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1 Introduction

Algebraic geometry studies the roots of polynomials and their generalizations. The ear-
liest origins of algebraic geometry can be traced back to work by the Greeks in the 5th
Century BCE. They studied the geometry of conics, lines, and circles. A more proper
birth of algebraic geometry can be traced back to the independent invention of Fermat
and Descartes of analytic geometry during the 17th century. Many concepts used in
this paper were developed during this time for the real number system. A few exam-
ples include the degree of plane curves, classification of curves, and curves given as an
intersection of two surfaces.

The end of the 18th century saw the introduction of points at infinity and complex
numbers. The move to the complex projective plane and the complex projective three-
dimensional space immensely benefited the theory of conics, quadrics, and linear families
of conics and quadrics. For example, of the 72 types of cubics classified by Newton, only
three remain distinct in projective space up to coordinate change.

Many new developments occurred during the 19th and 20th century, but proba-
bly none greater than the introduction of scheme theory by Grothendieck in 1960 (9).
Schemes revolutionized algebraic geometry by working in the most general context possi-
ble and through the extensive use of commutative algebra. Not only do schemes allow us
to keep track of geometric information as mathematicians have been doing for centuries,

but also keep track of algebraic information.



One major theme in algebraic geometry is the classification of various mathematical
objects, whether they be curves, varieties, schemes or vector bundles. Linkage theory,
sometimes called liaison theory!, studies links between curves. Roughly speaking, two
curves in projective space are directly linked if they complement each other, that is, if
their scheme-theoretic union is in a desired classification of curves. Scheme theory allows
us to use the same curve twice, which we call self-linkage. Charles Walter showed that
if we use arithmetically Cohen-Macaulay curves to link, then any two curves are in the
same linkage class (27). The most commonly used classification for linkage is complete
intersections. A complete intersection of dimension one in P3 is a curve whose ideal
is generated by exactly two elements: geometrically this means an intersection of two
surfaces meeting properly. Linkage is very important because it allows us to study a
curves by linking it to a better understood curve, and draw conclusions for our original
curve. For example, linkage theory provides many formulas for numeric invariants of
schemes such as degree and genus. A commonly used practice in linkage theory is to
create the linkage class of a curve, which allows us to study a family of curves instead
of one or two curves at a time. Two curves are in the same linkage class if there exist
a chain of links between them. The linkage equivalence class defines a classification of

curves.

Linkage is an Americanization of the French “liaison”. Migliore coined the term “linkage” in the
1980s.



We explore a different classification question: self-linkage. Many algebraic geometers
have worked on questions of self-linkage, including the following: Rao (24) characterized
self-linkage for local complete intersection curves; Franco, Kleiman, and Lascu (6) ana-
lyzed schemes of codimension two over a field of characteristic 0; Kleiman and Ulrich (13)
characterized self-linked perfect ideals of grade 2; and Ellia (5) analyzed smooth, integral
curves. Casnati and Catanese (3) characterized when a scheme of pure codimension two
in P" is self-linked over a field of characteristic not equal to 2. They proved that, under

minor restrictions, self-linkage of scheme C' is equivalent to the existence of a resolution

0——E&Y(=d—m)—— Opn(—m) ®E — Lo ——0

where Z¢ is the ideal sheaf of C, £ is a vector bundle over P", and £V is the dual of
E. Furthermore, the map a : £Y(—d — m) — & is symmetric. The degrees of the
hypersurfaces giving the self-linkage are d, m.

We study non-reduced locally Cohen-Macaulay quasi-primitive curves in projective
three space whose support consist of a line, or multiple lines for short. If we need to
specify the degree d of the multiple line, we will refer to it as a d-fold line, or prime-fold

line if d is prime.

Problem 1. Let W C P? be a d-line.

(a) Under what conditions is W directly linked to another d-line?

(b) Under what conditions is W self-linked?



The answers are easy when d = 1: two lines in three dimensional projective space
meeting at a point are linked, but a pair of skew lines are never linked because complete
intersections are connected. For d = 2, Migliore (18) proved that, with a few exceptions,
double lines are self-linked only in characteristic two. For multiple lines of higher degrees,
we give further results on self-linkage in characteristic two, where the methods of Casnati
and Catanese do not apply. Martin-Deschamps and Perrin proved upper bounds on the
values of the dimensions of the graded pieces of the Rao module h'(Zgo(n)) for a curve
C C P? in terms of the degree and genus of C' (15), and classified the curves giving
equality for all n, which they called extremal. A characterization of extremal curves is
that they are non-planar curves that contain a planar curve of degree one less. Every
non-planar double line is automatically extremal because it contains a line. We extend

Migliore’s result to extremal prime-fold lines.

Theorem 1. (Corollary 4.5.2) An extremal prime-fold line in P3 is self-linked if and

only if the characteristic of the ground field is two.

Roughly speaking, the fact that 2d only has two factorizations when d is prime forces
self-linkage of extremal prime-fold lines to occur using a quadric, if possible. Theorem 1

follows from a more general analysis of multiple lines.



Theorem 2. (Theorem 4.3.1) Consider a multiple line W in P3 of degree d > 2.

1. W s self-linked if one of the following occurs. The multiple line:

(a) is a complete intersection,

(b) up to coordinate change has ideal of the form (2%, xy, xq — y* 1)

)

(c) is extremal and the characteristic of the ground field is two,

(d) lies on a quadric cone.

2. W can’t be self-linked by a quadric if W :

(a) is an extremal prime-fold line and the characteristic of the ground field is not

two,
(b) lies on the smooth quadric and no other quadric,

(c) lies on the reducible quadric and no other quadric.

Greco and Paxia observed that if a curve of degree at least five is contained in two
independent quadric surfaces, then it is extremal (8). Therefore, the classifications of
quadrics drives the organization of the statement and proof of Theorem 2. In charac-
teristic not equal to two, it is well known that there are four categories of quadrics in
P3: the smooth quadric, the quadric cone, the reducible quadric and the double plane
(10). With help by Dr. Mohan Kumar, we provide a proof that the result extends to
characteristic two. The alert reader might notice that the double plane is missing from
the statement of Theorem 2. At this point, self-linkage of multiple lines that lie on the

double plane and no other quadric is still an open question.



We also provide a more detailed analysis of triple lines which includes direct linkage

as well as self-linkage.

Theorem 3. (Theorem 5.5.1) Consider d-fold lines W, W' in P3 with d = 3. They are

directly linked if and only if one of the following occurs:
1. They are complete intersections whose ideals share a generator.
2. They are supported on opposite rulings of a smooth quadric.
3. They lie on a quadric cone.

4. Up to coordinate change, the ideal of W is Iy, = (22, 2y, y?, 2q — y?~1p) and one of

the following:

(a) The ideal of W' is Iy = (2%, 2y, y¢, xq' — y? 1p'), where for some o € k* and

some g € Sy_o we have with p' = ap and ¢ = —a(gp + q).

(b) The ideal of W' is Iy = (32, vy, 2%, yq — 2% 1p).

Similar constructions generalize for all d > 3, but whether these are the only possi-
bilities is an open question (see Theorem 4.3.3). The following example uses part 4b of

Theorem 3 to show that characteristic two is needed for self-linkage.

N+1 _ y22N>

Example 1. Consider the triple line W C P? with ideal Iy = (22, zy, v*, 2w
where N > 1 and the complete intersection ideal Ix = (2%,%?). Then X links W to

the triple line W’ with ideal (22, zy, 3, 2wt + y22Y). In particular, this complete

intersection yields self-linkage only in characteristic two.



2 Background

We will assume the reader is familiar with basic algebraic geometry (10). This chapter
is dedicated to covering well established definitions in algebraic geometry relevant to
linkage theory of space curves. We start by introducing definitions and results in linkage
theory that will be relevant to our arguments. We will end this chapter by introducing
our main object of interest, extremal curves. First we will talk about their constructions

and properties, and then we will discuss the extremal multiplicity structures on a line.

Notation 2.0.1. Let k be an algebraically closed field of arbitrary characteristic. We
denote by S the ring k[x,y, 2z, w] and the associated projective space by P> = ProjS.
The graded decomposition of S is @dzo Sy where Sy is the vector space of homogenous
polynomials of degree d. If F is a coherent sheaf on P3, then H.(F) denotes the graded

S-module @,,., H (P?, F(n)). For convenience we will write H'(F(n)) for H (P?, F(n)).

Definition 2.0.2. We define a curve C' to be a one dimensional proper scheme all of
whose local rings A = O, are Cohen-Macaulay, which means depth A =dim A =1. In

particular, any curve in P? is closed.
The following lemma will be used throughout this thesis.
Lemma 2.0.3. Let C C C' C P? be two curves of degree d. Then C = C".

Proof. The Hilbert polynomials of C' and C’ take the following form:

Pc(t) =dt +1 —pa(C’) and Pcl(t) =dt +1 —pa(C”).



The containment C' C C” implies we have a surjective map ¢ : O — O¢. Thus we

have the following short exact sequence:

0—— Ker® OC/ OC 0.

From the short exact sequence we get that the Hilbert polynomial

PKer@(t) = PC(t) - PC’(t) = (dt + 1 _pa(c)) - (dt + 1 _pa(ol)) = pa(ol) _pa(c)

is constant. Hence Ker @ has finite support, say {p;}. Consider the following short exact
sequence

0 —— Ker ®,, —— O p, — Oc.p, —— 0.

By our definition of curve, we have that O¢,, and O¢,, are Cohen-Macaulay rings
of dimension and depth 1. By (16, Theorem 17.6), they have no embedded primes.
Furthermore, by (26, Lemma 2.5) Ker ®,, = 0 for all p;. Therefore Ker ® = 0 since it has

no support. Finally we have an isomorphism Og = Og. We conclude C' = C". O

2.1 Linkage Theory

While the definitions and results we will be using in this section can be found in greater
generality, we will only state them as they will be needed. For a general reference about
liaison theory, the reader can see Migliore’s book (17). For more detailed results for
space curves, the reader can see the paper by Martin-Deschamps and Perrin (14), and

the paper by Peskine and Szpiro (22).



We will start this section with the ideal quotient. This ideal is at the heart of the
definition of linkage theory. Furthermore, it will also be very important for many of our

proofs.

Definition 2.1.1. Let I and J be ideals of S. The ideal quotient is defined as follows:

[I:J]={seS|JsCI}.

Next, we will define complete intersections which will be our linking scheme.

Definition 2.1.2. If X is a curve in P?, then X is said to be a complete intersection if

the number of generators of Iy is equal to 2.

Definition 2.1.3. If R is a ring, then a pair F,G of elements in R is called a reqular
sequence in R if F' is not a zero divisor in R, multiplication by G induces an injective

map on R/(F), and R/(F,G) # 0.

The following proposition contains a characterization of complete intersections which

will be useful for our arguments.

