifold M, the Morse-Novikov cohomology H2 (M) = {0}

if and only if w is not exact.

Proof. Suppose first that H? (M) # {0} for a closed 1-form w on M, then there is a

nonzero function f € C* (M), such that

d,f = 0

=df + fw = 0
:d(log(%)) = w,

which implies w is exact. Conversely, suppose that w is exact. There exists a function

g € C* (M) such that dg = w. Then
d,, (6_9) = —e Jdg+ e Idg =0,

which shows H? (M) # {0}. O

11



Example 2.10. We compute the Morse-Novikov cohomology groups of the torus T2 =
{(x,y) € R?}/2nZ?. Suppose the closed 1-form w is not exact. Since the de Rham
cohomology ring over R of torus is generated by the differential forms {1, dx, dy, dz Ady},
the first cohomology group is H(T?) = {[adz + bdy] |a,b € R}. We compute the H*(T?)
for w = dx. The computation is analogous for an arbitrary w = adx + bdy.

If f e Q%T?) such that d,f = 0 Then

df + fdr = 0

f = c®

But f(z,y) = ce™™ is not a periodic function unless ¢ = 0. So there is no function on 72
which is d,, closed. Hence H2(T?) = 0.

To compute H2(T?) consider the functions

f(:c,y) = Z fmnei(merny)a

m,ne’

a(@,y) = Y e’

m,nel

and

b(l‘,y) = Z bmnei(mx—i-ny)

m,neL

12



in Q°(7?) in their Fourier expansions. If 7 = adz + bdy € Q'(T?) and d,7 = 0 then

da  0Ob
——+—+b = 0
dy + ox +
— NGy, + 1Mbyyy, + by = 0
bmn = .inamn .
mm+1

In particular b,,0 = 0 for all m.

The equation d,,f = 7 = adx + bdy has a solution f if

Z (i fon + fon — amn)ei(m”"y)dw + Z (N frn — bmn)ei(m””y)dy = 0, or

m,neL m,neEL

z.7nfmn—i_fmn_amn = 0, and

M fon — bmn = 0

for m,n € Z. So we have fn, = ;2= = b;”—n“ for n # 0. Hence 7 = adx + bdy is d,, exact.
Therefore H.(T?) = 0.

To compute H2(T?), suppose u = vdx A dy € Q*(T?) is an arbitrary 2-form for some
function v. Clearly d,u = 0. If p is d-exact, then there exists an 1-form 7 = adx + Sdy

such that d,7 = p, for some functions o and . We have d,7 = p if and only if

da 98
(——ay+—ax+ﬁ—u)da:/\dy =0
da 0
oy Tar — V0

13



where v = v — 3. By Stokes’ theorem, the equation dr = ydx A dy will have a global

solution on T2 if v — 3 integrates to 0 on 72, which may be achieved by choosing § =

fT2 v

wol(T?) Therefore H2(T?) = 0.

Again we could deduce the vanishing of the Morse-Novikov cohomology from the main

theorem of [25], since the flat torus has almost nonnegative sectional curvature.

Definition 2.11. Let M and N be smooth manifolds and I = [0, 1]. Two smooth maps
fyg: M — N are smoothly homotopic if there is a smooth map F : M x I — N such

that F(x,0) = f(x) and F(x,1) = g(x).

Example 2.12. let f,g : M — R" be two smooth maps. Then F(z,t) : M x R — R"

defined by F(z,t) = (1 —t)f(z) + tg(x) is a smooth homotopy from f to g.

Definition 2.13. A map f: M — N is a smooth homotopy equivalence if there exists a
map g : N — M such that fog is homotopic to identity map of N and go f is homotopic
to the identity map of M. We say that M and N are homotopy equivalent, or that M

and N have the same homotopy type.

Notice that homotopy is an equivalence on the set of all smooth maps from M to
N. Smooth homotopy equivalence is an equivalence relation on the set of all smooth

manifolds. Clearly diffeomorphic manifolds have same homotopy type.

Example 2.14. The punctured Euclidean space R"™ —{0} and the n-dimensional sphere
S™ have the same homotopy type. Let i : S™ — R™™ — {0} be the inclusion map and
let r : R"™ — {0} — S™ be defined by r(z) = %. Then 7 o4 is the identity map of

|l

S™ and i o r is homotopic to the identity of R"*! — {0} with the straight line homotopy

14



defined in the previous example. Therefore r and i are homotopy inverses to each other,

and R"™ — {0} and S™ have the same homotopy type.

It is well known that the differential d commutes with the pullback by a map, but d,,

does not commutes with pullback. We have the following proposition.

Proposition 2.15. Let F': M — N be a smooth map of manifolds and w € QY (N) be a

closed 1-form. If T € QF(N), then F*d,m = dp+,F*T.

Proof. Let 7 be a smooth k-form on N. Then

dpsoF*'17 = d(F*'1)+ F*'w AN F*1
= F'(dr)+F*(wAT)
= F*(dr+wAT)

= F*d,r.

]

Let f: M — N be a smooth map. If w € Q¥(N) is a closed form, then f*w € QF(M)

is closed and if w € QF(N) is an exact form, then f*w € QF(M) is exact.

Proposition 2.16. For a smooth map f : M — N, the pullback of forms f*: QF(N) —

QF(M) induces a linear map in Morse-Novikov cohomology f* : HL(N) — Hf. (M),

defined by f* ([]) = [f*7].

15



Proof. We must must prove that the linear map f* maps closed forms to closed forms

and exact forms to exact forms. For any [r] € HE(N),

df*w (f*T) = f*doﬂ_

Thus d,, closed forms on N are mapped to d«, closed forms on M. Similarly, d,, exact

forms are mapped to dy-, exact forms. n
Now we can state the homotopy invariance of Morse-Novikov cohomology.

Proposition 2.17. (Homotopy axiom for the Morse-Novikov cohomology). Let f : M —
N and g : M — N be homotopic maps, and w be a closed 1-form on N. Then there exists

a positive function h : M — R such that

f*=hg*: HY(N) — H}.,(M) for all k.

Proof. Since f and g are homotopic maps, by the homotopy axiom of de Rham cohomol-
ogy, they induce the same map in de Rham cohomology. Therefore, for any closed 1-form
w € QY(N), the pullback forms f*w , g*w € H'(M) are cohomologous. There exists a
function v : M — R such that g*w — f*w = dv. We define h = e¢”. Then from proof of

Proposition 2.2, for any d,-closed form « on N, [hg*a] = [f*a] € H (M). O

16



Corollary 2.18. If f : M — N 1is a homotopy equivalence and w is a closed 1-form,

then the Morse-Novikov cohomology groups H}(N) and H}. (M) are isomorphic.

HE(N) = H}. (M), for all k.

Proof. There exists a map g : N — M such that f o g is homotopic to the identity map

I of N and go f is homotopic to the identity map I, of M . We have linear maps

Hi(N) & vy (M) S

(V).

By the homotopy axiom of Morse-Novikov cohomology, there exists a positive function

h: N — R such that ¢g*f*w = w + d(In(h)) then we have

Iy =hg"f*=h(fog) : Hy(N) = H;(N).

And similarly, for some positive function h : M — R such that f*g*w = w + d(In(h))
then we have

Iy = hf*g" =h(go )" : Hi(M) — H(M).

Since multiplication by a positive function is an isomorphism of Morse-Novikov cohomol-

ogy, f* and ¢g* are isomorphisms. O]

Corollary 2.19. Suppose S is a submanifold of a manifold M and F is a deformation

retraction from M to S. Letr: M — S be the retraction r(x) = F(x,1). Then r induces

17



an isomorphism in Morse-Novikov cohomology
r* HXS) — H:\ (M),

Since the differential d,, commutes with the restriction map to open subsets, in the
same way as for de Rham cohomology [5], we can construct a Mayer-Vietoris exact
cohomology sequence for the Morse-Novikov cohomology. Suppose U, V' are two open
subsets of the manifold M such that M = U U V. Then for a closed 1-form w, one can

verify the following short exact sequence of cochain complexes.
0= (Q°(M),d.) % (0 (U) ® Q(V), duly @ duly) = (U(UNV), dulyy) = 0,

where « is restriction homomorphism induced from the inclusion map ¢ : U — M and

is difference homomorphism induced from the inclusion map j: UNV — M,

a(r) = (ipT,iy7) and B(7,n) = j*|,n— ', 7.

It is known from homological algebra that a short exact sequence of cochain complexes
gives rise to a long exact sequence in cohomology [5]. If py, py is a partition of unity
corresponding to the open cover U, V of M, we have the following Mayer-Vietoris sequence
of Morse-Novikov cohomology.

« ,3* * o*
o= HEY(M) S H£|U(U) ® wa(‘/) — Hiwnvy — HAY (M) — -

w

18



where

ax([r]) = (vl [7Iv]),
Be(10l[n]) = [Bloov] — nlowv],
and the connecting homomorphism is defined by 6*[7] = [—d,(py7)] on U and 6*[7] =

[—d,(pyT)] on V.

We now review some well-known facts (see, e.g [35]). Let (M, g) be a closed compact
oriented Riemannian manifold of dimension n. At every point p € M, we have an
inner product g, on the tangent space 7,M, and therefore also an inner product on the
cotangent space Ty M determined by the inverse matrix of the matrix of g,. This inner
product is extended in a natural way to differential forms. So each vector bundle A¥T* M
carries a metric that allows us to define an inner product on the space of smooth k-forms

on M by the following formula

Let a € QF(M) be a k-form. Define the linear Hodge star operator * : QF(M) — Q"=*(M)

such that for all 5 € QF(M)

a A x5 = g(a, B)vol.
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So the inner product defined above can be expressed by the even simpler formula

@8 = [ ans.

It turns out that * x @ = (=1)¥"**q for a € QF(M) and that B A xa = a A 3 for all
a, € QF(M).
The codifferential d* : Q% (M) — Q¥ (M) in the exterior algebra may be expressed

in terms of the Hodge * operator; for 8 € QF (M),
d*ﬁ _ (_1)nk+n+l " (d % ﬁ) )

Lemma 2.20. (See, for example, [35]) On a closed compact Riemannian manifold, d*

is the formal adjoint of d with respect to the global inner product defined above.

It follows that * : QF(M) — Q" *(M) is an isomorphism. Since * commutes with
A = d*d + dd*, * is the Poincaré duality isomorphism of de Rham cohomology of a

compact oriented manifold,
H*(M) = H"*(M) for every 0 < k < n.

The interior product in the exterior algebra is defined in terms of the Hodge * operator;
for B € QF(M) and w € Q' (M) is a covector, the interior product wi : QF (M) —
QOF=1 (M) is defined as

waf = (=)™ s (w A %8) .
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Lemma 2.21. The adjoint of wA\ with respect to the inner product defined above is w .