Proposition 2.1.4. Let 0 # F,G be two homogeneous polynomials in S = klz,y, z,w].

Then the following are equivalent:

1. (F,G) = Ix form some unique complete intersection X C P3.

2. (F,G) is a regular sequence.

3. F and G have no non-constant common factor.



Proof. Statements 1 and 2 are equivalent by (17, Example 1.5.1). We will prove state-
ments 2 and 3 are equivalent by proving their negations are equivalent.

(=) Assume polynomials F' and G have a common factor H ¢ k. So

F=HF and G= HG

for some polynomials F” and G'. Notice that F’ # 0 in S/(F) since H ¢ k, but

GF'+(F)=HF'G' +(F)=FG + (F)=0+(F) e S/(F).

Thus G is a zero divisor for S/(F') and thus (F,G) is not a regular sequence.
(<) Assume that (F,G) is not a regular sequence. Since F' is not a zero divisor in S
and S/(F,G) # 0, we must have that G + (F)) is a zero divisor in S/(F"). There exists a

non-zero element H + (F') in S/(F), in particular F' fH, such that

GH+ (F)=(F)=GH € (F) = F|GH.

F and G have a non-constant common factor since S is a unique factorization domain. [

Definition 2.1.5. Let C and C” be curves in P? and let Iy = (F,G) C Ic N Ic be a
complete intersection ideal. Then C'is directly linked to C' by X if and only if we have
the following equalities for the ideal quotients [Ix : I¢] = I¢r and [Ix : Icr] = Io. We will
use the notation C' 2 C”. The curve C is said to be residual to C' in X and vice-versa.

If C' = (', the we say C is self-linked.

10



Example 2.1.6. Consider the curves C,C" C P with ideals Ic = (z,y) and Icr = (x, 2).

Then C is directly linked to C" by the complete intersection X with ideal (x,yz).

An equivalent definition of algebraic linkage used by Schenzel (25), Peskine and Szpiro
(22), and Rao (23) is presented below. We will not use this definition, but it is presented

for context.

Definition 2.1.7. Curves C' and C” in P? are directly linked by complete intersection X

if and only if

1. IX C Icﬂlc/;

2. C' and C’ do not have embedded components.

3. IC//IX = Homoﬂm (Oc, OX)

4. Ic/IX = Homoﬂm (OC’, Ox)

We will not completely prove that both definitions are equivalent. However, we will
prove a key step in the proof, namely the isomorphism [Ix : I¢|/Ix = Homg(S/Ic,S/Ix).
The lemma helps prove that the statement Io/Ix = Homg(S/Ic,S/Ix) is equivalent
to the statement Z¢v /Zx = Home,, (O¢, Ox). Similar arguments follow by reversing the

roles of C’ and C.

Lemma 2.1.8. If C C X is a curve in P? lying on a complete intersection, then

[IX . IC]/]X = HOmS(S/Ic,S/]X).

11



Proof. Consider the map

(VA []X : Ic] — HOIHS(S/[C,S/IX)

where

sn—>(t+IC|&>st+IX).

Notice that s € [Ix : I¢] implies I C Ix thus the map ®; is well defined. We also have

the following:

sely & stelyVtels
S ost+Ix=IxVte S
& P, =0¢€ Homs(S/Ic,S/Ix)

& s e Ker .

Note that the first <= can be justified by letting t = 1. Thus we have

Ix = Ker W,

Let ® € Homg(S/I¢,S/Ix). Let ®(1 + Ic) = s+ Ix. Since @ is an S-homomorphism
we have for all t € S that ®(t + Ic) = t®(1 4+ I¢) = st + Ix. Thus s € [Ix : I¢] and

U(s) = ®. Therefore we have the following short exact sequence

0— Ix — [Ix : I¢] = Homg(S/Ic,S/Ix) — 0.

12



By the first isomorphism theorem we get

[IX : IC]/]X = HOIHS(S/IC,S/IX).

O

Now that we have the definition, we will state some basic results that will be useful

later.

Proposition 2.1.9. If two curves C and C' in P? are directly linked by complete inter-

section X with ideal Ix = (F,G), then deg C + deg C' = deg F' - deg G.

Proof. A special case of (12, Proposition 4.7) where n =3 and r = 1. O

Proposition 2.1.10. Let C C X be a curve in P lying on a complete intersection curve.

Consider J = [Ix : Ic|. Let Icr be the scheme defined by J, so J = Icr. Then

1. CUC' = X as sets.

2. C'" is a curve.

3. CX (.

Proof. A special case of (17, Proposition 5.2.3) using n = 3. O

The previous proposition is important because it lets you start with one curve and
guarantees that a complete intersection, which contains the original curve, links it to
another curve by only having to check one of the ideal quotients in the definition instead

of two.

13



Notice that direct linkage is not necessarily transitive or reflexive. As a matter of fact,
we determine which multiple lines are reflexive for this relation, thus determining which
multiple lines are self-linked. In general, linkage theory uses direct linkage to generate
an equivalence class. We will not focus on the equivalence class. However, the definition

will still be provided below as a reference.

Definition 2.1.11. The equivalence relation generated by direct algebraic linkage is
called linkage. More precisely, we say that C'is linked to C’, denoted C' ~ C” if there is a
sequence of curves (', ..., Cy and a sequence of complete intersections Xi, ... Xy, such
that

X1 Xo X Xk41
e . No e

If £+ 1 is even, we say that C' and C” are evenly linked. Notice that even linkage also
generates an equivalence relation, and the equivalence classes are called even linkage
classes. The notion of even linkage is sometimes called bilinkage and evenly linked curves

are said to be bilinked.

The linkage class of complete intersections is one of the best understood linkage
classes. We have the following special case of a proposition from (17, Page 108). While
the inclusion of the proof is not necessary as it can be found in (17), we are including it

as it is similar to proofs we will find later in this thesis.

Proposition 2.1.12. Any two complete intersection curves in P3 are in the same linkage
class. Furthermore, they are linked by at most two steps and are directly linked if their

1deals share one generator.

14



Proof. We prove the last statement first. Assume C' and C’ are complete intersection

curves in P? with ideals Is = (F,G) and Iov = (F,G’). Furthermore consider the

complete intersection X with ideal Ix = (F, GG’). Clearly we have the following

Ix CleNIe.

For the other necessary equalities we need to do a little more work.

[]X . [C] = {S‘SIC C ]X}

= {s|s(F,G) C (F,GG")}
= {s|sG C (F,GG")}
> (F,G"

- _[C/

For the other containment, we have

SE[IXifc] =

s(F,G) C (F,GG")
sG € (F,GG)

sG = fF + gGG' for some f,g € klz,y, z, w]

sG — gGG' = fF
G(s—gG") = fF
G|fF.

15



But (F,G) is the ideal of a complete intersection which means G and F' do not have

any factors in common by Proposition 2.1.4. Thus we can conclude that f = f'G to get

G(s—9G)=fGF = s—gG =fF
= s=f'F+gG
= se(FG)

= s¢€lo.

Thus we have C & (. Running the argument again, we can produce a sequence of
links, changing one generator at a time, from one arbitrary complete intersection curve
to the other in two steps. Thus, if we have a third complete intersection curve C” with
Ion = (F',G"). We can directly link C” to C” using complete intersection X’ with ideal

Iy, = (G, FF') to get the following chain:

croXc

O

The above proof also shows that complete intersections of codimension 2 are in the

same bilinkage class.
Corollary 2.1.13. Any complete intersection curve in P3 is self-linked.

Proof. Let G' = G in Proposition 2.1.12. O

16



2.2 Rao Modules and ACM Curves

The Rao module? will be a powerful tool for analyzing the support of extremal multiple
fold lines. Arithmetically Cohen-Macaulay curves will appear throughout this work. We
will normally deal with them separately as they have a different structure from other

curves. We will start by stating the definition of the Rao Module.

Definition 2.2.1. Let C' be a curve in P®. The Rao Module M(C') of C is the graded

S-module defined by the first cohomology of the ideal sheaf of C', namely

We will use both notations as appropriate.

Definition 2.2.2. Let I = H2(Z¢) be the saturated ideal of a curve C' in P2. Then YV

is arithmetically Cohen-Macaulay (ACM) if and only if S/I¢ is a Cohen-Macaulay ring.

Arithmetically Cohen-Macaulay curves can be characterized as follows.

Lemma 2.2.3. Let C be a curve in P3. Then the following are equivalent:

1. C is ACM.

2. HY(I¢) = 0.

3. The length of a minimal free graded S-resolution of I¢ is 2.

4. C is in the linkage class of a complete intersection.

2The Rao module is sometimes called the Hartshorne-Rao module because Hartshorne defined it.
However, Rao’s theorem made it into a useful object.

17



Proof. Statement 1 is equivalent to statement 2 by (17, Lemma 1.2.3) using r = 1 and
equivalent to statement 3 by (17, Page 10). Finally, statement 3 and 4 are equivalent by

(17, Example 1.5.1). O

By (17, Example 1.5.1) we have that the length of a minimal resolution of a complete
intersection is equal to its codimension, in our case that means equal to 2. Thus we

conclude that complete intersections are ACM curves.

Lemma 2.2.4. (7, Proposition 1.1) If a curve C' in P3 lies on a quadric surface, then C

is ACM if and only if Io is generated by three (or fewer) elements.

While ACM curves will occasionally show up during our arguments, most of the work
deals with curves that are not ACM. The following theorem is one of the most important
theorems in linkage theory. Rao’s theorem states exactly when two curves in P? are
evenly linked. Even though Hartshorne originally defined the Rao module, the module

is named after Rao because this theorem made it into an useful object.

Theorem 2.2.5. Let C and C' be curves in P* with Rao modules H} (Zc) and H} (Zcr).

Then C' is evenly linked to C" if and only if H:(Z¢) is isomorphic to some shift of H(Zc).
Proof. (23, Theorem 2.8) and (17, Theorem 6.2.7). O
Before we present the Hartshorne-Schenzel theorem, we need the following definition.

Definition 2.2.6. Let C be a curve in P, then its dual Rao module is defined as follows

M*(C) = [HAZe)]" = Homy(M(C), k).

18



Theorem 2.2.7. (17, Theorem 5.5.1) Let C, C'" C P3 be curves and assume that C el
where X is a complete intersection with ideal Ix = (F,G) and sheafified minimal free

resolution

0—— Ops(—a — b) —— Ops(—a) © Ops(—b) — Ly ——0

where deg F' = a and deg G = b. Then

M(C") = M*(C)(4 — a —b).

We will end this section with the fact that will be useful for direct linkage but not for

self-linkage.

Proposition 2.2.8. (17, Corollary 5.2.14) Let C and C" be curves in P>. If C is directly
linked to C" by X and deg C = deg C" then p,(C) = p.(C"), where p,(C) is the arithmetic

genus of the curve C'.

2.3 Extremal Curves

Before we discuss multiple lines, we will discuss extremal lines. We will need the following
two definitions and a result by Martin-Deschamps and Perrin (15) in order to define what

an extremal line is.

Definition 2.3.1. Let C be a curve in P3. Then the Rao function pc(j) of C' is defined

as follows
pc(j) = W' (Ze(j)) = dimpH' (Ze(4)) for j € Z.

19



The function pe(j) is named the Rao function because it gives the dimensions of the

graded pieces of the Rao module of C'.

Definition 2.3.2. A curve C in P? is degenerate if C lies on a plane H C P3. Otherwise

C' is non-degenerate.

Theorem 2.3.3. Let C' be a non-degenerate curve in P of degree d > 2. Then the

following inequalities hold for the Rao function

0 ifj < g,
@D g5 ifg— D <<,
po(j) < 2D ifo<j<d-2
WD _g—j ifd—2< ;< WHED
0 if R g <.

Now we can define what an extremal curve is.

Definition 2.3.4. Let C' be non-ACM curve in P? of degree d greater than or equal to

2. Then C'is extremal if the equality holds in Theorem 2.3.3 for each j.

Finally, we will state geometric conditions equivalent to the condition of extremal

which will help us to categorize prime-fold lines.

20



Theorem 2.3.5. Let C C P? be a curve of degree d > 5. The following are equivalent:
1. C s extremal.
2. C contains a planar subcurve of degree d — 1.
3. C is contained in two independent quadrics.

Furthermore the first two are equivalent for d > 2.

Proof. By (8, Theorem 2.2) and (20, Proposition 2.2). O

2.4 Multiplicity Structures on Space Curves

In this section we will quickly review the results of Banica and Forster (2) on multiplicity

structures on smooth curves in smooth surfaces.

Definition 2.4.1. If Y is a scheme, then a multiplicity structure Z on Y is a locally

Cohen-Macaulay scheme Z which contains Y and has the same support as Y.

Consider a non-singular curve Y in P? and multiplicity structure Y C Z C P3. Banica
and Forster defined a filtration Z as follows: let Y denote the scheme defined by Ii..
Remove any embedded points from ZNY® and call it Z;. Then Z; is the unique largest
Cohen-Macaulay subscheme contained in Z NY®. Let k be the smallest integer such

that Z C Y® | then we have

Y=4,CZyC---CZ,=72.
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Let Z; = Tz,. Define L; = Z;/T;.; to be the sheaves associated to this filtration. The
L;’s are locally free Oy-modules. Also, we get generically surjective maps L; ® L; — L;;

and LY — L;. Then we can get short exact sequences

0 Ij+1 Ij Lj 0.

Because Y C P? is a smooth subvariety of codimension two, the conormal sheaf Zy /73

is a rank two bundle on Y (10, Theorem I1.8.17). Since we have the following diagram

~

Iy T3

we can conclude that L; has rank 0, 1 or 2. The rank 0 case yields that all L; = 0
and thus Z = Y. The rank 2 case yields that Zy /Z2 — L, is an isomorphism. Thus
Y ¢ Z and Z has generic embedding dimension 3. Therefore the main case of interest
is rank equal to 1. In this case we say that the extension Z is quasi-primitive. The
generically surjective maps L?j — Lj imply that there are effective divisors D; on Y
such that L; = L7(D;) for j < k. We say that (deg L,deg Ds, ... ,deg D;_1) is the type

of the extension ~Z.

Proposition 2.4.2. Let Z C P? be a planar multiplicity structure of degree d on a line.

Then up to coordinate change I, = (x,y%). In particular, Z is a complete intersection.
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Proof. Let Y be the line with ideal Iy = (x,y) and Z be contained in the the plane

x = 0. By the Banica and Forster construction, we consider

ZNYYWie I+ 1.

Globally we have the ideal I = (z, fi1, fo, ..., fn)

IZ_I'I}]/ - (xafbf?a"'vfn)+(xjaxj_ly>xj_2y2a"'7xyj_l>yj)
- (xaflmf?w"7fnaxjaxj_ly>$j_2 27-"71:yj_1>yj)

= (@ fi, fose ooy fur )

Furthermore to obtain Z;, we have to remove any embedded points from Z NY7. Thus
we have

Z;czZnYY =1, >+ 1.

Consider the complete intersection ideal Iy = (z,y’). We have

IxCl;+ L, Cly = Z; CX.

By construction Z; doesn’t have any embedded points, thus it is Cohen-Macaulay, like
the complete intersection X. If deg Z; = j then by Lemma 2.0.3 we have X = Z;. We
can take j = d to obtain the result. Therefore the proof is finished by the proving the

following claim.
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Claim: deg Z; = j.

Recall that we have a short exact sequence

0 Ij+1 Ij Lj 0.

We have the following commutative diagram:

0 0 (1)
0 T 7 L; 0
0 Ops — Ops 0
Oz, e Oz
0 0

By the snake lemma we have the following exact sequence

0 Ker ¢ L; 0 Coker p —— 0

which yields the following short exact sequence

¢

0—>Lj—>OZj+1 OZ- 0.

J
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Recall that L;’s are locally free Oy-modules. Since Y is a line we have Y = P!
Therefore L; = Opi(a;) for some integer a;. A Hilbert polynomial calculation using the

short exact sequence yields

PZjH(t) = PZj(t)—FP[pl(al)(t)
= (dit+C)+ (t+1+a)

= (d;+D)t+C+1+a

where d; is the degree of Z;. Therefore deg Z;;1 = deg Z; + 1. We complete the proof of

the theorem by recalling the fact that Z; =Y and thus deg Z; = 1. O

Lemma 2.4.3. (19, Lemma 1.5.c) A multiple curve in P3 is planar if and only if its of

type (—1,0,...,0).

Finally, we will state geometric qualities of extremal lines which will help us to cate-

gorize prime-fold lines.
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Theorem 2.4.4. A quasi-primitive d-fold line in P* with d > 3 is extremal if and only

if its type is (—1,0,...,0,b).

Proof. Let W be a d-fold line with support on line Y with d > 3. Then it is of type

(deg L,deg Do, ...,deg Dy_1).

By Theorem 2.3.5, W is extremal if and only if it contains a planar subcurve Z
of degree d — 1. Proposition 2.4.2 implies that up to a coordinate change we have

I; = (z,y*'). We have

I; = (" Vo' oIy + I = Zcwnylb,

The Banica and Forster construction for multiplicity structure implies that W,_; is
the largest Cohen-Macaulay subscheme contained in W NY @Y. Complete intersections
are Cohen-Macaulay schemes, thus we get Z C W,;_;. By the claim in the proof of
Proposition 2.4.2 degW,;_1 = d — 1. Now by Lemma 2.0.3 we that Z = W, ;. Thus W
is extremal if and only if W,_; is planar. By Lemma 2.4.3 we have that W,_; is planar
if and only if it is of type (—1,0,...,0). Finally, that is equivalent to W being of type

(=1,0,...,0,b). O

Notation 2.4.5. If W is an extremal line of type (—1,0,...,0,b), we will say that W

has type b.

26



Lemma 2.4.6. Let W C P2 be an extremal d-fold line of type b, then its arithmetic genus

is pa(W) = (d* — 3d — 20+ 2)/2.
Proof. We get the result from combining (19, Lemma 1.3) and Theorem 2.4 4. O
The previous result allows us to say the following:

Corollary 2.4.7. Let W and W' in P? be extremal curves of degree d and of type

(—=1,0,...,0,b) and (—1,0,...,0,b") respectively. If W and W' are are linked, thenb =1'.

Proof. By Proposition 2.2.8 we have that p,(W) = p,(W’). From Lemma 2.4.6 we get

pa(W) = @ —d+1—"band p,(W') = @ —d+1—10'. Combining both results we

get

pa(W) = pa(W,)

d* —3d—2b+2 d* —3d — 20 +2
2 2
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3 Quadric Surfaces in P?

Quadrics surfaces in P? over the complex numbers have been studied and used for more
than 100 years. Extending a well-known result over C, we will geometrically classify
quadric surfaces into four categories: the smooth quadric, the quadric cone, the reducible
quadric and the double plane. Extending classical results over C, we prove that the
quadrics surfaces in any characteristic classify into these four categories. These surfaces
will be necessary for creating complete intersections that can link two prime-fold lines.

We start this chapter with a natural lemma.

Lemma 3.1. Let F € k[xg,x1,...,2,] be a a non-zero quadratic form and assume
OF/0x; are linearly independent. Let Z = M™'T be any linear coordinate change with

M € GL(n+ 1,k). Then OF/0z; are also linearly independent.

Proof. Consider a linear coordinate change given by the matrix

b0,0 bO,l s bO,n
bl,O bl,l Ce bl,n

M = € GL(n+1,k).
bn,O bn,l bn,n
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Define the z;’s such that

boo box ... bon 20
bl,O bl,l cee b1,n 21
bn 0 bn,l bn n Zn

In other words we have
n
xTr; = E bz"ij.
j=0

Thus the partials of x; with respect to z; are

— b, .
8Zj "

Now suppose that there are constants a; for which

Zo

T

Tn
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We have 0F/0x; are linearly independent by hypothesis and thus

- - T - - - - - - - -
bo’o b071 e bom ag 0 ag 0
n bl,l b171 . bl,n aq 0 aq 0
Zaibm =0 for all j = = = —
i—0 . . . . . . .
bn 1 bn 1 bn,n ap, 0 Ay 0

The first implication is by the definition of matrix multiplication and the second impli-
cation follows from the fact that if M is invertible then M7 is also invertible. Therefore,

we have 0F/0z; are also linearly independent. O

I would like to thank again Dr. Mohan Kumar again for providing the statement and
a sketch of the proof for the case where the characteristic of the field is equal to 2 which

we will present next.

Theorem 3.2. Let k be an algebraically closed filed of characteristic 2. Up to a linear
coordinate change, any quadric 0 # F € k[xg, ..., x,] is of the form > zy;, 2% + > 2y

or 22 where z;, y;, 2 are distinct variables in {xg,...,x,}.

Proof. Let F(xy,...,x,) be any quadric and let F; = OF /0z;. Then the F;s are linear
forms.
Claim 1: If the F}’s are linearly independent, then F' = " x,y;.