Proof. Let 3 € QF (M) and v € Q1 (M), then

(v, waB) vol = (—1)"k+" YA x % (wA %)
_ (_1)nk+n+(n—k+1)(—k+1) ~ Aw A *B

= (D" DT oAy AxB

so that (v,wi8)vol = (w A 7, ) vol. ]

Laplace and Dirac type operators [35], [44] are examples of elliptic operators. We first
define the principal symbol of a differential or pseudodifferential operator. If 7 : B — M
and 7' : F' — M are two vector bundles and P : T'(E) — T'(F) is a differential operator of
order k acting on sections, then in local coordinates of a local trivialization of the vector

bundles P can be written as
ak
P= | El_k sa(x)% + lower order terms,

where the summation is over all possible multi-indices a = (v, - - - , ) of length |a| = k
and each s,(z) € Hom(FE,, F,) is a linear transformation. If £ = Y &;dz? € TH(M) is a

non-zero covector at x, we define the principal symbol of P to be

a(P)(€) =i ) sa(2)® € Hom(E,, Fy),

|al=k
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where €% = ¢&,,. -+ .£,,- It turns out that the principal symbol is invariant under coor-
dinate transformations. One coordinate-free definition of o(P), : Tx M — Hom(E,, F,)
can be given as follows. For any & € T M choose a locally defined function f such that

df, = &. Then we define the operator

where (e7%/ Peif)(u) = e~/ (P(e/u)). Then the order k of the operator and symbol
are defined to be k = sup{m : 0,,(P)(§)} < oo and o(P)(§) = ox(P)(§). It follows that

if P and () are two differential operators such that the composition P() is defined, then

o(PQ)(E) = a(P)()o(Q)(E).

Definition 2.22. An elliptic differential operator P on M is defined to be an operator

such that its principal symbol o(P)(§) is invertible for all nonzero covectors & € T* M.

Example 2.23. The symbol of the Dirac operator D =} c(e;)V,, is

o(D)(€) =i cle))g=i) c(fe;) = ic(&).

The symbol of the Dirac Laplacian D? is

a(D*)(§) = a(D)(§)a(D)(€) = (ic(¢9)* = [IE°]1*,

where &' is the corresponding vector of the covector ¢ induced by the metric on M.
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The last equality is a consequence of the definition of Clifford multiplication; see [22].
Therefore for non-zero &, both these symbols are invertible, and hence D and D? are
elliptic differential operators.

An operator P is strongly elliptic if there exists ¢ > 0 such that

a(P)(§) = cle]®

for all non-zero & € T*M. The Laplacian A of R® and D? on Clifford bundle are strongly

elliptic. For more about elliptic differential operators on manifolds see [35], [44], [22].

Let M be a closed, compact, and oriented Riemannian manifold. We consider the

de Rham operator for the differential

dy : QO (M) — Q(M),

where Q¢(M) and Q°(M) denote the bundle of differential forms of even degree and odd
degree respectively. We choose a Riemannian metric g on M; this induces a volume form
on M and Hermitian inner products on all the spaces QF(M). Since d,, is a linear differ-
ential operator and the bundle in question carries a Hermitian metric induced from the
Hermitian inner product, there exists an unique adjoint of d,,, denoted by d;,. Combining

d,, and d we obtain a deformed differential operator

D, =d, + d : Q/°(M) — Q°/¢(M).
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For each k, we define the Laplace operator A, : QF¥(M) — QF(M) by the formula
A, = (d,+d")?* = d,d" +d*d,. Aform T € QF(M) is called w-harmonic if A,7 = 0. We
denote HY (M) = ker A, the space of all w-harmonic forms of degree k. Notice that A,
is a second order, formally self adjoint, linear differential operator on Q*(M). Because

d,, and d} square to zero,

(Apar, B) = (duwev, dof) + (doa, df) = (, Aup) -

Since the principal symbols of d,, + d;,, and A, are the same as that of d 4+ d* and A,

the operatorsd,, + d, and A, are elliptic operators. The following sequence

T (M,A%(M)) % T (M, A (M)) % ... &1 (M, A"(M))

is an elliptic complex, since the associated symbol sequence

0 — T (M, A°(M)) "% ...

is exact, where I' (M, A¥(M)) = QF(M) is the set of smooth sections of the bundle
7 AF(M) — M, and o(d,,) is the principal symbol of d,,. See Chapter IV, Example 2.5
of [44]. We may therefore apply the theorem concerning an elliptic differential complex of
vector bundles (see Chapter IV, Theorem 5.2 of [44]) to conclude that HE (M) = ker A,

is finite dimensional, and we have the following orthogonal decomposition of QF(M):

QM (M) =HE @ im (ALG)
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where G : QF(M) — QF(M) is a Green’s operator. Now we can state and prove the

Hodge theorem for the Morse-Novikov cohomology.

Theorem 2.24. Let (M,g) be a closed compact and oriented Riemannian manifold.
Then HE (M) = HE(M). In other words, every Morse-Novikov cohomology class has a

unique w-harmonic representative.

Proof. Let a € HE (M), which is smooth by elliptic regularity. Then we have

(AL, ) =0
= (dyo,dya) + (dfa, dla) =0

= ||duol|* + [|dZal* = 0.

This implies that « is w-harmonic if and only if d,a = 0 and d),a = 0. These w-
harmonic forms are closed and therefore define classes in Morse-Novikov cohomology. We
have a map Z : H* (M) — HE(M) defined by Z(a) = [a]. We show that this map is a

bijection.

Suppose o € HY is d,, exact, say a = d,7 for some 7 € Q*1(M). Then

lod* = (o, @) = (a, du7) = (e, 7) =0,

and therefore o = 0. To prove the surjectivity, let o € QF(M) such that d,a = 0. Then

by the decomposition Q*(M) = HF & im (A,G), for some 7 € H¥ (M) and 3 € QF(M),
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we have

a=T17+AG=71+d,d,GS+ d d,Gp.

Applying d,, on both sides of this equation, it follows that d,d}d,GB = 0, and therefore

|1, d.GBI* = (d,duGB, di,duGB) = (duGB, d.d;d.G )

proving that d,d,GS = 0. Hence we have o = 7 + d,,d} G 3; therefore [a] = [7]. O

Now we give a proof of Poincaré duality for Morse-Novikov cohomology (see [32,
Proposition 3.5]), using the Hodge star operator and the Hodge theorem for Morse-

Novikov cohomology.

Theorem 2.25. If M is a closed compact oriented manifold of dimension n and w
is a closed 1-form, then the Hodge star operator * : QF(M) — QU "%(M) induces the
1somorphism

HY(M) = H™F(M).

Proof. From (w2) = (=1)"™™ % (WA) %, %2 = (=1)""™™ and ¢ = (—=1)"*+D+1 4 dx
on QF (M), we have the following identities for operators acting on QF (M). For any

g e (M)

(W) % 8= (1" x (wA) #* B

_ (_1)n2+nk+n (_1>k(n—k) * (W/\) 57

26



so that (wi)* = (—=1)% % (wA) on QF (M). Also,

x (wa) f = (—1)nk+n ¥2 (WA) * 3

_ (_1>nk‘+n (_1>(n—k+1)(n—(n—k+1)) (CU/\) % /6,

so that * (w1) = (=1)"! (wA) % on QF (M). Next

d" s = (—1)"(”_k+1)Jrl xd >3

_ (_1>n(n—k+1)+1 (_1)k(n—k) % dﬁ,

so that d*x = (—1)"! % d on QF (M). Finally

xd* B = (—1)"*TT 2 14 3

_ (_1)n(k+1)+1 (_1)(n—k+l)(n—(n—k+1)) d " 6,

so that *d* = (—1)" dx on Q% (M). From these equations we have

(d +wo) x = (=) % (d — wA)

(d+ wA)* = (—1)" % (d* — w.)

on Q% (M). As before d* is the L? adjoint of d, and L represents interior product. It

turns out that the L? adjoint of d, = d + wA is d, = d* + w. and the Laplacian is
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A, = (dy+dh)? = dd + did, = (d+wA)(d* +wi) + (d* +wa)(d+wA). If B € QF(M),

then by the formulas above we have for all 8 € QF (M),

*A,f = *(d+wA\)(d" +wi)f + *(d" + wi)(d+ wA)S
= (=)A= o)+ (dF 4 wa) B+ (—1)F(d — wA) = (d +wh)B
= (“D"(=DME — wo)(d = wA) x B+ (—1)N(=1)"(d — wA)(d" — wo) + B
= —((d" —wi)(d —wA) + (d —wA)(d" —wa)) * 3

= —A_,x0.

Thus the operator * maps w-harmonic forms to (—w)-harmonic forms, so from the Hodge

theorem for the Morse-Novikov cohomology * induces the required isomorphism. O]

For relative Morse-Novikov cohomology see [20].
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3 Leafwise de Rham cohomology and leafwise Morse-

Novikov cohomology

Suppose we are given a smooth foliation (M, F) on a manifold M without any metric.
The leafwise tangent bundle TF is the restriction of the tangent bundle T'M of the
manifold to the leaves, therefore the dual bundle T*F is well-defined. Hence AT*F is
well-defined. The conormal bundle N*F is defined as the set of all linear functionals
that map each vector in T'F to zero, and this bundle can be canonically identified with
a subbundle of 7*M. On the other hand, the normal bundle Q = TM/TF may not
be uniquely identified with a subbundle of T'M without the presence of a metric. The
sections of the dual bundle T*F are not differential forms on the manifold because they
are defined only on the sections of the tangent bundle T'F. However, if we choose a
metric on the manifold then the normal bundle NF is defined and we can identify the
dual bundle T*F with the set of covectors that kill NF. The value of an element of N*F
and the corresponding element of T*M return the same value when applied to a vector
in TF. Now we can decompose any covector in T*M into T*F and N*F components

and by using this decomposition we can decompose all differential forms using

A (M, F) = N'N*F A NT*F.

Let Q% (M, F) = TA™ (M, F). The exterior derivative can then be decomposed as d =
d071 + dl,O + d2’_1 with

di,jw € Qr+i’s+j<M, ]:)
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for all w € Q"*(M, F). Then it is easy to see that since d* = 0 we also have dj; = 0.
The elements of Q% (M, F) are called leafwise k-forms. Let I' (TF) be the set of

smooth sections of TF. If XY € I'(T'F), then by the Frobenius theorem [X,Y] €

' (TF). The leafwise exterior differential operator df ; = d% : Q%% (M, F) — Q%1 (M, F)

may also be defined by

dljrw (Xo, -+, Xpy1) = Z (_1)i[Xiw <X0,"' 75(@',“' 7Xk)]

0<i<k

+ Z (_1)z+jw ([Xz;Xj]aXOJ 7X7l7"' 7Xj7"' 7Xk)

0<i<j<k

for Xo,--+, X1 € T'(TF). The differential operator dz is the restriction of the usual
differential on differential forms on the leaves of F. Similar to the usual exterior dif-
ferential, the leafwise differential satisfies dle“ o d’} = 0. For k > 0, the k" leafwise

cohomology group H* (M, dr) is the k" cohomology group

ker d%

H*(M,dr) =
( 7) imd’}_1

of the cochain complex (Q°* (M, F),dz).

Example 3.1. H° (M, d) is the space of the smooth functions that are constant on
each leaf. Hence, if the foliation F has a dense leaf, then H® (M,dr) = R. One such
example is a foliation of dimension 1 of the flat torus T? = R?/Z x Z determined by the

vector field X = 0, + m0, for any irrational number m.