We will prove this by induction on n.

e n=0:We have F' = aoxg. Thus Fy = 0 which is not linearly independent. Thus

the hypothesis is not true for n = 0. We will start the induction with n = 1.
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e n =1: We have F = apz} + bxor; + a;2%. By assumption char k = 2 we have
that Fy = bxg and F} = bx; which are linearly independent and thus b # 0. Notice
that if either ag or a; equals zero, then F' = (bxg + ajxq)zy or F = x¢(apxo + bxq)
respectively. After an easy change of coordinates we get F' = zgz;, therefore we can

assume that ag and a; are non-zero. Consider the following:

2 2
F = apxy+ brory + arxy
2.2 2
~ (agry | agro | apar ) b ,
= ety T2 ) 0
b>zx7 by b ap
b2 Qg Lo Qo
= (22+z+a) —z7] with z = —— and a = —5
Qo T b

Since the field k is algebraically closed, we have that z? 4+ z 4 a has at least one

root, label it 7. Now, notice r* 4+ r 4+ a = 0 implies the following:
(r+1P2+(r+)+a=r’+1+r+1l+a=r"+r+a=0.

Therefore we have two distinct roots: r and r + 1. Thus 22 + z + a factors into two
distinct linear equations (up to scalar multiple) z —r and z —r — 1. Putting it back

together we get

2
F = (@+z2+a) b—:cf
Qo
b2
= (z—7)(z—(r+1)—a]
Qo

Qg Lo ag Lo b2 2
= _—— — _—— — 1 —
( b Al T) ( b T (T * )) CLOxl
b
= (370 — _T;El) <a,01‘0 — b(r + 1)!131)

Qo
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Since z—r and z—r —1 are distinct (up to scalar multiple), then so are (:co — Z—gm)

and <a0x0 —b(r+ 1)3:1). Consider the coordinate change

br
20 = Xo— —IT1,
Qo

Z1 = Qoo — b('f’ + 1).’171,
then F' = zpz;.

e n=~Fk>2:Wehave F and F; as in the set up. So F,, # 0 and has no z,, term
(remember that char k = 2 so the partial derivative of 22 vanishes in F,,). Relabel
indices if necessary to make sure that F}, has a nonzero z,,_; term. For some quadric
polynomial H;(xq,...,2, 1) and some linear polynomial Hy(xo,...,z,_1) we can

separate F' as follows:
F = Hi(zo,...,xp-1) + Ho(o, ..., Tn 1), + cxl.

Thus taking partial derivatives, we see that we have F,, = Hy(xq,...,2,_1). Now

consider the following coordinate change:

Zno1 = Ho(zo,..., 2, 1) and z; = x; for i #n — 1.

32



Note that Hs has no x,, term and recall that the x,_; coefficient is nonzero: if

Zp_1 = 5 a;z;, then z,_1 = 1/a, <Zn—l - § am) :

i<n—1 i<n—1

which we can substitute to derive the following:
F=H(z,...,20-1) + Zn_12n + 2>,
We can also express H as follows:
H(zo, - 20-1) = 2n—1l(20y - -+, Zn-1) + K(20,- -, Zn_2)

where [(zg, ..., z,-1) is a linear polynomial and K (z, ..., z,_2) is a quadratic poly-

nomial. Putting everything together we can say
F=K(,...,202) + 2n1(zn + (20, ..., 20 1)) + c22.
Use the coordinate change
Up = 2n + (20, ..., 2n1) and u; = z; for i #n
to get
F = K(ug,...,up 2)+tp 1(up)+c(un —ug, ... up 1))>
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Note that c(u, —(ug, ..., u,_1))?* does not contribute any terms to OF/du; because

we are in characteristic two. Thus for 0 <i<n —2

OF 0K

By Lemma 3.1 we have that 0F/0u; are linearly independent and thus so are
OK/Ou;. Therefore the partials of K € k[ug,...,u, | are linearly independent
and K has fewer variables. By the induction hypothesis, after a coordinate change
we can assume that K = ) v;w; where v;, w; are distinct variables that are linear

combinations uy, ..., u,_s. For an appropriate integer r we have

F = K(ug,. .t 2) 4+ tup 1(un) + c(u, — l(ug, ... ,un_l))2

= > viw; + o (un) + c(uy — Uug, .. 1))’
i=0
r+1

= Z vw; + p?,
=0

where p = v/c(u, — l(ug, ..., Un_1)), Urp1 = Up_1 and w,,1 = u,. Since p is linear

we can use the coordinate change above to write p as follows

r+1
p= Z(Cﬂ)i + d;w;) for ¢;,d; € k.

=0
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We can rewrite p* = > (c;v; + dyw;)? since char k = 2. Finally we get

F = Zviwi—l-pz

— Z viw; + Z(Civi + djw;)?
= Z (v,»wi + (cv; + dz‘wz‘)Q) .

Consider polynomials defined as follows

pi = viw; + (civ; + daw;)?.

Notice that

Thus we conclude that the quadric polynomials in two variables p; have linearly
independent partial derivatives. The base step implies that there is a coordinate
change such that p; is of the form x;y; where z; and y; are distinct variables that
are linear combinations v; and w;. Thus we can combine all the coordinate changes

for each 7 to conclude
F = Z Z3Yi

where x; and y; are distinct variables.
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Claim 2: If the Fjs are linearly dependent, then F' =Y z;y; + 2%, F = > z;9; or 2*
after a coordinate change.
In this case, we have a relation ) a;F; = 0 where not all a; = 0. Relabel to make

sure that a,, # 0. Consider the following equations

r;, = 2z +a;z, for i <n,

Ty = QpTy.

We can express the equations in matrix form as follows

ay 20 Zo

0 ... 0 Qp, Zn Tn

where [ is the identity matrix. Notice that

ay

is an invertible matrix and thus M ! is a valid a coordinate change from z}s to z/s.

Finally by the chain rule we have
oF Ox;
=Y R =Y k=0
o~ 2 Fig =2a
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For constants ¢; ; we can write I as follows

n n
2
F = E Z; E CZ'JZj + E Ci,izz‘
=0 1=0

Jj<i
oF
1<t
= ¢,; = Oforallj#n,
n—1 n
F = Z Z; (Z C,‘JZj) + Z CM'Z?.
i=0 j<i i

So we can write I as follows
F=G(z0,...,2n1) + oz’

If the partials GG; are linearly dependent, we repeat the process until we get

and the partial derivatives of G are linearly independent or G is possibly 0. Now we use
Claim 1 to get that after a coordinate change, G = > v;w; which are distinct variables

that are linear combinations zg, ..., z,,. Putting F' back together we get

F:Zvime Z ckzi or F = Z ckzi.

m<k<n m<k<n

A final coordinate change u, = >, _,_, cxzp yields

F:Zviwi—l—uiorF:ui. O
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Now that we have taken care of the special case where char k = 2, we will take care

of the general case.

Theorem 3.3. Let k be an algebraically closed field and 0 # F € k[xy, ..., x,] a quadratic
form. Then there is a linear change of coordinates after which F =Y xyy:, > xy; + 2°

or 2? with z;,y;, 2z distinct variables in {xg, ..., T,}.

Proof. We proved case char k = 2 in Corollary 3.2. Now assume char k # 2. Note that
F' can be brought into the form > "_;a;x7 for some r < n and some nonzero a; € k by
(21, Corollary 2.4). Since k is algebraically closed, we can assume a; = 1. Now factor

pairs of variables as follows.

ZL'JQ + l‘?_H = (Zlfz + il’j+1)(l‘i — ’i!L’j+1)

where i = y/—1. Notice that (x; + iz;41) # (2; — tx;41) since char & # 2. Now do
coordinate change

Xz' =x;+ ’il’j+1 and Y; = X; — il‘j_;,_l.

If the number of variables is even, then we are done. If the number of variables is odd,

then we can replace x, by z. O
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Theorem 3.4. Let Q be a quadric surface in P2. Then up to coordinate change F is in

one of four categories:

1. Smooth quadric with ideal (zx —yw): The image of the Segre embedding of P! x P*.

2. Quadric cone with ideal (xz — y*): The cone over a smooth conic in the plane.

3. Reducible quadric with ideal (zy): The union of two intersecting planes.

4. Double plane with ideal (x*): The doubling of a plane.

Proof. The ideals follow from using n = 3 in Theorem 3.3. The geometric description for

statement 2 is given by (10, Example 11.6.5.2). O
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4 Linkage of Multiple Lines

We will now analyze multiple lines. We will primarily focus on self-linkage by quadric
surfaces, but mention some direct linkage results. We will see that if we assume the
degree to be prime, then self-linkage has to occur (if at all) by using a quadric or a plane.
We start this chapter by looking at the general form of complete intersections that can
link two prime-fold lines of the same degree. We will analyze extremal multiple lines

first. We will finish the chapter by analyzing non-extremal multiple lines.

Definition 4.0.8. A d-fold line is a locally Cohen-Macaulay scheme of degree d supported

on a line in P3.

Lemma 4.0.9. Let W C P2 be a d-fold line and let X C P3 be a complete intersection
that links W to another d-fold lined W'. If d is prime, then Ix = (F,G) where deg FF = 2

and degG = d or deg F' =1 and deg G = 2d.

Proof. Let X be a complete intersection with ideal (F, G) that directly links W to W'.

Thus by Proposition 2.1.9

2d = degW + degW' = deg F - deg G.

Therefore deg F' = 2 and deg G = d or deg F' = 1 and deg G = 2d since d is prime. O

We first analyze the case where deg F' = 1 and deg G = 2d. Later we will analyze the

case deg I' = 2 and deg G = d, which is more interesting.
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Lemma 4.0.10. Let W C P be a d-fold line that is linked to another d-fold line by a
complete intersection X with ideal Ix = (F,G) where deg F' = 1. Then W is a complete

intersection and up to coordinate change it is of the form (z,y?), and thus ACM.

Proof. Let W be a d-fold line and let X be a complete intersection with ideal of the form
(F,G) where deg F' = 1 and deg G = 2d. By a change of coordinates, we assume that

F' = x. Thus, we have that X is planar. We have

WCX=IxCly=ux¢€cly.

Therefore W is also planar. We use Proposition 2.4.2 to conclude Zy = (z,y?). Finally

we have that WW is a complete intersection. O

Corollary 4.0.11. Let W C P3 be a d-fold line that is linked to another d-fold line W’

by a complete intersection X with ideal Ix = (F,G) where deg F' = 1. Then
1. W 1is self-linked.

2. W and W' are directly linked.

Proof. By Lemma 4.0.10, we have that W and W’ are complete intersections. Lemma

2.1.12 proves statement 1. Corollary 2.1.13 proves statement 2. O
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We conclude that if a non-ACM prime-fold line is self-linked, then it is self-linked by
using a quadric, and thus lies on a quadric. For this case, we look at deg I’ = 2 and
deg G = d. However, if we limit our scope to links involving a quadric, then the following
results are valid in arbitrary degree greater than or equal to 3. We will explicitly mention
which results need an odd prime degree. Unless stated otherwise, we will assume that

all complete intersections involve a quadric.

4.1 Extremal Multiple Lines

First, we will analyze d-fold line W C P? contained in two independent quadrics. From
Theorem 2.3.5 we have that if degW > 5, then W is extremal. By (19, Proposition 2.1)
and (19, Proposition 2.3) we have that the previous statement holds for triple lines as
well, unless W is a thick triple line or W lies on the quadric cone. Theorem 2.4.4 states

that the type of W is the (d — 1)-tuple

and by Theorem 2.3.5 W,_; is a planar curve. We have the following short exact sequence

0— Iy — Iy, , — Oy(b—d+1)—0
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Theorem 4.1.1. Let Y in P3 be the line x =y = 0 and let Z be the multiplicity d — 1
structure x = y* ' =0 on Y. Let p, q be two homogeneous polynomials of degrees b —
d+2,b which have no common zeroes along Y. Then the maps x — p,y?~! + q define a

surjection u : Ty — Oy (b —d + 1). The kernel of u is the ideal sheaf of a d-multiplicity

structure W on Y. Further, we have
1. po(W) = (d* —3d —2b+2)/2.
2. Hi(Zw) = (5/(z,y,p,0)(b— d + 1).
3. Iy = (2, 2y, y", zq — y* 'p).

4. If p',q" define another d-structure W', then W = W' if and if there exist ¢ € k*

such that p’ = cpmod Iy and ¢’ = cqgmod Iy .
5. W s quasi-primitive unless ¢ = 0 and d > 3.

Proof. By hypothesis we have Z is a complete intersection with ideal I; = (z,y¢"!). We

have the following diagram:

0—>S(—d)_—x>5(—1)@5(1—d) {x ’ ]]Z 0.

Tensor with Sy = S/(x,y) (which is right exact) to get

N

0

0 [93 gjd_l}

Sy(—d) E— Sy(—l) D Sy(l — d) _— ]Z & Sy —0.
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Therefore

which yields the following isomorphism

]Z®Sy :Iz/fzfy = Sy(—l) @Sy(l —d)

where I/I;Iy is freely generated by the images of x and y?~!.

Therefore the map
defined by z +— p and y? ! +— 7 is well defined. This maps defines the following graded

homomorphism

(ﬁl[z Sy(b—d+1)

>~ 7

D : Iz/Izly

Since (p, @) is a regular sequence in Sy, we have the following sequence

0——=8y(=b—1)"— o —=S0b-—d+1)—2=80b-d+1)/(p,q) —0
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Let Ker ¢ = Iyy. Notice that we have the following commutative diagram:

0 0
0—)]2/szy;>fz/fzfy 0 0
0 Iw I;—— Eq)b—d+1)—0

Using the snake lemma we have the following short exact sequence

0—>Iz/fzfy—)fw—>5y(—b— 1)—)0

which we can use to lift a generator from Sy (—b — 1) to Iy. Following the maps we

obtain that 1 lifts to zq — y?~'p. Therefore the short exact sequence yields

Ly = (Izly,zq — y* 'p).
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Sheafify

q
| Sv(=1)
—-Pp

0—Sy(-b—1)— o —SOb-—d+1)—25SOb-d+1)/(p,q) —0

Sy(1—d)

to obtain

Oy(-1)

0——Op(=b—1)— ¢  —250y(b—d+1)— M ——0

Oy (1 —d)

where M = Sy (b — d +1)/(p,7). Furthermore, we have that the stalk maps ®,, are
surjective for all points py since (p, q) do not have any zeros in common. Therefore P is

surjective and M = 0. We can also set up the exact sequence

¢

0 Iw Iy Sy(b—d+1)——Sy(b—d+1)/(p,q) — 0.

Sheafify the sequence to obtain

0— Ty I, Oy(b—d+1)— M =0——0.
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Apply functor H?!

0—— H)(Iw) — H)(Iz) — H)(Oy(b—d + 1))

By Lemma 2.2.3 we have H}(Z,) since Z is a complete intersection, and thus ACM. We

have the following exact sequence

which yields

H,(Iw) = Sy(b—d+1))/ImI; = Sy(b—d+1)/(p,7) = (5/(2,y.p,q))(b—d + 1)

We use the same snake lemma as in diagram (1) in Proposition 2.4.2 to get

which yields the fact that Supp W =Y and depth Oy, is greater than or equal to 1. Thus
we have that W is a multiplicity d structure on Y. Since p,(Z) = 1(d — 2)(d — 3) we get

that p,(W) = (—=b+d+1) 4+ 3(d — 2)(d — 3) — 1 which simplifies to (d*> —3d — 2b+2)/2.

47



If p/, ¢' define another d-fold line W' such that W = W', By the construction above
we must have (p,7) = (p/,¢') in Sy. This only occurs if and only if there exist a ¢ € k*

such that p’ = cpmod Iy and ¢’ = ¢c¢mod Iy. Finally if ¢ = 0 and d > 3, we have

Iy = (2%, zy,y%) O (2% 2y, y", y" 'p) = Iw.

So Y® c W and thus W is not quasi-primitive. O

Corollary 4.1.2. Consider multiple line W of type (—1,0,...,0,b). Then after a change

of coordinates, W is constructed as in Proposition 4.1.1.

Proof. Any multiple line W of type (—1,0,...,0,b) with planar d — 1 multiplicity struc-

ture W,_1 has the following short exact sequence.

0— Iy — Iy, , — Oy(b—d+1)—0

Then the construction above gives

Z;—Oy(b—d+1)——0

0

We will separate the cases by values of b. We will consider d-fold lines where d is

greater than or equal to 3.
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Corollary 4.1.3. Let W C P2 be a d-fold line of type (—1,0,...,0,b) with b > 0. Then

b=0 orb>d—3. Moreover, up to coordinate change:

(a) If b= 0, then W is planar with ideal (x,y?).

(b) If b = d — 2, then degW = 2 or W is ACM with ideal (22, zy,zq — y*~1) where

VS k[z>w]d—2-

(¢c) If b =d —1, then (Ann M(W)); = (Ip,)1, where py € Z(x,y) is a point and the
ideal of W is (22, zy,y?, vq — y¥'2) where q € klz,w|q_1 and p and z have no

common zeroes along Z(x,y).

(d) If b > d, then (Ann M(W)), = (z,y); with ideal (22, 2y, y?, vq — y?~1p) where

p € k[z,w]p_qr2 and q € k[z,w), which have no common zeroes along Z(x,y).
Additionally, W is extremal when b > d — 1 and ACM when b=d —2 or b= 0.

Proof. Consider the Rao Module M (W) = (S/(x,y,p,q))(b — d + 1) where W is an
extremal d-fold line of type b. First notice that for type 1 < b < d — 3, we have
degp < —1l and 1 < degq < d— 3. So we have p = 0. For d-fold line to exist then ¢
must be a unit. Thus this case cannot occur because the 1 < degq < d — 3. We will

separate the remaining cases as follows:

(a) If b = 0, then degp < —1 and degq = 0. So we have p = 0 and ¢ a unit. So we

have

Iy = (2, 2y, y", zq — v 'p) = (2%, 2y, y", zq) = (z,y").

Therefore W is planar (and thus a complete intersection). This case was analyzed
in Corollary 4.0.11.
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(b) If b =d — 2, then degp = 0 and degq = d — 2. We have to options

e p = 0. For d-fold line to exist then ¢ must be a a unit which means we have
d = 2. Thus we have a double line with ideal (22, zy, yxq — y?~12). This case

was analyzed by Migliore in (18).

e pis a unit. First we have

MW) = (5/(z,y,p,q))(b—d+1) = 0.

Thus we have that W is ACM. Furthermore, we can assume

Iy = (2%, 2y, 9%, 2q — y*'p) = (2%, 2y, y*, 2q — y* ).

But we have

d

y' = y(zq — y* — 2q) = y(ag — y* ') — 2yq € (2%, 2y, 20 — Y ).

Thus we can conclude

Iy = (2%, 2y, mq — y* 7).
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(¢c) f b=d—1, then degp = 1 and degq = d — 1. After a coordinate change we can

assume p = 2z which yields

1

Iy = (2%, 2y, y", 2q — y*'p) = (2%, 2y, y?, 2q — y*'2),

and thus

Anmn(M(W)); = (2,9, 2) = (Ip)1,

where p € Y is a point.

> d, then degp > 2 , degq > d and degzq — y* 'p > d + 1. us we have
d) If b > d, then d 2.,d d and d =1p>d+1. Th h

Iy = (2, zy,y% 2q — y*'p)

Ann(M(W)); = (x,y) = Iy.

Ann(M(W)); is the linear vector space of the annihilator of module M (W). This

fact will be useful later for direct linkage.
O

Remark 4.1.4. Since double lines were analyzed by Migliore in (18). We will only

consider d-fold lines W where d > 3.

We examine each case in the following subsections.
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4.1.1 ACM Case

By Corollary 4.1.3, if a d-fold line W is of type (-1,0, ..., 0) or type (—=1,0,...,0,d —2)
then it is ACM. While ACM curves cannot be extremal by definition, we will include
them in this section as their construction is similar to extremal lines. If d-fold line W is
of type (—1,0,...,0), then W is a planar, which has already been analyzed in Corollary

4.0.11. We will now consider W of type (—1,0,...,0,d — 2).

Proposition 4.1.5. Let W C P? be a d-fold line of type (—1,0,...,0,d —2). Then W

15 self-linked.

Proof. By Corollary 4.1.3 we have

IW = ($2>xy>$q - yd_l)'

Consider the complete intersection ideal Ix = (22, y?). Notice the following

le = [IX . _[W]
= [(1'2, yd) : (an Y, xq — yd_l)]
= {s€ S|s(z® zy,xzqg —y* ") C (2% vy}

= {s € S|s(zy,zq—y*™") C (2% y")}.
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Clearly 22 € Iyy». Now notice the following products are elements of (22, y?)

Ty
(zy)(zy) = 2%y’

(zy)(zq —y™ ") = ayq—y°
xq — Yyt

(xq —y" " N(xy) = 2°yqg—y"

(zq —y* ) (xg—y™ ")

Therefore we have (22, vy, zq — y*~*) C Iy». We can conclude that (22, 2y, xq — y* ) =

Iy by Lemma 2.0.3. Therefore W is self-linked. O

4.1.2 Special Case

We now analyze extremal multiple-fold lines of type b = d—1. Up to a coordinate change

we have

IW - (ZIZ’2, xy, yda xrq — yd_lz)

where we can assume ¢ is an element of k[z,w| that has no common zeros with z along
Y and degq = d — 1, which is equivalent to 2z fq. Thus we have deg(zq — y?12) = d.
As before, we will analyze what kind of complete intersections X, that involve a quadric,

can link two d-fold lines of type b =d — 1.
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Proposition 4.1.6. Let W C P3 be an extremal d-fold line of type b = d — 1 with ideal

IW - (an zy, yda xrq — yd_lz)

where q is an element of k[z,w| that has no common zeros with z along Y. Let X be a
complete intersection that links W to another d-fold line W', then Supp W = Supp W"’.