Example 3.2. Suppose X = d, + m0, is the vector field generating a one-dimensional
foliation on M = T? = R?*/Z*. If we choose the slope m to be a Liouville irrational
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number, it turns out that H' (M, d) is infinite dimensional, and if we choose m to be a

Diophantine irrational number then H' (M,dz) = R (see [18] and [36]).

For the purpose of having Laplacian and Hodge decompositions, we need to consider

reduced leafwise cohomology

A" (M, dy) = —ZL

Here the closure im df{l is taken with respect to the Frechét topology on Q%F (M, F).
The cup product induced from exterior product of forms makes H* (M, d) into a graded

commutative algebra over C*°(M).

Example 3.3. For the foliation of the flat torus in Example 3.1, H°(M,dr) = R,

HY(M,dr) =R and H* (M,dz) =0, for k > 2.

Let f: M — N be a smooth map of the foliated manifold which maps leaves into

leaves. Then the pullback maps

[ D (AT Fy) = T (A*T* Fyy)

are defined for all k. They commute with dr and respect the exterior product; therefore

they induce a continuous map of the reduced cohomology ring.

f*:Hk(N>d]:0) _>[_{k<M>d]-'1)'

Such maps are called foliated maps. Two smooth foliated maps f, g : (N, Fy) — (M, Fy)
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between two foliated manifolds are leafwise homotopic if there is a map F : N x [0, 1] —
M such that if F, denotes the restriction F; = F|yx; : N — M for t € [0, 1], then
Flo = f,F1 = g, F;(Fy) € Fy for all t € [0,1], and for every x € N the points
F,, (z), F},(x) lie in the same leaf of F; for all ¢;,t, € [0,1]. Thus, a leafwise homotopy
consists of leaf-preserving maps. Denote the identity maps of (N, Fy), (M, Fy) by Iz, I
respectively. A leafwise map f : (N, Fy) — (M, F;) is a leafwise homotopy equivalence
if there exists a leafwise map ¢ : (M, Fy) — (N, Fy) with f o g is leafwise homotopic to

Iz, and g o f is leafwise homotopic to [x,.

Proposition 3.4. [19, Theorem I, 3.2]) If the maps f,g : (N, Fo) — (M, Fy) between
two foliated manifolds are leafwise homotopic, then f* = g* : H* (M,dr,) — H* (N,dz,).
That is, leafwise homotopic maps induce the same map on leafwise cohomology groups.

Corollary 3.5. If a map f : (N, Fo) — (M, Fy) is a smooth foliated homotopy equiva-

lence, then f* induces an isomorphism between H* (N,dz,) and H* (M, dz,)

For more structure, we consider Riemannian foliations, characterized by the existence
of a bundle-like metric g such that a geodesic of the metric g is orthogonal to all leaves

that it meets whenever it is orthogonal to one of them.

Example 3.6. Any foliation of codimension one given by a closed nonzero 1-form is an

example of a Riemannian foliation.

Let M be an oriented manifold endowed with a foliation F of dimension p. The

graded Frechét space Q% (M, F) can be endowed with the natural metric

(Ofaﬁ):/M(a,@;vol.
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In this formula (,) - is the Riemannian metric on AT*F induced from the Riemannian
metric g on M, and vol is the volume form associated to the metric g. We denote the
formal adjoint of the leafwise differential dz with respect to this inner product by 0r;

then the corresponding Laplacian is

A]: = 5]: = d]:(SJ: + 5]:d]:.

Since F is Riemannian, the restriction of 6 to any leaf is the codifferential of the leaf

with respect to the induced metric [2, Lemma 3.2], i.e.

(5]:@) ’F = (S]:(Oé) ’F for all a € QOF (M,.F),

where F' denotes a leaf of the foliation. Now we assume that the tangent bundle T'F
is orientable. The choice of an orientation determines a volume form yr € Q% (M, F).

Now we can define leafwise Hodge star-operator

sz AT F — APP=*T* F for each k and z € M,

and it is determined by the relation

aAxxB = {a,B) xF, for a,B € AT F.

33



This fibrewise star-operator determines the leafwise star-operator

x5 QO (M, F) — Q"P7F (M, F) for each k.

Now we state some important properties of leafwise cohomology. Suppose M is com-
pact, and F is a p-dimensional oriented Riemannian foliation of M with a bundle-like

metric g.

Proposition 3.7. [10, Theorem 0.2] The map ¢ : ker A — H* (M, dr) defined by
¢ (w) = wmodimd~ is a topological isomorphism of Frechét spaces. This isomorphism,

i general, does not hold for non-Riemannian foliations.

Under the same assumptions, the next deep result is due to Alvarez Lépez and Ko-

rdyukov.

Theorem 3.8. /2, Corollary C] The Hodge star-operator induces an isomorphism

7 ker A% — ker A’j{k.

Moreover xx commutes with A% up to a sign. From the previous proposition we have the
following isomorphism

sr: HY (M, dr) — HP™" (M, dr) .

Let w be a leafwise closed 1-form, which is not necessarily exact. We consider the
twisted operator d% : QY% (M, F) — Q0¥ (M, F) defined by d% = dr + wA, where

dz is the exterior derivative along the leaf. Since dr o dr = d% = 0, w Aw = 0, and
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dr(wha) = —wAdza for any k-form a, it follows that (d%)® = 0. The differential cochain
complex (Q%* (M, F),d%) is called the leafwise Morse-Novikov complex of the foliated
manifold (M, F). Let d%* be the restriction of d% to Q%% (M,F). The cohomology

groups
ker (d3*)
im <d;’k_1>

of this cochain complex are called the leafwise Morse-Novikov cohomology groups of

(M, F). For the purpose of obtaining Hodge decomposition, we need to consider the
reduced leafwise Morse-Novikov cohomology

HF (M, df) = ﬂ_

im (d‘}’k_l)

Here the closure im (d‘;_-’k_1> is taken with respect to the Frechét topology on Q%* (M, F).

The cup product induced from exterior product of forms makes H (M, dr) into a graded

commutative algebra over C*°(M).

Proposition 3.9. If w and 0 = w + drg are cohomologous in H' (M,dr), then for
each k, the leafwise Morse-Novikov cohomology groups HF (M,dx) and H} (M,d) are
isomorphic. That is, the map ® : H* (M, dx) — HY (M, dz) given by ® ([a]) = [e 9a] is

an 1somorphism.

Proof. The proof of Proposition 2.2 translates almost verbatim for the proof of this

proposition. We need only replace the differential d by dx. O
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Corollary 3.10. If w is a dF exact 1-form, then for each k the leafwise Morse-Novikov
cohomology group H* (M,dx) and the leafwise de Rham cohomology group H* (M, dx)

are 1somorphic.

H (M, dr) = H" (M, dF) .

Corollary 3.11. If the first leafwise de Rham cohomology group H' (M, dr) equals 0,
then for every dx closed 1-form w and for each k the leafwise Morse-Novikov cohomology

groups satisfy HE (M, dz) = H* (M, dz).

Lemma 3.12. For any smooth foliation (M, F) the leafwise Morse-Novikov cohomology
H? (M, dz) = {0} if and only if w is not dx exact.

Proof. Similar to the proof of Lemma 2.9. ]

Proposition 3.13. (Homotopy aziom for the leafwise Morse-Novikov cohomology). Let
f (M, Fy) — (N, F1) and g : (M, Fy) — (N,Fy) be foliated homotopic maps, and
let w be a leafwise closed 1 — form on (N,Fy). Then there exists a positive function

h: (M, Fy) = R such that for all k

f*=hg*: HY(N,dr,) = Hf.,, (M., dxz,).

Proof. Since f and g are foliated homotopic maps, by the homotopy axiom of leafwise
de Rham cohomology (Proposition 3.4), they induce the same map in leafwise de Rham
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cohomology. Therefore, for any leafwise closed 1 — form w € Q! (N, Fy), the pullback
forms f*w , g*w € H! (M, dz,) are cohomologous. There exists a function v : (M, Fy) —
R such that g*w — f*w = drv. We define h = ¢”. Then from the proof of Proposition

3.9, for any d% closed form a on (N, Fy), [hg*a] = [f*a] € Hf., (M,dz,). O

Corollary 3.14. If f : (M, Fy) — (N, Fy) is a foliated homotopy equivalence and w is a
leafwise closed 1 — form, then the leafwise Morse-Novikov cohomology groups H (M, dx,)

and H;., (N,dr,) are isomorphic; i.e.

HY (M, dz,) = H}., (N, dz), for all k.

Proof. Similar to the proof of Corollary 2.18, replacing d with dr. [

In the following, let F be a Riemannian foliation of a manifold M endowed with a
bundle-like metric gy, dim(M) = n, dim(F) = p, and codim(F) = ¢. Let T'F be the
tangent bundle and @) = T'M/TF be the normal bundle. We may canonically identify
the Q with TF+. Then we have TM = TF & TF*. This direct sum decomposition of
the tangent bundle 7'M induces a bigrading of the algebra Q (M) of smooth differential
forms:

Qu’ (M, F) =T(M,\°TF* @ A\“TF*).

We choose a tangential and a transversal orientation for F on any open subset U C
M. We obtain the Hodge star operator *z on TF* and *, on TF** to U such that

%1 (1) A*£(1) is a positive volume form on U C M.
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Lemma 3.15. (Lemma 3.2 in [2]) The Hodge star operator on T*M = TF* @ TF* on

U satisfies

= (=) x| @xp AUTFY @ AVTF* — ANUTFH @ APVTF*.

Lemma 3.16. #2 = (—1)@)e+atl) on AvTFLe @ AT F*.

Proof. We have #2 = (—1)“t1) and 2 = (—=1)"®+Y) on Q¥ (M, F).

K2 = (—1)E0 (1)) 2 @ AMTFN @ AT —

N'TF @ NTF

= (_1)(q—u)v(_l)u(fv—v)(_1)u(q+1)(_1)fu(z>+1)z-dL ® idr : AT FY @ AT F* s
NTF> @ ATF

= (_1)(1Hrv)(p+q+1)ZdL ®idy - NTFY @ A°TF* —

ATF @ AYTF*.

Lemma 3.17. (Formula 17 in [2]) The adjoint 6 = d’ of dr is given by

0FB =dzp = (—1>pk+p+1 *r dF xr 3,

for any B € Q%% (M, F).

Proof. The standard proof that d* = (—1)”“’“rl * d* on n-manifolds applies on a foliated
manifold in a local neighborhood. O
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Lemma 3.18. wi = (—1)P"*? 5z (wA) x£ for all w € Q% (M, F).
Proof. The proof of Lemma 2.22 carries over, replacing QF (M) with Q% (M, F). O

By Lemmas above and the identity %2 = (—1)""™ we have on Q0% (M, F)

(RETES (—1)k xz (WA)
w7 (wa) = (=) (WA) %7
srds = (=1)" dy %7

sy = (=) wr dy.

The adjoint of the leafwise differential (dr + wA) is (d% + wi). We denote the Laplacian

corresponding to the differential dr + wA by AZ. Then

A7 = (dr + wA) (d5s +wa) + (dF + wa) (dr +wA).