Furthermore up to coordinate change we have one of the following:
1. Iy = (zy, 2% +y),
2. Ix = (2%, gry + y*) where g € kly, 2, w]q_o.

Proof. Assume that X is a complete intersection that links two d-fold lines. As estab-
lished in Theorem 2.4.7, W’ is also of type b = d — 1. Let Iy = (F,G) where we can

assume deg F' = 2 and deg G = d. Now notice the following

WcX & IxCly

& (F,G)C (2 xy,y' xq—y*'2)

1

& Fe (@ zy) and G € (o, 2y, y", 2q — y* ' 2)q

& F=ar®+ Bey and G = ¢12% + goxy + sy + cu(wqg — y?7'2)

for c3,cy € k and gy, g2 € Sq_2. We will examine X by looking at different cases.
Case 1: § # 0.

We can assume g = 1. Consider the following coordinate change

Y = ar+y.

o4



Thus we have

Iy = (2% 2y,y% 2q —y* '2)

= (2% 2(Y —ax), (Y —ax)?, 2q — (Y — ax)'2)

= (;1;2, rY — ar?, Xd: Yi(—ax)* 2q — <§ Yi(—a:r)d_l_Z) z>
i=0 i=0
= (2%, 2Y, Y% 2q - Y9 12),
Iy = (F,G)
= (aa® + fry, 12° + goxy + c3y” + cawg — y*'2))
= (v(az +y), 12° + gowy + c3y® + ca(zg — y? '2))

= (2Y, 912" + gou(Y — ax) + e3(Y — ax)? + cu(wqg — (Y — aX)"'2))

d

i=0
d—1

+ca (xq — Z Yi(—a:c)d_l_’) 2)
i=0

= (zY, G+ agex® + ;Y — alegz?® + C4Tq — Yy — it

ey 2)
= (2Y, (g1 — ags + a’esz®™? — a7 e 32) 2 4 Y+ cprg — c,Y2)

= (2Y, g2 + sV + cyrq — .Y 2) where g € Sy_s.

For the sake of simplicity, we will write y instead of Y for the rest of the proof. Thus we

have

Iy = (2%, 2y,y%2q—y*'2),

Ix = (xy, 92 + csy® + cu(wqg — y*'2)) where g € Sy_o.
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Combining the results from above we have

SuppX = Z(F,G)
= Zl(ay, g2* + sy’ + g — y''2))
= Z(x, g2 + csy® + cu(wg — y*12))
UZ(y, ga* + ey + ca(zq — y*'2))
= Z(X, sy’ — cay™ '2) U Z(y, g2* + carq)
= Z(x,(cay — ca2)y"™ ") U Z(y, (92 + caq))
= Z(z,c3y —ca2) U Z(z, 9" )

UZ(y, gz — caq) U Z(y, )

= Z(x,c3y — caz) U Z(x,y) U Z(y, gT + c4q).

Recall that X is a union of two d-fold lines. We already have a d-fold line on Z(x,y).

Thus we have three options

1. Z(z,c3y — cu2) = Z(2,y).

2. Z(y, gr + caq) = Z(,y).

3. Z(x,c3y — caz) = Z(y, gT + c4q).

56



Claim: ¢4 = 0. We will only prove statement 3 and leave the statements 1 and 2 for
the reader. The arguments for 1 and 2 are similar to an argument later in this proof. For
statement 3 we have that Z(z, c3y — c42) lies on the z-plane and Z(y, lz + c¢4q) must lie
on the y-plane. There is only one curve that lies on the z-plane and the y-plane. Thus

we have

Z(x, ey — cuz) = Z(x,y) = Z(y, g% + c4q).

Thus we conclude ¢4 = 0 for all three cases. Furthermore c3 # 0 since F' = XY and

G = gX? + c3Y9 can’t have a common factor. We can assume c3 = 1. Thus we have

Ix = (zy, g2° + y?).

Finally we look at the support one more time

Z(x,y) = Z(Ix)

= (y,9) C (z,9)
=g € (z,9)

=g = g1+ g2y for some g; € Sy_3.
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We get

Ix = (zy, g12° + yd)-

We repeat the process on g;. Since (xy,gr? + y?) is a regular sequence we have that

g # 0 by Proposition 2.1.4. These two facts yield the following:

Ix = (2y, ciz® 4+ y%).

By a coordinate change we get

(zy, 2" +y7).

Case 2: §=0.

We can assume o = 1 Thus we have

Ix = (F,G)
= (2%, 12" + oy + ey’ + culqg — y''2))
= (2% gowy + ey’ + calwg — y*'2))
Supp X = Z(F,G)
= Z(2*, gowy + c3y® + ca(zq — y*12))
= Z(z,c5y” — cay®12))
= Z(z,(csy — cu2)y™™)

- Z(l’,y) U Z(xacfﬁy - 042)‘
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Notice that X must be two d-fold lines. Since W is a d-fold line on Z(z,y) then
Z(x, c3y — cyz) must be the support of another d-fold line.

Case 2a: ¢4 = 0.
So we have Iy = (22, gowy + c3y?). Since (22, goxy + c3y¢) is a complete intersection then

cs # 0. We may assume c3 = 1. So we have

Supp X = Z(z,y)U Z(x,c3y — c42)
= Z(x,y)UZ(z,y),

Ix = (2% gozy +y%).

Case 2b: ¢4 # 0.

We may assume ¢, = 1. Thus we have

d—1

Ix = (2% goay + ey + 2q — y* '2),

Iy = (2% 2y,9% 2q —y* '2).

Consider the following coordinate change

Z = c3y— 2.
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We obtain the following:

Iy =

Ix =

_[W’ —

(2, 2y, y", 2q — y* '2)

(@®, 2y, y*, 2q — y* sy — 2))

(2*, 2y, y*, 2q — ey’ + 471 2),

(2°, gomy + csy” + wq — y* ' 2)

(2%, goy + sy + xq — y* Hesy — Z))

(2%, gowy + sy + 2q — csy® + vy 2)

(2°, goy + 2q +y* ' Z),

[Ix : Iw]

[(2?, gawy + 2q +y* ' 2) : (2, 2y, 4%, wq — esy® + y* ' 2))]

{s € S|s(z®,zy,y", 2q — cay” + 4" ' Z) C (2®, gy + wq + y* ' 2)}

{s € Sls(zy,y", xq — csy’ +y*'Z) C (2%, goxy + xq +y" ' Z)}.

For the sake of simplicity, we will write z instead of Z for the rest of the proof. So we

have

Ix
IW/

Supp X

= (2% 2y, v, 2q — 3y + ¥ 72)
= (2% gory + 2q +y*'2)
= {s € S|s(xy,y",xq — ey’ +y*'2) C (2%, gory + wq + y*7'2)}

= Z(z,y)UZ(z,=2).
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Recall that W’ is a d-fold line. Thus we have

Z(Ilw:) = Z(x, 2)
o V=G
= VIw = (2,2)
= 2" € Iy for some n
= 2"(ay,yh aq — ey’ +y'T2) C (2F, gy + g +y'T2)
= yh2" € (2%, goxy + 1q + Yy '2)

= %" = Fa? + G(gay + vq + y* '2) for some F,G € S.

We can assume that G doesn’t have any 22 terms because if it did, we could just

move them to Fz?. So we can write G = g + ¢’z where g, ¢' € k[y, z,w]. So we have

2" = Fr? + (g + gv)(gozy + 2q + y*'2)

= 2" = Fa® + gowyg + 2qg + y* ' zg + bayg' + 2°qg’ + zy? ' 2y,

We can move lyx?yg’, 22gg" and any z term of g, to Fa? to get

y22" = Fa? + gowyg + xqg + y* 'z + 2y* 'z

where g, € kly, z, w]. Notice that the only = that are not explicitly stated come from F

as g27g7g/ € k[yvzaw] and q < k[sz]'
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Thus we can do the following:

Term LHS RHS

No x ydan y?1zg.

One x 0 laxyg + xqg + 2y tzg.
Two ore more z’s 0 Fa?.

The first row yields ¢ = y2"~! which means the second row is

d—lzn—l

0= lay +ayz" g+ oyt g

Recall that ¢ € k[z, w], which means xy2""'¢ only has one y while every other term has
at least y?~'. Thus zyz"'q cannot cancel with any other terms. This is a contradiction
because the left hand side of the equation is equal to 0. Therefore, for this case the

complete intersection X does not link two d-fold lines.

O

We will see in the next section that the only complete intersections that link extremal
d-fold lines of type b = d — 1 to another extremal d-fold line have the same form as
complete intersections that link extremal d-fold lines of type b > d to other d-fold lines.

Thus we will able to put both cases together.

4.1.3 General Case

Now we will examine extremal d-fold lines of type b > d. From Corollary 4.1.3 we have

that the form of the Rao module and ideal follow a similar pattern.
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Lemma 4.1.7. Let W C P? be an extremal d-fold line of degree d of type b > d, then

1. M*(W) = M(W)(d — 2).

2. SuppW = Z((Ann M(W)),).

Proof. Let W be an extremal d-fold line of type b > d. Up to a coordinate change, by
Proposition 4.1.1 we have Iy = (2%, 2y, y%, 2q — y*'p), Iy = (z,y* ) and Iy = (x,y)
where Z its the underlying d — 1 fold line and Y is its support.

Proof of 1: The fact that Iy = (2%, xy,y?, xq — y* 'p) implies that W is contained
in the reducible quadric with equation xy = 0. Then by (7, Corollary 2.4) we have that
M*(W) = MW)(d - 2).

Proof of 2: We use the following short exact sequence

0 Tw I Oy(b—d—l-l)—)(]

Apply H,

0—— HX(Iw) —— HY(Z7) — HY(Oy(b—d+ 1) — H!(Zw) — H (Z7) — . ..

which simplifies to

0 Iy I, —258/(Iy)(b—d+ 1) — HX(Zy) —— 0.

Thus Iy C (Ann M(W));. By Corollary 4.1.3 (Ann M (W)); has two minimal (linear)
generators. Thus we conclude Iy = (Ann M(W));. O

63



The next result is useful for direct linkage but unnecessary for self-linkage.

Lemma 4.1.8. Let W C P? be an extremal d-fold line of type b > d that is directly linked

to an extremal d-fold line W’. Then Supp W = Supp W'.

Proof. We have

(Ann(S/(z,y.p, ) = (,y)

By part 2 of Lemma 4.1.7 we have that the support of W is (z,y). By Theorem 2.2.7 we

have that if W is linked to W', then

M(W') = M*(W)(4 — t).

But then by part 1 of Lemma 4.1.7 we have that

Applying part 2 of Lemma 4.1.7 we get that Supp W = Supp W'. O

We now analyze the equations of the complete intersection necessary to link two

extremal d-fold lines of type b > d.
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Proposition 4.1.9. Let W C P3 be a d-fold line of type b > d and let X be a complete
intersection that links W to another d-fold line W'. Then up to coordinate change, we

have one of the following:
1. Ix = (xy, 2% + y?).
2. Ix = (2%, gry + y?) where g € kly, z,w]4_o.