Proposition 3.19. If M is a closed compact oriented manifold of dimension n = p + q

and w is a leafwise closed 1-form, then for the Hodge star operator xx, we have

*]:Af = Afw XFr .
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Proof. The proof of Theorem 2.25 carries over by replacing * with *z and d with dz, for

all B € Q0% (M, F):

*xr AL B = 7 (dr + wA)(dF + wa)B + x5(d5 + wo)(dr +wA)B

= (~1)" (d — wa) # (@5 + w)B + (1) (dr — wA) 55 (dr +wA)B

= (DM (1) (5 — w)(dr = wn) e B+ () (D) (dr = wn) (A = w) 5 B
= (5 = wo)(dr — wA) + (dr — wN)(dy = w2)) 47 B

= Afw *r ﬁ

Thus the operator *x maps A7 -harmonic forms to A”_-harmonic forms. O

Corollary 3.20. If we restrict the Laplacian AL on Q% (M, F), then ker A is finite
dimensional, and every reduced leafwise Morse-Novikov cohomology class has a A har-

monic representative.

Proof. Notice that the operator A7 is defined on all forms in Q%* (M, F), but it is
elliptic when restricted on the forms Q%% (M, F) along the leaves of the foliation (Section
1 in [2]). Using this ellipticity we can conclude that H* (M, dr) = ker A7 C Q% (M, F)

is isomorphic to H* (M, dx), and

He, (M, dr) = HS (M, dF) .

40



Corollary 3.21. H* (M, dr) = H? } (M, dF).

Proof. Since the operator *z maps A’ -harmonic forms to A _-harmonic forms, it induces
the isomorphism

HE (M, dr) = HYS (M, dr).
]

We now extend leafwise Morse-Novikov cohomology to forms of general u, v type. Let
w be a leafwise closed 1-form, which is not necessarily exact. We consider the twisted
operator d% : Q“V (M, F) — QT (M, F) defined by d% = dr + wA, where dr is the

exterior derivative along the leaf.

Proposition 3.22. (dr +wA)® = 0. Therefore dr + wA is a differential of the sections

of Q“Y (M, F).

Proof. Observe that for any section a A 8 € Q"* (M, F), we have

(dr +wA)? (@A B) = (dr +wA) (D a AdrB +w A (aAB))
=dr (-1D)"aNdrB) + (=1)"wA (a AdrB) + (=1)“ (WA (@ AdeB)) +w A (wA (e A B))

= ()" wA (e Adrf) —w A (a A drf)) = 0.

]

We call the differential cochain complex (2* (M, F), d%) the general leafwise Morse-
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Novikov complex of the foliated manifold (M, F). The cohomology groups

. ker (d%
Huf <M7d-7:) - 1m((d‘f))
F

of this cochain complex are called the general leafwise Morse-Novikov cohomology groups
of (M, F). For the purpose of having Laplacian and Hodge decomposition, we need to

consider reduced general leafwise Morse-Novikov cohomology

Here the closure im (d%) is taken with respect to the Frechét topology on Q** (M, F).

Proposition 3.23. Ifw and 0 = w+dxg are cohomologous in H' (M, dx), then for each
{,k, the general leafwise Morse-Novikov cohomology groups H5* (M, dx) and Hg’k (M, dx)

are isomorphic via the isomorphism [a] — [e 9a].
Proof. Similar to the proof of Proposition 3.9. m

Proposition 3.24. (Homotopy azxiom for the general leafwise Morse-Novikov cohomol-
ogy). Let f: (M,Fy) = (N, F1) and g : (M, Fy) — (N, F1) be foliated homotopic maps,
and w be a leafwise closed 1 — form on (N, Fy). Then there exists a positive function

h:(M,Fo) = R such that, for all {,k

fr=hg  HY¥ (N, dr) — HE, (M, d7,).

Proof. Similar to the proof of Proposition 3.13. m
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Let P = dr + wA, then its formal adjoint P* is 0 — wi. Let D = P + P* be

the corresponding Dirac operator. Then the corresponding Laplacian A%

(P+P*)* =

PP*+ P*P is a nonnegative, self-adjoint second order differential operator on the smooth

sections on QP4 (M, F). For each integer k > 0, let Hj (A%) be the Hilbert space com-

pletion of the space Q™" (M, F) with respect to the scalar product

j=k

(. B) = Y ((A%) o, 8)

7=0

for o, 5 € Q“V (M, F). For the corresponding norm ||.|,,, we have

k<K =lal, < llall, forall ae Q" (M,F).

Thus we obtain the chain of continuous inclusions

H = Hy(A%) D Hi (A%Y) D Hy (A%) D -+ D Hyo (AY),

where

Hoo (A%) =[] Hi (A%)

k>0

equipped with the Frechét topology.
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Theorem 3.25. Let (M, F) be a smooth foliation of a closed Riemannian manifold. The

Laplacian A% gives rise to an orthogonal direct sum decomposition

Hyo (A%) = ker A% @ imAY = ker AY & imPy & imP%,
where A%, P, and P are canonical continuous extensions of the corresponding dif-

ferential operators.

Proof. The complexification of the Dirac operator D = P + P* satisfies the hypothesis
of Chernoff’s Lemma 2.1 in [9]. This can be verified from Corollary 1.4 of [9]. Then
with the ideas explained in Section 2 of [4], we have the real Hilbert spaces Hy (A%) and

Hy (A%). We can extend the operators D and A%

Do N7 He (A%) = Hao (89).

yielding the orthogonal decompositions

Hy (A%) = ker A% @ imA% = ker Do, @ imDo.

Notice the spaces QP4 (M, F) are orthogonal to each other with respect to the inner prod-
uct (, ), defined above, for eack k > 0. Therefore, it follows that D, can be decomposed

as the sum of the continuous operators

Po,Pr  Hy — Hy,
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which are extensions of P, and P respectively. Since imP and imP* are (, ), -orthogonal

for each k > 0, we obtain the following orthogonal decomposition:

Ho (A%) = ker AY @ imP., & imPy, .

O]
Corollary 3.26. Fvery reduced general leafwise Morse-Novikov cohomology class has a
A¥-harmonic representative.

For any aAB € QU (M, F), from formula 17 in [4] we have 67 = (—1)"(+0)+n 41y g rx.

By using the identities

W = (_1)n(u+v)+n % w A %

and ** = (—1)to)nt),

it can be shown that

(wa)*x = (=1)"" % (wA).
s (wa) = (=" (WA) % .
*5]: = (_1)u+v d]: * .

5]:* = (_1)u+v+1 * d]:.
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Proposition 3.27. If M is a closed compact oriented manifold of dimension n = p+ q

and w is a leafwise closed 1-form, then for the Hodge star operator *, we have

*A% = AZ % .

Proof. Similar to Proposition 3.19 and Theorem 2.25, using the formulas above. Thus

the operator * maps A%-harmonic forms to AZ*“-harmonic forms. O]
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4 Generalized distributions and foliations

Let M be a smooth manifold. A choice of k-dimensional linear subspace D, C T, M at
each point x € M is called a k-dimensional tangent distribution or just a distribution.
A distribution is smooth if D =[], .,, D, C TM is a smooth subbundle of the tangent
bundle TM. An immersed submanifold N C M is called an integral manifold of D if
T.N = D, at each point x+ € N. If V is any nowhere vanishing vector field on M,
span(V) is an example of 1-dimensional distribution, and the image of any integral curve

&l il

of V' is an integral manifold of V. In R", the vector fields 57—

o ey Shan a smooth

k-dimensional distribution. The k-dimensional affine subspaces parallel to R* are integral
manifolds. It is not necessary that every smooth distribution has integral manifolds. For
example, let D be a distribution on R? spanned by the vector fields X = 3% + y% and
Y = 8%; it turns out that D has no integral manifolds. It is said that D is involutive if
given any two smooth sections X and Y of D defined on an open subset of M, their Lie
bracket [X, Y] is also a smooth section of D. It is called integrable if each point of M is
contained in some integral manifold of D. It turns out that every integrable distribution
is involutive. Given a k-dimensional distribution D C T'M, a coordinate chart (U, ¢) on
M is called flat for D, if ¢(U) is a product of connected open sets V x W C R¥xR"* and
at points of U, the first k£ coordinates vector fields 3%17 e ,% span D. A distribution
D C TM is called completely integrable if there exists a flat chart for D in a neighborhood
of every point of M. Every completely integrable distribution is integrable and therefore
involutive. The famous Frobenius theorem states that every involutive distribution is

completely integrable. Another way to say this is that the distribution is the tangent
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bundle of foliation of M. A k-dimensional foliation on an n-dimensional manifold M is
a collection of a disjoint, connected, immersed k-dimensional submanifolds of M whose
union is M, such that in a neighborhood U of each point x € M, there exists a flat
chart as defined above. Each of the submanifolds is called a leaf of the foliation. For an

example, if 7 is a fixed real number, the image of the map

t s ap(t) = (eit’ ei(‘rt+9))

as 6 ranges over R forms a 1-dimensional foliation of a torus 72. If 7 is rational, the
leaves are circles, and if it is irrational each leaf is dense. Foliations are in one to one
correspondence with involutive distributions. In other words, let F be a smooth folia-
tion on a manifold M, then the collection of tangent spaces to the leaves of F forms an
involutive distribution on M. If the dimension of the subspace D, is a constant func-
tion of p € M, it is called a regular distribution. For regular distributions, the global
Frobenius theorem implies the converse. For details on distributions and the Frobenius
theorem, see [23]. If the dimension of a distribution is not constant, it is called a gen-
eralized distribution. Sussman [40] and Stefan [39] extended the Frobenius theorem to
smooth generalized distributions. In the theory of differential forms, the intersection
of kernels of differential 1-forms kerw; N --- N kerw, defines a generalized distribution
called a cosmooth distribution [12]. The system of equations w;(X) = -+ = w(X) =0
for An integral manifold of this system is a submanifold whose tangent space at every
point p € M is annihilated by each w;. A maximal integral manifold is a submanifold

i : N < M such that the kernel of the restriction map on forms i* : Q) (M) — Q) (N)
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is spanned by the kernels of the w; at every point p € N. A Pfaffian system is said to
be completely integrable if M admits a foliation by maximal integral manifolds. The
necessary and sufficient conditions for complete integrability of a regular Pfaffian system
are given by the Frobenius theorem [23]. An equivalent version states that if the ideal Z
generated by w;, -+ ,wy is differentially closed, in other words dZ C Z, then the system

admits a foliation by maximal integral manifolds.

Definition 4.1. A smooth singular foliation of a given manifold (M, g, F) is a parti-
tion of M into smooth, connected, injectively immersed submanifolds, called leaves of
the foliation, if there are possibly an arbitrary (infinite) family of smooth vector fields

X1, X5, - on M that spans the leaves at all points:

Vp e M, T,F, =span{X; (p), X2 (p), -}

where F,, denotes the leaf through the point p € M.

Remark 4.2. Since smooth distributions are finitely generated [12], without loss of
generality, we may assume the family of vector fields in the definition of the smooth

singular foliation is finite.

Example 4.3. Let F be the partition of R? by concentric circles around the origin. The
leaves of this foliation consists of circles, except at the origin where the leaf is a point.
Obviously all leaves are smooth, connected, and injectively immersed. Since this foliation

is is spanned by the vector field X = xdy — yOz, it is a singular foliation.
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Example 4.4. Let F be the partition of R? defined by L (z,y) = (z,y) when y > 0,
and L (x,y) = R x y when y < 0. The leaves of this foliation are either horizontal lines
or points. Therefore they are smooth, connected, and injectively immersed. Notice that
the foliation is spanned everywhere by the vector field X = ¢ (z,y) 0., where ¢ (x,y) =0

whenever y > 0. and ¢(x,y) > 0 for y < 0.

We want to study distributions (subbundles of the tangent bundle) given by the
kernels of differential forms on a Riemannian manifold M of dimension n. Given any
differential g-form v, the kernel of the differential form is the distribution defined at a
point z € M by

(kerv)|, ={X € T,M : X w =0}.

If M is a Riemannian manifold of dimension n and ey,--- ,e,, by, -+, b, such that
p+ q = n is an adapted local orthonormal basis of T, M for the distribution defined
as span{ey,---,e,} then w = b A -+ A b is called its transverse volume form, which
is defined up to a sign that depends on transverse orientation. For example, consider
the form v = dz' A dz® A dz®. Tt turns out ker(v) defines a 2-dimensional distribu-
tion on R®. In general the dimension of the kernel of a g-differential form at a point
where it is not identically zero may be less than n — ¢. Consider the differential form
v = dr' Adx?+dz3 Adx? in R® and the vector field X = X104+ X205+ X305+ X10,+ X°0;.
Then X_ v = 0 if and only if X/ = 0 for 1 < j < 4. Hence ker(v) = span{0s}, and
dim(ker(v)) = 1. Notice that if v is the transverse volume form of a distribution D, then

D = ker(v). A distribution that arises as the kernel of a differential form is a cosmooth

50



distribution. A cosmooth distribution may have different dimensions at different points

of the manifold, as shown in the example above.

Proposition 4.5. The rank of the kernel of a q-form v on a manifold M of dimension

n at a point xo where it is not zero is at most n — q. That 1s,
dim(ker(v)) <n —gq.

Proof. Let v be an arbitrary ¢-form and rank(ker(v)) = p at point zp € M. Let vy, - , v,
be a basis of ker(v) C T,,M. We can form an adapted coordinate chart in a neighborhood
of xy such that vy, -, v,, vpy1, - -+ , Uy is a basis of the tangent space T, M and v;|,, = 0;
for 1 <14 < p. Since they are not required to be orthonormal, we may choose v; = 0; for
i > p. In the corresponding dual basis vy, vy, vy, v, of T M, the form v can

be written as v = 3, cvf; A~ Avj . Notice that if i € {1,---,p} then 9, w|,, = 0 and

if i € {1,---,p} then we have

0; (Z vy A A U;*q) = 0.

I

Now if i ¢ I = {i1, - ,ip} then 9, wj A--- Av; =0 at zo, and if ¢ € [ then we have
O; i, A= Avi # 0is a nonzero (¢ — 1)-form. Then from the equation >, ¢;9; wj; A
---Avj =0 and linear independence of the forms vj, A---Av; , we have C; = 01if i € I.
Therefore C; # 0 only if 4y,--- ,i, € {p+1,--- ,n}, and this implies ¢ < (n — p). Hence

p<(n-—q). O

51



Corollary 4.6. Let v = v,+---+vg, where v; € Q' (M) fori=0,--- ,q, be a differential
form that has mized degree terms and X € I'(T'M). If v, is nonzero at a point, then

Xw =0 if and only if X v; =0 fori=0,---,q. Therefore dim(kerv) < n —q.

Proposition 4.7. Let w = ZK]. wi;dz' Adx? be a smooth two form on a manifold M of
dimension n. At any point, the space ker (w) is even dimensional when n is even and, it

18 odd dimensional when n is odd.

Proof. Let X = Y"1 | X'0; € T,M. We have X w = 0 if and only if

<i Xkak) J <Z wl-jdxi A da:'j> =0,

k=1 i<j

if and only if

ZwkiXkd:Ci — Zwikad:ci =0

k<i i<k
E wkiXk — E wika = O,
k<i i<k

which is equivalent to the homogeneous system of linear equations AX = 0, where the
matrix A = (a;;) is a square matrix of size n X n with entries a;; = w;;, and a;; = —w;; for
i < j. Notice that the dimension of the ker (w) is the nullity of the coefficient matrix A,
and A is a skew symmetric matrix. Since the rank of a skew symmetric matrix is always
even, the nullity of the matrix A is even when n is even and the nullity of the matrix A

is odd when n is odd. O

Theorem 4.8. (Generalized Rummler’s Formula [37]) Let v € Q9° be a q-form on a
Riemannian manifold of dimension n which at each point is a multiple of a transverse
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volume form of the cosmooth distribution D = ker(v), with 1 < g < n. Then there ezists

a 1-form w € Q" and a (¢ + 1)-form ¢y € Q97! such that

dv = —w AV + ¢p;

that s,

(d + w/\)V = qb(].

Proof. Let the rank of D be p < n on a Riemannian manifold M near a point zy € M
and eq,---,e, be an orthonormal frame of D at a point 2y € M and by,---,b, be an
orthonormal frame of the normal distribution D+ of D at the point zo € M. Then
€1, ,€p, b1, -+, by is called an adapted orthonormal frame of T}, M such that p 4+ ¢ =
n = dim(M). Let e*,--- ,eP, b --- b7 be the dual frame corresponding to the adapted
frame ey, -+ ,ep, b1, -+, by of T, M. By extending this frame on a neighborhood of the
point o € M, we have v = fb' A--- Ab?, of D+ for some nonzero function f near .

Taking the differential of v, we have

i=p q
dv = > e(f)e AL A AW A A (=D)AL A A ALY
i=1 j=1

We can write the 2-form db’ as

dy = Zc{%lek/\bl—l—ZriBb"‘/\bﬁ%—Zsive“/\e”,

a<f

for some functions cil, riﬁ, 5&,3: and 1 < k,u,v <pand 1<l a,fB <q. Substituting dt’
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in dv, we have

k=p Jj=q
dVZ(Z <@k(f)+ fcij) ek>/\b1/\---/\bq+¢0
=1

k=1 j
= —wAV+ ¢o.
Here w = — ZZ’ (ek(f) + Z?j fc,@) ek is a 1-form and
Jj=q ' 4 A
bo= > (DI A- AT A A A A
j=1k<l

[]

Corollary 4.9. If v is a volume form of degree (n — 1), then there exists a 1-form w

such that dv = —w A v.

Theorem 4.10. Let v be a q-form on a Riemannian manifold of dimension n which
at each point is a multiple of a transverse volume form of the cosmooth distribution

D = ker(v), with 1 < g <n. Then there exists a 1-form w such that

dv = —w A v,

that is

(d+ wN)v =0,

if and only if D s involutive, if and only if D is the tangent bundle of a cosmooth foliation
whose dimension is (n—q) when v # 0. The form w may be chosen to be a leafwise closed
1-form.
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Proof. The distribution D = ker v is involutive if and only if for any sections X, X, €
I'(D), X1ov = Xov = [ X1, Xa] v = 0. Ifker v is involutive, any vector fields Xy, - - -, X141

with X1, X5 € ker v, we have

(X1, Xo, - X)) = D (1P Xp(Xn, -, Xy X o) +

D)X X)X X X ).

By the generalized Rummler’s formula 4.8,

(w A I/) (X17X27 e 7Xq+1) + ¢O(X17X27 e 7Xq+1) =0

= ¢0(X1a X27 e 7Xq+1) = 07

since X3, -+, X,41 are arbitrary and X, X, are arbitrary sections of D. Hence we have
dv = —w A v if D is involutive.
Conversely, suppose that dv = —w A v for some 1-form w and the given g-form v. For

any sections X, Xy € I'(D), and X3,--- , X411 € I'(T'M),

dV(X17X27”' 7Xq+1) = _(w/\y) (X17X27"' 7Xq+1)

implies that
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Since X3, .-+, X 41 are arbitrary vector fields, we get [X;, Xs] € I'(D). Therefore D is
involutive. From the generalized Rummler’s formula, we see that w may be chosen to be

a leafwise 1-form. Also, since

d(d+wN)v=dvAv=drwAv =0,

w is a dr closed form. O

Corollary 4.11. If v = b* A--- AV is the transverse volume form of the distribution D,
then the 1-form w = — Zc,ijek in the previous theorem is the mean curvature form rk of

the transverse distribution D+ defined by

dv = —Kk A V.

Proof. Let V be the Levi-Civita connection of the metric on T'M. By definition, the

coefficients c;; are given by

A= db(exb))

= en(t/ (b)) = b;(V (ex)) — U ([ex, b))
= b (Vb — Vi,er)

= —V(V.b;) + ¥ (Vy,er)

= —(Ve,bj,bs) + (Vi ex, bj).
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But ey (bj, b;) = 0, so that

<v€kbj’ b]) = 0,

and using the Einstein summation convention,

(Vier, b;) = bjlex,bj) — (ex, Vi, bj)

- _K(ek%

where k is the mean curvature 1-form of the distribution D+. Therefore

and

]

Corollary 4.12. With notations as in Corollary 4.11, if v = f(x)v for some positive
function f(z), then the mean curvature of the subbundle D+ is leafwise cohomologous to

K.
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Proof.

dv = df (x) Av + f(x)dv,
= (df (z) = f(z)r) Av

= (d(In(f(2))) —r) AV
= (dr(In(f(2))) — k) A .

]

For a smooth, codimension ¢, and transversally oriented foliation (M, g, F) on a
Riemannian manifold, let by,--- ,b,,€;1--- , e, be alocal adapted orthonormal frame with
corresponding coframe bt,--- b el--- €9, such that v = e A --- A e? be the positive
transverse volume form. The form v depends only on the transverse orientation and the

metric. We have the following useful lemma.

Lemma 4.13. Suppose that a transversally oriented foliation of a Riemannian manifold
with metric g, and the corresponding transverse volume form is given. For any other

metric g, the corresponding volume form v satisfies

v=fr,
for some positive function f.
Proof. Let by,--- ,by,e1---,e, be a local adapted g-orthonormal frame such that the
transverse volume form is v = e A--- Aed. Let by, - - - ,b_p, é1---,€, be alocal adapted
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g-orthonormal frame. Since at each point span{by,---,b,} = span{by,---,b,} is the
tangent space of the foliation, the coframe satisfies & (b;,) = 0 for all j, k, so that we must
have & = ajiet + -+ + jpe? for j =1, ¢, for some functions a;z, where the matrix

(ai) is invertible and orientation-preserving. Then v = det (o )v. O

Here we show a particular case of this lemma.