Proof. By Lemma 4.0.9 we have Iy = (F,G) where deg F' = 2 and degG = d. Now

consider the following:

WcX = IxCly
= (F.G)C («% 2y, y", 2 —y"'p)
= F e (2% ry) and G € (22, 2y, y")q

= F =az’+ Bay and G = f2? + gry + 42,

where o, 5,y € k and f,g € k[y, z,w]q—2. Notice that G doesn’t need the last generator
because its degree is greater than d by construction. Also notice that v # 0, since
otherwise, we would have G = z(fx + gy) and F' = z(ax + By). F and G can’t share
a factor by Proposition 2.1.4 since because (F,G) must be a regular sequence. Thus we

can assume that v =1 by a coordinate change. Finally we have

Ix = (az® + Bay, fo? + gry + y?).
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We can assume g € k[y, z,w], since if g had any x terms, then gry would have x?

terms which we could move to fa?.
Case 1: £ =0.

We can assume o = 1 and this yields

Iy = (2%, fa* + goy + y*) = (2%, gzy + y*).

Case 2: 5 # 0.

We can assume § = 1. Consider the following coordinate change

Y =ar+y.
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Thus we have

‘[W = (anxyaydaxq - yd_lp)

= (2% 2(Y —ax), (Y —ax)?, zg — (Y — ax)'p)

i=0 =0
= (2%, 2Y, Y% 2 — Y 1),
Ix = (az?+ a2y, f2° + gzy + y?)
= (z(az +y), fo* + gry +y7)
= (@Y, f2* + gz(Y — ax) + (Y — az)?)
= (xY, fa* + grY —aga® + zd: Yi(—ax)d—i>
i=0
= (aY, fo* —agx® + Y + (—az)?)

= (2, (f —ag+ (-az)"?)2* +Y)

= (2Y, fl2? + YU with f' = f — ag + (—ax)?2.

For the sake of simplicity, we will replace Y with y and f” with f for the rest of the proof.

Thus we have

]W = ('r27xy7yd7xq - yd_lp)7

Ix = (zy, fa* +y%).
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From Lemma 4.1.8, we have that the support of X is Z(z,y). Thus we get the

following

=2y, [) = Z(z,y)
=V f) < V(z,y)

= () < (x.9)

Since deg f = d — 2 we have

f=fiz+qy

where 1,91 € Sq_3. Thus we have

Ix = (zy, (fiz + q1y)2® +y*) = (zy, /i + g2’y + y?) = (zy, fra* +y?).
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Again we have that the support of X is Z(z,y) and thus

Z(r,y) = Z(Ix)
= Z(xy, hi® + )
= Z(x,y)UZ(Y, 1 X?)
= Z(x,y) U Z(y, f1)
=Z(y, fi) = Z(z,y)
=y h) C V()
=y, fi) C (z,y)

= fl € (x7y>

We can run the same argument again and keep running it until f; is constant. However

f1 # 0 so that Iy defines a curve. With a coordinate change we can assume

Ix = (zy, 2 + y?).

O

Now we can combine the general case with the special case and analyze extremal

d-fold lines of type b > d — 1.
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Proposition 4.1.10. Let W C P? be an extremal d-fold line of type b > d — 1 and ideal
Iy = (22, 2y, 9%, 2q — y¢~1p). Let X be a complete intersection that involves a quadric
that links W to another d-fold line W'. Then up to coordinate change, we have one of

the following:
1. Ix = (2% goy + y%) where g € kly, 2, w]q_o.
2. Ix = (zy, 2% + y?).

Proof. We combine the following cases:
1. b > d is a special case of Proposition 4.1.9.
2. b=d —1 is taken care by Proposition 4.1.6.

O

Proposition 4.1.10 allows us to analyze both cases for extremal d-fold lines at the

same time. We will now prove a of couple algebraic facts.
Observations 4.1.11. We have the following algebra facts:
1. (2%, gy + y?) contains vy and y*¢~1.

2. (zy, 2%+ y?) contains y™** and xd+L.
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Proof. Observe

wy? = x(gry +y* — gry) = x(gry +y°) — g2y

vy =y N gay +yt — gay) =y (gay + ) — gay’.
y™ =yt —a?) =y +y?) — 2.

e =z +yt -yt = (@’ + y?) — ayl

O

Proposition 4.1.12. Let p,q,p',q € k[z,w] and g € k[y, z,w] be homogeneous polyno-
mials with degp = degp’ =b—d+2, degqg =degq =b and degg = d—2 . Furthermore
assume (p,q) and (p',q") have no common zeroes on'Y . Then the following are equivalent.
1 (xq' =y ') (xq — y*'p) € (2%, gry +y).
2. There ezists a € k* and ¢’ € klw, z] with ¢ = gmod Iy such that
(a) P = ap

(b) ¢ = —alg'p+q).

Proof. Notice that the first statement is equivalent to

2y pgd + zy? g — PP pp’ € (27, gy + ).
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(=) Assume (2q¢' — y? 1p')(zq — y* 'p) € (22, gzy + y?). Thus we have

zy 'pd + ay® pq — v P = Fa? 4+ Glgry + y?)

where F' € Sy, and G € Sap_412. We can assume that G and g have no z? terms since if
it did, we can just relabel and make them part of F. Thus we have G = G’ + G"x where
G’ and G” are elements of k[y, z, w]. We will also rewrite g = ¢’ 4+ ¢"y where ¢’ € k[z, w]

and ¢” € kly, z,w]. Thus we have the following equation

vy pd +ay g — g T = Fa? + (G4 GMa)((d + g"y)ay + )
= :L"yd_lpq’ + xyd_lp'q o y2d—2pp/ — Fl‘2 + (G/ + G”:)s)(g'xy + g//ny + yd)
= :cyd_lpq' 4 :cyd_lp'q _ y2d—2pp/ — FI2 4 G'g’:cy + G'g"xy2 4 G/yd

_'_G//g/x2y + G"g"x2y2 + G":cyd.

Now we can move G"¢'x*y and G"¢"z%y? to Fz? to have
gzry g Ty

:cyd_lpq' 4 :cyd_lp'q o y2d—2pp/ _ FI2 + G'g'xy + G'g"ny + G/yd + G":cyd.

Recall that we can assume p,p’, q,q¢" and ¢ are elements of k[z,w] and ¢”, G’ and ¢" are
elements of k[y, z,w]. Therefore the only term that can have z’s that are not explicitly

stated is F'. By comparing the = terms of the previous equation, we get the following:
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Term LHS RHS

No z _y2d—2pp/ G’yd.
One x 2y pgd + 2yt pq G'qdzy+ G'g"xy* + G"zy.
Two or more x's 0 Fz?.

Thus we can see that the left hand side of the equation has no z? terms, and thus
neither does the right hand side. So we get that F' = 0. We also get that G’ = —y 2pp/

which makes sense since d > 5. We get that following

:Uyd_lpq' + xyd_lp'q — G’g’:)sy + G’g”:zsyz + G”l'yd
= xyd_lpq’ 4 :cyd_lp'q — _xyd—lpp/g/ _ xydpp'g" + G”:cyd.
Notice that the only term that can have y terms that are not explicitly stated is G”

and ¢” as p,p/, q,q are elements of k[z,w]. Now we can compare y terms.

Term LHS RHS
Exactly (d —1)y's oy pgd + xydp'q —xypp'y’.
More than dy's 0 —zyipp'g” + G"xy.
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From the first row we get

qp’ +pd

—pp'y’

Pl + pd'

P'lpd

P|p since p’ and ¢’ do not have common factors
p' = ap for some a € k*

agp +pq = —ag'p’

ag+q =—ag'p

¢ =—agp—oaq

¢ =—alg'p+q).
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(<) Assume p’ = ap for some o € k* and ¢ = —a(g'p + q).

Notice

xyd_lpq' + xyd_lp'q _ y2d—2pp/
= —azy”'p(g'p+ q) + azy” 'pq — ay®*?p’

_ —ozg’xyd_po _ &Iyd_lpq—f—aﬂjyd_lpq _ ade—ZpZ

_ —a(g'+g"y—g"y):cyd_1p2 —a:vyd_lpq—l—a;vyd_lpq—ay

d—1,2 2d—2, 2

= —agry"'p* + ag’zy'p* — axy® 'pq + axy® 'pg — ay

= —agry™'p? — ay®p? + g’z (y? + gry — gry)p?

= —ay" P (gzy + y?) + ag"z(y" + gzy)p® — gy’ yp?

d—2,2

= (—ay" " + ag"z)(gry + y7) — gy 2Pyp?

€ (2% gry +y9).

o 2d—2 2

O

Proposition 4.1.13. Let p,q,p’,q € k[z,w] be homogeneous polynomials with degp =

degp' =b—d+2 and degq = degq = b. Furthermore suppose (p,q) and (p',q') have no

zeroes on Y. Then the following are equivalent:
1. (zq —y"'p)(yqd — 24P € (zy, 2 +y?).
2. There exists a € k* such that p' = ap and ¢ = aq.

Proof. First notice that (1) is equivalent to z%qp’ + yépq € (zy, z? + y?).
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(=) Assume z%p' + yipq’ € (zy,z? + y?). Then we have

zqp’ +y'pqd = Fay + G(z? + )

where degz%qp’ = 2b + 2, and thus deg F' = 2b and deg G = 2b — 2 Recall that we can
assume p,p’,q,q € k[z,w]. Notice that we can assume that G does not have any terms
that are a multiple of zy, since if it did, then we would just be able to move them to F'.
Furthermore we can assume that G' doesn’t have any terms that are multiples of x or y

d+1

since if it did, then G(2? + y?) would have terms that are multiples of ™! without a y

factor or multiples of 31

without an = factor. However, this cannot be the case because
both the left hand side and Fxy do not have any terms of this form. Therefore we may

assume G € k[z,w|. Thus we have that /' = 0 since the rest of the equation doesn’t have

any terms that are multiples of xy. This yields the following equation:

zqp’ + y'pgd = Gz + ).

Since p,q,p’,q" € k[z,w] we get that ¢qp’ = G = pqg’ . Now we have p'|pq’. However, ¢
and p’ do not have any factors in common, so we get that p’|p. But they are of the same

degree, thus we conclude p’ = ap where o € k*. Similarly we get ¢’ = Sq where 5 € k*.
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Putting these equations together we get

@ = pd
= Bqp = apq

=0 = .

(<) Assume p' = ap and ¢’ = ag. Then we have

alqp + y'pq = 2%agp + ylapg = agp(z? + y?).