Example 4.14. Consider the foliation of the flat torus R?/Z? by horizontal lines. In
standard coordinates, e! and e? are the leafwise and transverse volume forms respectively
corresponding the orthonormal frame e; = (1,0),e3 = (0, 1) for the induced metric from
standard metric of R?. Consider another metric by declaring €; = e1, and &, = e; + e
to be orthonormal. Since dual of &, satisfies €3(e;) = 0 and &(e; + ez) = 1, it is simply
e?, and since the dual of €; satisfies €f(e;) = 1 and €}(e; + ez) = 0, its easy to see that
et = e! —e?. The transverse volume form remained the same while the tangential volume

form changed.

Corollary 4.15. A transversely oriented foliation of a Riemannian manifold uniquely
determines a leafwise Morse-Novikov cohomology class that is independent of the choice

of metric.
Proof. 1t follows from Theorem 4.10, Corollary 4.11, and Lemma 4.13. O]

Corollary 4.16. The isomorphism classes of leafwise Morse-Novikov cohomology groups
determined by a transversally oriented foliation of a Riemannian manifold are invariant

under foliated diffeomorphism.

Proof. Given a foliated diffeomorphism f : (M, Fy;) — (N, Fy) pulls back the metric on
N to another metric on M. The result follows from the previous corollary. O
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Lemma 4.17. There is a mazimal smooth distribution S contained in each generalized

distribution L of a manifold M.

Proof. Let S be the distribution defined as S, = {V,, : V.€ C* (L)} for all p € M.
Notice that {0} C S, C L, at each point p € M. Then S is a smooth distribution, and

by construction it is maximal. O]

Lemma 4.18. For any smooth distribution S on a manifold M, the set of points of M

for which the distribution has maximal rank is an open set.

Proof. Consider the function r : M — Z defined by r(z) = rank (S (z)). By Drager-Lee-
Park-Richardson [12], S is the local span of a finite number of vector fields. Since the
rank of the span of a finite number of vector fields is a lower semicontinuous function,
r is lower semicontinuous and the set of points € M such that the leaves through the

points have maximal dimension is an open subset of M. O]

Example 4.19. Let L be the kernel of w = zdz + ydy in R?. It turns out that the
maximal smooth distribution S is the span of a single vector field X = 20, — y0,. Note
that S = L at all points except the origin, and S at the origin is {0} and L at the origin
is the whole tangent space R?. So in particular, the ker (w = xdz + ydy) is not a smooth

singular distribution, because the rank suddenly jumps up from 1 to 2 at the origin.

Proposition 4.20. Every smooth singular foliation of a Riemannian manifold (M, g, F)
uniquely determines an isomorphism class of leafwise Morse-Novikov cohomology groups

on the maximal reqular part.

Proof. The tangent distribution of the maximal regular part of the singular foliation is

involutive and is the kernel of a transverse volume form v. From Proposition 4.10, we have
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that ker (v) is involutive if and only if there exists an 1-form w such that (d +wA) v = 0.
Here w is the mean curvature 1-form of the transverse distribution. From the generalized
Rummler’s formula, w is a dr closed form along the leaf of the regular open part of F.
The form v is in the kernel of the differential d+wA, hence determines a leafwise Morse-
Novikov cohomology class of the regular part of the given smooth singular foliation of M.
If we choose another metric, then by Lemma 4.13, the transverse volume form v changes
by multiplication by a positive function. Assume 7 = r. Notice ¥v has the same
involutive kernel on the regular open part of the smooth singular foliation F. Taking the
differential of 7, we have d (yv) = —w A (¥v). From Corollary 4.12, w = d(In(¢)) — w.
Similar to Proposition 2.2 and Lemma above, the isomorphism classes of Morse-Novikov
cohomology groups are independent of the choice of ¢. In other words, the isomorphism

class is independent of the choice of the metric. O

Corollary 4.21. Suppose wy ---wy are pointwise linearly independent 1-forms, for all
1=1,--- k. If the distributions ker wy, - - - kerwy, are integrable, then ker wiN---Nker wy

15 also integrable.

Proof. By Proposition 4.10 kerw; is integrable if and only if dw; = —k; A w;, for all
i = 1,---,k. [21] By the Frobenius theorem kerw; N --- N kerwy, is integrable. That
is through each point z, € M there exists a maximal connected (n — k)-dimensional
submanifold 7 : N < M such that i*w; = 0 for all ¢ = 1,--- , k. This submanifold is
unique, in the sense that any other such connected submanifold through z( is a subset

of i(N). O
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Proposition 4.22. Let v be an arbitrary q-form on a manifold M of dimension n. If
(d 4+ wA\)v = 0 for some 1-form w, then the maximal smooth distribution contained in

ker(v) defines a smooth foliation.

Proof. Assume (d+wA)v = 0 for some 1-form w. By the Frobenius theorem, it is sufficient
to show that ker(v) is involutive. Suppose X, Xy € I'(ker(v)) = {X e I'(TM)| X v = 0}
are vector fields on M. Consider the arbitrary vector fields Xs, -+, X,4; on M. Since

(d 4+ wA)v = 0 then we have

dV(X17X27X37"' JXp-i-l) - _(W/\V)(X17X27X37"' 7Xp+1)

Since w is an 1-form, then (w A v)(X1, X2, X3, , Xp+1) = 0. Then

0= dV(XbX?? e 7Xq+1> - Z (_1)i+1XiV(X17 e 7Xi7 e 7Xq+1)
T Z <_1)i+jy([Xi> Xj] T 7Xi7 e Xy 7XCI+1)

~

= (X1, Xo]- - ,Xi,--.Xj,--. , X401) = 0.

Since X3, -+, X 41 are arbitrary vector fields, we get [X;, Xs] € ker(v). Therefore the
maximal smooth distribution contained in ker(v) is involutive and thus determines a

smooth foliation. O

Corollary 4.23. Every Morse-Novikov cohomology class [v] € HI(M) determines a
smooth foliation whose tangent bundle is the maximal smooth distribution contained in

ker(v).
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Since H (M) is isomorphic to H*(M) for an exact 1-form w, the Morse-Novikov co-
homology class [v] corresponds to the de Rham cohomology class [fv], for some positive
function f. Notice that ker(v) and ker(fv) both define the same foliations of the manifold
M. Therefore every de Rham cohomology class [v] € H?(M) determines an involutive

smooth foliation determined by ker(v).

Notice that if (d + wA)a = 0 for any 1-form w, where w is not necessarily a closed,

then we have

dld+wN)a = 0

= datdona—wAda = 0
sdoNa—wA(—wAa) = 0
=duvAa = 0.

Therefore a € ker(dwA). Note that if v is a transverse volume form corresponding to a
foliation F, we may always choose an 1-form w € QD (M, F). In that case w is the mean
curvature form, i.e. uniquely defined. Hence for a cosmooth integrable distribution D
defined by the kernel of a ¢g-form v which is the transverse volume form of the orthogonal

subbundle D+, we have

dv=—K AV
=dsANv =0
:>d]:/€20.
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Theorem 4.24. Given a foliation (M,F), let v be a transverse volume form for one
metric, and v be another transverse volume form for another metric. Then the leafwise

Morse-Novikov cohomology groups determined by the foliation are isomorphic.

Proof. From Proposition 4.8 and Corollary 4.12, we have dv = —k Av, and dv = —R A D,
where k and & are mean curvature 1-forms of the transverse distribution of the foliation
for two different metrics. From the discussion above x and k are leafwise closed. Since
the volume forms of different metrics are different up to multiple of a positive function,
from Corollary 4.12, we have x and k& are leafwise closed and cohomologous. In other
words, if v = fv then & = (dx(In(f(z))) — k) A v. From Proposition 3.9, we have that

the leafwise Morse-Novikov cohomology groups are isomorphic. O]

Remark 4.25. The theorem above may not hold if the volume form for any metric

vanishes at any point on the manifold, e.g, for a singular foliation.

Theorem 4.26. Let D be a cosmooth distribution corresponding to a singular smooth
foliation that is the tangent bundle of foliation on its regular part and is all of the tangent
space on the singular part. The mean curvature 1-form k of D+ is dr-closed, and its

dr-cohomology class is independent of the choice of metric.

Example 4.27. Given a smooth distribution with characteristic p-form (tangent volume
form) x , Rummler’s formula gives us that dy = —kAx+pg, where & is the mean curvature

1-form of the distribution and ¢y is the form of type (2,p — 1) that is zero if the normal
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bundle distribution is involutive. Now we take d of both sides

—dk AN x+ KA (dx)+dpo =0
—dr ANX+ KA (=K AX+ ) +dpy =0

—de A X+ KA @y + dpy = 0.

Now in many interesting cases, dk = 0. For example, if the distribution is a Riemannian
foliation, the bundle-like metric can be chosen so the mean curvature is a basic form,
and then r is closed; see [11] and [1]. Then we get (d + kKA)@o = 0, so by the usual
reasoning, ker ¢y defines a (generalized) foliation and a Morse-Novikov cohomology class.
Since x is the tangential volume form of the foliation, it is sufficient that & is d; o-closed,
where d;  is the component of the differential that differentiates in the normal direction
of the foliation. So in the Riemannian foliation case, this class is a special invariant of
the foliation.

In the case of Riemannian flows with basic mean curvature, ¢y is a basic 2-form. Therefore
we get a codimension 2 foliation that contains the original flow foliation.

If x is the leafwise volume form of an 1-dimensional foliation with a d; ¢-closed mean
curvature k, then we have g is a form of the type (2, 0), and ker ¢ determines a cosmooth
foliation, typically of codimension 2. Since g is a form of the type (2,0), then for
any vector field X of the tangent bundle of the foliation, we have X 1oy = 0. So the
new foliation determined by ker ¢y contains the original foliation. If the manifold is 3-
dimensional, then ¢y must be a function multiple of the transverse volume form of the

foliation.
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In higher dimensions, since g is a form of type (2,p — 1), then ker ¢q is a foliation of
dimension ¢—1 or less. If dim (ker ¢y) = ¢—1, then it can be verified that ¢—2 dimensions
of the ker g are in the normal bundle and one dimension is in the leaf direction of the

foliation.

Example 4.28. The Lie algebra &I(2,R) of SL (2,R) is spanned by the matrices

01 0 0 1 0
a = , b= ,and ¢ = . We use the standard metric

0 0 10 0 -1
(M,N) =tr(M'N), so that the three vectors are orthogonal with norms |la|| = [|b]| = 1

and ||¢|| = v/2. We define the dual vectors a = a*,3 = b*, and 7 = ¢*. The algebra
of left invariant vector fields of a Lie group is isomorphic to the Lie algebra. Consider
the foliation be determined by the integral curves of the left invariant vector field that
corresponds to the tangent vector ¢ at the origin of SL (2, R). For this foliation, x = \/Lify
is its characteristic form. Its mean curvature is zero, ¢q is a constant times the transverse

volume form a A £, and the kernel of ¢ is just the original foliation determined by c.

Lemma 4.29. Let « be a nonzero 1-form and [ be a 2-form such that 3 AN a = 0. Then

there exists a 1-form T such that 5 = a A T.

Proof. Let a,7",--- 41 be an adapted frame of the cotangent bundle on a neighbor-

hood of a point xy € M. We can write

5225i04/\7i+25¢j7i/\7j

i<j
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for some functions f3; and f;;. Then

BAa=0

:>Zﬂijf}/i/\’}/j/\0é:0.

i<j

Since v* A 4/ A « are linearly independent, we have §;; = 0 for all 4, j. Therefore § =
S fia Ay =a A (S A7) = a AT, where 7 = 3 B 0
Proposition 4.30. Let v be a reqular 1-form. If ker(v) is involutive, then there exists

an 1-form w such that dv = —w A v.

Proof. 1f v be a nonzero 1-form such that ker(v) is involutive, then by the Frobenius
theorem dv A v = 0. Therefore, by Lemma 4.29, we have dv = —w A v for some 1-form
w. Hence every involutive cosmooth distribution determined by the kernel of a 1-form

determines a Morse-Novikov cohomology class. O

Lemma 4.31. If a € Q% (RP), k > 1, is a non-zero differential form, then there exists a

vector field X € C*° (TRP) such that X so # 0.

Proof. Let a € " (RP). By Proposition 4.5, dim (ker ) < p — r. If r # p, there exists
X € C* (TRP) such that X a # 0, and if r = p, then dim (ker ) < 0, and so X sa # 0

for all X € C> (TRP). O

Proposition 4.32. We consider a foliation (M, F) of dimension p, given by the kernel
of a k-form v € QF (M). i.e. TF =kerv. In an adapted frame {e1, -+ ,ep, b1, - by}

of TM, v can be represented by

V:Zwbl,

1
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where {e, -+ eP b -+ b9} is the corresponding dual frame of TM, vy € C*° (M), and

bl = blv A - AbE, for all multi-indices I = {1<L << <q}.

Proof. Any nonzero form v € QF (RP) can be written as v = Y, vb!, where vy are
differential forms of the form vy = >~ ; vyse’, where e/ = e’ A- - -Ae’s and bT = b A- - - AD"?
for all multi-indices [ = {1 <L <--- <L <gqg}and J={1<J <--- < J, <p} such
that s +¢ = k. By Lemma 4.29, there always exists a vector field X = ) X,e® such
that X Jv; # 0 if v; has degree greater than or equal to one. Hence v is a zero form for

all 1. O
The following proposition is a partial converse to Proposition 4.10.

Proposition 4.33. Let v be an (n — 1)-form. If ker(w) is involutive, then there exists

an 1-form w such that dv = —w A v.

Proof. Let w be an (n— 1)-form on a Riemannian manifold of dimension n and e4, - - - , e,
be a local orthonormal frame of ker(w) and ey, - - ,e,, b1, -+ , b, be an adapted orthonor-
mal frame of T, M such that p + ¢ = n = dim(M), where by, --- , b, is an orthonormal
frame of the normal distribution ker(w)*|,,. Let et,---  eP bl - b7 be the dual frame
corresponding to the adapted frame eq,---,e,, b1, -+, b, of T, M. By extending this

frame on a neighborhood x4, we can write

p q
W= fie' Ao NN NP AL A AW D gret A AP AT A AE A AL
=1 k=1
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Then

p
dw:Zej(fj)ej/\el/\---/\ej/\---/\ep/\bl/\
j=1

q
+Zbk<9k)bk€1/\---/\ep/\bl/\---/\bk/\...

+ZfJZ THI ---AdeTA---/\éj/\.../\ep/\bl/\

+ijz A AN A Adem A AP ALY A

= r=j+1

+ijz 1)Ptse! Aeos Ned Ao AP ADEA - Adb* A

S=

+ng2 DYl A Adeb A AP A A ABEA -

k=1 =1
q k—1

+ngz 1Pl A AP AD A AdDT AR A

m=1

+ng Z 1P A AP ALY A ABEA - AdD™ -

= m=k+1

By substituting

de” = Z et A+ Z ry bt AL+ Z sp,e’ e

t<u t<u
de* = ci, et AV ) b AL D st Aet
t<u t<u
Zcme A b +Z7’mbt A D" + Zsme A e
t<u t<u
= Z cret Ab" + Z FLE A b+ Z set At
t<u t<u

“Ab?

A bl

N

- ALY

N

A bl

A bl

A DI
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we have

P
dw:Zej(fj)ej/\el/\---/\ej/\---AepAbl/\---/\bq
j=1

q
—|—Zbk(gk)bk/\€1/\---/\@p/\bl/\.../\bk/\,_./\bq

k=1
p A~
+ZZ —fistel) Ne A Aed A AP ADEA - A
j=1 r=1
p $=q R
YO AT A N A AP AL A A
7j=1 s=1
q l=p )
3O —gucibF)et A NP AL A ABEA AL
k=1 I=1
q m=q

+ ) ( +§k7“21mbk)el/\---/\ep/\bl/\-../\bAk/\.../\bq
k=1 m

Il
R

If f; # 0 and g; # 0, combining like terms, we have

dw:Z Zsm chs— () ) fied nel A NG A AN A
7j=1 =1

A

+Z—(kam+2clk 1 (98) /) GbE A€t A AP ABEA - ADEA - A DI

Let

%31 iés ()] f)e’ anda—Zal
r=1 s=1

=1

Bi= (=Y Fim+ > cly—bi9:)/g:)b’ and 5 = Zﬁz

m=q l=p
m=1 =1



We can write

P =

dw_z Z‘S:j st_ f]/fj)f]e/\ 'AéjA---AepAblA...Abq

q = l=p

+Z_(Zlem+chk_ek(gk)/gk)gkbk/\el/\“‘/\ep/\bl/\“'/\bAk/\“‘/\bq
k=1 m=1 =1
= dw=—(a+ B) A ije/\ CANEA AP ADIA - A

—i-ngel/\---/\ep/\bl/\---/\bA’“/\---/\bq)

= dw = —7 ANw where 7 = a + f3.

Therefore ker(w) is an involutive distribution, and hence defines a cosmooth foliation of

the manifold M. O

Corollary 4.34. Suppose dim (M) < 3, and the kerv is locally constant dimensional.
Then ker v is involutive if and only if there exists a 1-form w such that dv = —w A v.
In other words, every cosmooth involutive distribution of locally constant dimension is

associated with a leafwise Morse-Novikov cohomology class.

Proof. This follows from Propositions 4.28, 4.30, and the fact that the kernel of a nonzero

top form on a manifold is {0}. O

An interesting case is to consider when one chooses v to be (d + wA)-harmonic. For

instance, if we take w to be exact (i.e. the de Rham cohomology case), and if v is
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harmonic then

Av = (dd +déd)v =0
= ((dé + déd)v,v) =0

= dv =0 and ér = 0.

We know the Hodge * operator commutes with the Laplacian A. If Av = 0, then we

have

A(xv) =% (Av) =0

= d(xv) =0and § xv = 0.

Therefore ker(xv) is involutive. In the case where v is a transverse volume form that
means that both the tangent and the normal bundles of the foliations given by ker(v)
correspond to foliations with zero mean curvature.

In the case of Morse-Novikov cohomology (w is closed but not exact), let d,v = 0 such

that v is d,-harmonic, where d, = d + wA. Then we have

Aoy = (dyby + 8,d) v =0
= ((dyby + dudy) v, v) =0

= d,v =0 and d,v = 0.

We know from the Poincaré duality of Morse-Novikov cohomology that *A, = —A_ %
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for the Laplacian A, of the differential d,. Then we have

A, (xv) =% (A,v) =0

= (d—wAN)*v=0and (§ —wy)*xv=0.

Therefore ker(xv) is involutive.

Suppose v is a transverse volume form such that (d + kA)v = 0, where k is the mean
curvature of the transverse distribution of ker(v). If v is (d + kA) harmonic, then the
leafwise volume form is (d — kA) harmonic, the foliation is minimal, and the normal

bundle is involutive.

Lemma 4.35. Let (M,F) be a foliation. Then for any leafwise closed 1-form k, the

adjoint (dr + kN)" of the differential dr + kA is given by

(d]: + I{/\)* =+ % (d]: - I{/\) *,

where x 1s the Hodge star operator on M.
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Proof. Since dg is restriction of the differential d along the leaf, the adjoint of d is given

by § = (=1)"*FL s dx [2], and ko = (—1)"**" % k A *, we have

(d]: + H/\)* = (5]: + KJ)
= (dr + KA = (=)™ s dr 5 +(=1)" " x5 A %
= (dr + KA)" = (=)™ 5 (dr — KA) *

= (dr + kN\)" = 2% (dr — KA) *.

]

In the following we will use the term (d 4+ wA)-harmonic for differential forms that

satisfy (d +wA)a =0 and (d + wA)" a = 0, whether or not w is d-closed.

Proposition 4.36. Let v € Q@0 be a transverse volume form of a distribution D of rank
q, The foliation (M, F) given by the ker (v) is minimal and the normal bundle NF = D+

is involutive if and only if v is (d + KN\)-harmonic.

Proof. Notice that (d + kA)v = 0 implies dx A v = 0. Then for the foliation (M, F)
given by the kernel of the transverse volume form v, dzx = 0. If v is (d + xkA)-harmonic,
then (d — kA) () = 0. Therefore d (xv) = 0, since K € Q" (M). Hence N'F = ker (xv)
is involutive. From Rummler’s formula we know that d (xv) = —k* A *v + ¢g = 0. Here
k+ =0 and ¢y = 0, where *v is the characteristic form of the foliation and x* is its mean
curvature 1-form. Therefore (M, F) is minimal.

Conversely, suppose that v € Q@9 is a volume form such that (d+xA)r = 0 and

the foliation (M, F) is minimal and the normal distribution N'F is involutive. Then
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r € QO has the property that (d—l— /1(0’1)/\) v = 0. Since v € Q@9 is a volume form
and the foliation (M, F) is minimal, and N'F = ker (xv) is involutive, then d (xv) = 0.

Also k A xv = 0, so that (d — kA) *x v = 0. Hence v is (d + KA) harmonic. O
In the following we consider the case where v may or may not be a volume form.

Proposition 4.37. If v € Q¥(M) is (d + wA)-harmonic, and ker(v) and ker(xv) have
the maximal rank at xo € M, then the tangent bundle T, M of the manifold M s the
direct sum of the tangent spaces of the foliations F = ker(v) and F' = ker(xv). i.e. at
Zo

Too M = ker(v) @ ker(xv) = T, F & T F'.

Proof. Since v is (d+wA) harmonic, (d +wA) v = 0 and (d + wA) xv = 0, therefore F =
ker(v) and F’ = ker(*v) are involutive. Since the kernel of v and v have maximal rank,
dim(ker(v)) = n — k and dim(ker(xv)) = k. Notice that dim(ker(v)) 4+ dim(ker(xv)) =
dim(M). So it will be enough to show that the intersection of ker(r) and ker(*v) contains

only the zero vector. Suppose X € ker(v) Nker(*v), then we have

Xa(wAxv)=Xow) A+ (=DFv A (Xoxv) =0.

Since v A *v is a positive multiple of the volume form, X = 0. m

We would like to discuss an example on a 3-dimensional manifold M from Carriere’s
work [16] of a distribution determined by the kernel of a transverse volume form corre-
sponding to a nontrivial class [w] € H'(M) such that there exists a nontrivial Morse-
Novikov class v € H:(M).
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Example 4.38. Let A € SL(2,7Z) is a symmetric matrix of trace strictly greater than

2, and V7 and V5 be the eigenvectors of A corresponding to the eigenvalues A and % with

2 1
A > 1 and irrational. An example of such a matrix is A = . It is known that

11
map m — A(m) is a bijection of the flat torus T?. Let the hyperbolic torus T% be the

quotient of T? x R by the equivalence relation that identifies (m, ¢) and (Am,t+1). Let
(x,y,t) denote the local coordinate in the V5, V4, and R direction respectively. That is,

for m € R?, we define v =< m, V5 > and y =< m, V; >. We choose the metric to be
ds* = N\ 2dx? + N dy® + dt*.
Let vy = A\~'dx. Taking the differential, we have

dvr = d(\"'dx)
[ log()\))\_tdt ANdr = —K ANvr

= (d + Ii/\)l/]: = O,

where k = log(\)dt. By the previous result ker(vz) is involutive, and has constant
dimension 2, so it determines a smooth foliation of M. Notice that k = log(\)dt is

closed, and if C is the circle {(0,%) : 0 < ¢ < 1}, then

jilog()\)dt = /01 log(A)dt = log(\).

Hence (k] € H'(M) is a nontrivial cohomology class. If vr is (d + k/A)-exact, then there
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exists some function f on M such that

(d+ KN f=vr=\"dx
Opfdx + Oy fdy + O, fdt + flog(N)dt = A\ "dx

= 0,f=X"0,f =0, and 9,f + flog(\) = 0.

The general solution of these partial differential equations turns out to be f(x,y,t) =
(z +c)A~* for some constant ¢. However, no such function f is continuous on T3 for any

constant c¢. Hence [vz] € H(M) is a nontrivial Morse-Novikov cohomology class.

If v is not a transversal volume form of the involutive distribution ker(v), it may or

may not be true that dv = —w A v for some 1-form w. Here is an example.

Example 4.39. Consider the following differential two form in R?

v=(1+a23)dzy Adxy+ (1 + 22)dxs A dry.

Let X = X'0,, +--- + X®°9,, € T(TR?) be a vector field. Then

Xw=0
& X' (14 23)dry — X2 (14 a3)dar + X (1 + 22)dey — X' (1 + 23)dz = 0
S X'(1+23)=X*1+23)=X3(1+2}) =X (1+23) =0

sX'=X=X’=X"=0.

Therefore ker(v) is the 1-dimensional distribution spanned by the 9,. Since a 1-dimensional
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distribution is integrable, ker(v) is integrable. By computing the differential of v, we have

dv = 2x3dxy N dry A dxs + 2xsdrs A dxy A dxs

2[[’3 2:L‘B
= Tia dxg A (1 + 23)dx; A dag + T x%d% A (1 + 22)dzs A dxy
213 215

2x5(1 2
—L—F;’g)dl’l VAN dl’z VAN dl’5

(1 + %)
= —Ww AV + ¢,

where w = — <12+%d1:3 + Qdaz5> and ¢y = %—dml ANdxo A dxs. It can be shown

that ¢o # 7 A v. Assume ¢y = 7 A v for some 1-form 7 = myda! + -+ - + 75dx®. Then it
turns out that m = --- = 75 = 0. Therefore ker v is integrable, but it is not true that

dv = —w A v for some 1-form w.

We would like to investigate the relation between the cosmooth distributions deter-
mined by two cohomologous classes 7 and n. It turns out that they may determine locally

different dimensional cosmooth distributions.

Definition 4.40. A differential form w is called basic relative to a distribution D on a
manifold M if it satisfies the equations X sw = 0 and X udw = 0 for any section X € I'(D)

of the subbundle D.

Remark 4.41. A differential form w is basic relative to a distribution D on a manifold

M that locally depends on only the variables that are transverse to the foliation (M, F).

Example 4.42. Consider the non-exact closed form a = dz? Adx® Adz* on R*/Z*. Then
ker(av) defines a foliation of R*/Z* given by the integral submanifolds of the vector field
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X =20 If 7 = f(2®)d2® A da?* then dr = afda: A dz® A dz* and for any X € kera,

we have X7 = 0 and X dr = 0, therefore 7 is a basic differential form relative to the

ker(a).

Suppose da = 0. The basic class of « is the set of all & = «a + dr such that 7 is
basic relative to the foliation determined by ker a. Then X o' = X_a + X idr = 0 for
any X € ker(a). Therefore ker(a) C ker(a’). The reverse inclusion may not be true
as we will see in the following example. So the foliation determined by the kernel of

cohomologous Morse-Novikov classes may not be the same.

Example 4.43. For a = dz? A da® A dx* and 7 = f(2%)dx® A dz* on R?/Z*, and if

X =X"2% + X255 + X325 + X*.%; is an arbitrary vector field on R*/Z*, we have

XJOZ, = X.o+ X.dr

af of of

= X? (1+ﬁ)d A dz? )(3(1+a 5 )dx? A da +X4(1+W)d A dz?
= (1+ %)(X%zx Adxt — X3da? A dat + XAda? A da?).
T

If we choose f (X?) so that 25 = —1 at some point zy of R*/Z*, then ker(a + dr) = R*

at zg, and ker(a + d7) = span(9/0X?') everywhere else.

Let (M, F) and (M’', F') be given foliations. A map f : (M, F) — (M', F') is foliated
if f maps the leaves of F to the leaves of F'. In foliation charts (x,y) of (M, F), the
x-parameter submanifolds are the foliation coordinates, and the y-coordinates are the
local coordinates of the local quotient of the neighborhood by the leaf plaques. Similarly,
(u,v) be a foliation chart of (M', F'). Then a foliated map f : (M, F) — (M', F') is of
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the form (u,v) = f (z,y) = (fi(z,v), f2(y)). Let TF and TF' be the tangent bundles of
the foliations. A foliated map satisfies f. (TF) C (TF'). Let Q (M, F) denote the span

of basic forms on M with respect to the foliation.

Lemma 4.44. [17] If f : (M, F) — (M',F') is a foliated map, then f*(Q2(M', F')) C

QO (M, F).

Definition 4.45. Let (M, F) and (M’', ') be two foliated manifolds. The foliated maps
¢ M — M and ¢ : M — M’ are foliated homotopic if there exists a map H :
[0,1) x M — M’ such that for each t € [0, 1], H(t,.) is foliated and H(0,z) = ¢(z) and

H(l,z) =¢(z).

Definition 4.46. A foliated map f : (M,F) — (M',F') is a foliated homotopy
equivalence if there exists a foliated map ¢ : (M',F') — (M,F) such that go f is

foliated homotopic to Idy; and f o g is foliated homotopic to Idy.

Proposition 4.47. Let (M,F) and (M',F') be foliations of the same codimension. In
local coordinates as above, F' and F are the kernels of transverse volume forms v =
g(u, v)dvt A+ -Adv? and v = h(x,y)dy' A- - -Ady? respectively with g and h never zero. Let
f:(M,F)— (M, F') be a foliated map of the form (u,v) = f(x,y) = (fi(z,v), f2(y))
with det <%Lyz;> #£ 0. Then f pulls back the volume form V' to a volume form f*v' and

ker(f*v') = ker(v).
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Proof. We have v/ = g(u,v)dv! A --- A dv?. The foliated map is of the form (u,v) =

f($7y) = (fl(-r,y),fg(y)). Then

f*yl = (gof)<$,y)df21 /\/\deq

— atile). o) den (92

)dyl/\---/\dyq.

J

Therefore f*1/ is a volume form of degree ¢ on M if det <%Lyi> # 0.
If X € TF, then X € ker(v). Then X f*' = f,(X)/' Since f.(X) € TF, fu(X)/' =

0. Hence ker(v) C ker(f*v'). Next, suppose X € TF and X € ker(f*v'). Then

0= X5 (atite ) fuoh) et (G2 ) oy ne )

0y,
g(fi(z,y), f2(y)) det <%>
— h(g;’ y) X (h(l’, y)dyl A A dyq) '

Hence ker(f*v') C ker(v). O

Proposition 4.48. Let (M, F) and (M', F') be foliations of the same codimension. Let
[ (M, F) = (M',F') be a foliated map of the form (u,v) = f(z,y) = (f1(z,y), f2(y))
0y

with det <%> # 0 in each chart. If [V] is a nontrivial Morse-Novikov cohomology class

on M', then so is [f*V'] on M.

Proof. In local coordinates, F’' and F are the kernels of the transverse volume forms
V' = g(u,v)dvt A - Adv? and v = h(z,y)dy' A - A dy?, respectively, with g and h
never zero. Since F = kerv, then there exists an 1-form k such that (d + k)v = 0.

where k is the mean curvature form of the transverse distribution. If x is closed, then
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[v] is a Morse-Novikov cohomology class. Since f is a foliated map, from the previous

proposition, we have f*/ = Fv, where

9(fi(z,y), f2(y)) det (%)

F T,Y) = locally,
o W)
We have
d(f*v') = d(Fv)
= d(Fv)=d(F)v+ Fdv
= d(Fv)=d(F)v+ F(—k Av)
= d(Fv)=d(log(F))Fv+ F(—k Av)
= d(Fv) —d(log(F))Fv+ F(—k Av) =0
= (d+ (k —d(log(F))))Fv =0
S (d+ (5 — d(og(F)) [/ = 0
= (d+ k) f*V =0,
where k' — k = —dlog(F). If k is closed, so is x’. Homologous closed 1-forms induce

isomorphic Morse-Novikov groups, and the isomorphism is multiplication by a function.

Therefore [f*1'] = [Fv] is nontrivial. O
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ABSTRACT

LEAFWISE MORSE-NOVIKOV COHOMOLOGICAL INVARIANTS OF
FOLIATIONS

by Md. Shariful islam, Ph.D., 2019
Department of Mathematics
Texas Christian University

Research Advisor: Ken Richardson, Professor of Mathematics

The idea of Lichnerowicz or Morse-Novikov cohomology groups of a manifold has
been utilized by many researchers to study important properties and invariants of a
manifold. Morse-Novikov cohomology is defined using the differential d, = d + wA,
where w is a closed 1-form. We study Morse-Novikov cohomology in the context of
singular distributions given by the kernel of differential forms, and foliations of manifold.
The kernel of a d,-closed form is involutive and hence gives a foliation of a manifold.
A transversely oriented foliation of a Riemannian manifold uniquely determines leafwise
Morse-Novikov cohomology groups, which are independent of the choice of metric in the
sense that different metrics correspond to isomorphic groups. The relevant 1-form w,
which is always leafwise closed, can be chosen to be the mean curvature 1-form of the
transverse distribution of the foliation. In the case of Riemannian foliations, we prove
that the reduced leafwise Morse-Novikov cohomology groups satisfy the Hodge theorem
and Poincaré duality. We also show that for general singular foliations, the isomorphism
classes of the induced leafwise Morse-Novikov cohomology groups are foliated homotopy

invariants.