O

Theorem 4.1.14. Let W C P? be an extremal d-fold line of type b > d that is linked to
another extremal d-fold line W'. If the ideal of W is Iy = (22, vy, y%, xq — y?~1p), then

we have one of the following

1. Ly = (22, 2y, y%, 2q — y*1p) with p' = ap and ¢ = —a(gp + q) for some o € k*.

1

2. Iy = (y*, zy, 2%, yg — 24 'p).

Proof. As established in Proposition 4.1.9 we have two cases: Ix = (2%, gry + y?) where

g S k[y>z7w]d—2 or IX = (xy>xd + yd)

7



Case 1: Ix = (zy, 2% + y?).

IW’ = [IX . Iw]

= [(xy, 2" +y?) : (2*, 2y, y*, 2 — y*'p)]

= {seSls@* ay,y’, xq—y"'p) C (zy, 2" + ")}

= {seS|s(z%y%, zq -y p) C (zy, 2 + y)}.

Claim: Iy = (%, zy, 2%, yq' — 2!/

Recall that by Observation 4.1.11 we have (zy, 2% +y¢) contains y?*! and z¢™!. To check

the containment we are going to check each of the generators. Clearly xy € Iy/. Now

notice that the following products are elements of (zy, z? + y9):

ry

d+2

x,y2q _ yd-l-lp
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yg — a%p
(yg' — 2P (a?) = 2Py — 2y
d—1_/ d+1 1 d—1,d 1

(yq' — ') (y?h) = ¢y — Ty

(yq' — 2" 'p)(xq —y* 'p) = wyqd — g — ypgd —y* a2 pp

Using Observation 4.1.11 we have that (y2, zy, 2%, yq¢ — 2% 'p') C Iy if and only if
(yq' — x471p ) (zq — y*'p) € (zy, 2% + y?). But Proposition 4.1.13 tells us this is exactly

when p’ = ap and ¢’ = ag. However, by Theorem 4.1.1 we can assume p’ = p and ¢ = q.

Case 2: Iy = (22, gzy + y?) where g € kly, 2, w]4_s.

Iy = [Ix; Iw]
= [(2° gzy + y*); (2%, 2y, ¥ 2q — y* ')
= s € S|s(z?, zy,y*, 2q — y*'p) C (27, gzy + y)

= s S|s(xy, v, 2q — y*'p) C (27, gry + y?).

Claim: Iy = (%, 2y, y*, 2¢' — y*'p).

Recall that by Observation 4.1.11 we have (22, gzy + y?) contains zy? and 3?1, To

check the containment we are going to check each of the generators. Clearly 22 is in Iy
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Now notice that the following products are elements of (22, gy + y?):

Ty
(zy)(zy) = 2%y’
(zy)(y?) = ay™
(xy)(xqg —y* 'p) = 2Pyq—xy’p
yd
(y)(zy) = zy'd+1)
yHy) = y*
(D (xqg—y"'p) = aylq—y*"'p
xq/ - yd—lpl
(g =y ') (xy) = 2Pyqd —xy®p
(zq =y ")) = ayld =y
(xq =y ') (g —y"'p) = 2Pqq —ay"pd —ay? TP g+ P Py

Using Observation 4.1.11 we have that (22, 2y, y¢, 2q¢ — y* ') C Iy if and only if
(zq' —y'p') (g — y¥'p) € (22, gry + y?). But Proposition 4.1.12 states that this is the
case exactly when p’ = ap for some o € k* and ¢ = —a(gp+ ¢q). Finally we have that X
links a d-fold line W to another d-fold line and by Lemma 2.0.3 we have equality and it

completes this case and thus the theorem. O
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Observations 4.1.15. The first observation we need to make is that self-linkage is im-
possible in case 1 of Theorem 4.1.14. The construction in Theorem 4.1.1 implies that
W,y # Wa_1 (the underlying planar curves of degree d—1 don’t agree). Thus, to answer

the question of self linkage, we exclusively focus on case 2.
Next we have the proof of Theorem 1.

Corollary 4.1.16. (Theorem 1) Let W C P3 be an extremal prime-fold line in P3 is

self-linked if and only if the in characteristic of the ground field is two.

Proof. Up to a coordinate change, by Theorem 4.1.1 we have

Iy = (2%, 2y, y*, 2 — vy 'p).

(=) Assume extremal d-fold line W is self-linked.

By case 2 of Theorem 4.1.14 we have

Iy = (2%, 2y, y*, g — y* ') = (2%, 2y, ¥, 2q — y* 'p)

where p' = ap and ¢ = —a(gp + q) for some o € k*. However, we also have ¢’ = aq by

Theorem 4.1.1

ag = —a(gp +q)
= q+ag=—gp
= q(1+a)=—gp
= q=—(1+a) 'gp
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Which is a contradiction because p and ¢ don’t have common factors. However,
(14 )=t only exists if @ # —1. Thus we have o = —1. Then we have ¢ = gp + ¢q or
equivalently gp = 0. But p # 0 thus we have ¢ = 0. Now notice that we only have self
linkage if p = —p. This is only the case if char k = 2.

(<) Assume that char k = 2.

Consider complete intersection ideal (z?%,y?). By case 2 of Theorem 4.1.14 we have

Iy = (2%, 2y, 9y, g’ — y*~'p)

where p’ = ap and ¢’ = —aq for some o € k*. But since char k = 2 we have ¢ = aq. By
Theorem 4.1.1 we have that W = W',

O

Remark 4.1.17. When d = 2, Corollary 4.1.16 recovers Migliore’s theorem on self-

linkage of double lines (18, Theorem 4.4).

4.2 Non-Extremal Prime-Fold Lines

Now that we have analyzed extremal d-fold lines W, we will analyze other kinds of d-fold
lines with d > 5. By Theorem 2.3.5, W is extremal if it lies on two quadrics. Therefore,

we will focus on multiple-fold lines that are only contained in one quadric.

4.2.1 Multiple Lines on the Smooth Quadric

First we will analyze d-fold lines on the smooth quadric Q).
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Proposition 4.2.1. Let W C IP? be a d-fold line only contained in the smooth quadric.
Then W is not self-linked. Furthermore, W can only be directly linked to another d-fold

line in the opposite ruling.

Proof. Let Q = Z(F) the smooth quadric. We have from (10, Example 11.6.6.1) that
the divisor class group of @ is Cl1Q = Z @ Z. From (10, Example 11.6.6.2), we have a
homomorphism form C1P? — ClQ whose image is generated by the element (1,1). Let
X be a complete intersection with ideal Ix = (F,G) for some polynomial G and thus
can be consider a divisor of ). Therefore X is represented by a multiple of (1,1) and
therefore it has two components, each coming from the different family of lines in ). So

we have that the support of X has to be more than one line, and therefore W is not

self-linked. O

We will see in the last chapter of this thesis that in the case of triple lines, we have

an algebraic description of the ideals of the triple lines that are directly linked.
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4.2.2 Multiple Lines on the Quadric Cone

We will analyze multiple lines on the quadric cone Q).

Proposition 4.2.2. Let W and W' be d-fold lines in P* contained in the same quadric

cone. Then W s directly linked to W'. In particular, W is self-linked.

Proof. Let ) = Z(F') be the quadric cone and let W be a d-fold line on @. From
(10, Exercise V.2.9), curves with even degree that lie on the quadric cone are complete
intersections. However, the degree of any two d-fold lines is 2d, and thus the union is a
complete intersection. Finally we conclude that any two d-fold lines that lie on the same

quadric cone are directly linked. Furthermore, if W = W’ then W is self-linked. O

4.2.3 Multiple Lines on the Reducible Quadric

The third quadric surface () that we will analyze is the reducible quadric. We will first
investigate the form of the complete intersection needed to self-link a multiple line W

which is contained by the unique quadric Z(zy).

Lemma 4.2.3. Let (F,G) be a complete intersection ideal such that F' = xy. Further-
more assume that (F, Q) self-links a d-fold line in P3. Then G can be assumed to be

¢+ gl

Proof. Since (F,G) is a complete intersection that links W to itself we have the following

Z(F,G) = Z(zy,G)

= Z(x,G)U Z(y,Qq)
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Thus we have

Z(x,G) = Z(z,y)
= V(2,6G) < V(zy)
= (z,G) < (z,y)

=G = G1x+G2y,

where G; € S;_1 for i = 1,2. So we have

Z(Fv G) = Z('ryv Glx + GQZJ)
= Z(z,Gay) U Z(y,G1)

= Z(z,y),

which yields

Z(x,Gy)=Z(x,y) and Z(y,G2) = Z(z,y)

= V(2,G1) CV(r,y) and  /(y,G2) C V/(2,y)
= (.T, Gl) C (.T,y) and (y7G2> C ($,y)

= Gl = G3.T —+ G4y and G2 = G5$ + GGy,

where G; € Sy_o for ¢ = 3,4,5,6.
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Again we have

(F,G) = (zy,(Gsz+ Guy)r + (Gsz + Gey)y)
= (2y,Gsx® + Guay + Gsvy + Gey?)

= (wy, Gsa® + G6y2>’

We repeat the process and combine that result with the fact that the degree of G has to

be d. After a coordinate change if necessary we get

(F,G) = (zy,z* +y?).

Therefore we can assume that the complete intersection has the form (zy, z?+y4). O

We will disregard the case where W is ACM and focus on the non-ACM case. We

need the non-ACM condition for the next lemma.

Lemma 4.2.4. Let W C P? be a non-ACM d-fold line with /Ty = (x,y) and contained

in the reducible quadric with equation xy = 0. Then up to a coordinate change,

]W — (xy7 .’Ea+2, yb-‘rQ7 ZL’CH_lg + yb+lf)

where f,g € klz,w] and a +b+ 2 = d.
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Proof. From (7, Lemma 2.1) we get the homogenous ideal

Iy = (vy,2° A+ zhf,y’B + yhg,xAg + yBf + hfg)

where h, g, f € klz,w], f,g ¢ K,A € k[x,z,w|,B € kly,z,w] and AB # 0 in case of
h = 0. From (7, Theorem 1.2 ) we get that (f, g) has to be a regular sequence. From the

fact that Iy is a homogenous ideal we get the following formulas for the degrees

degA = degh-+degf—1

degB = degh+degg— 1.

Furthermore, (7, Lemma 2.2) we have

d = 2degh+degf+degyg
= (degh+degf—1)+ (degh+degg—1)+2

= deg A+ degB +2.

From (7, Remark 2.3) we get that h = 0 since the support of W is Z(z,y). This yields

IW = (xyaszayQBaxAg + ny)
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Recall that the support of W is Z(x,y). We have the following

Z(z,y) = Z(zy,2°A,y°B,xAg+ yBf)

= Z(x,y*B,yBf)U (y, %A, zAg)

= Z(z,y*,yBf)U Z(z,B) U (y,2*,2Ag) U (y,2°A,zAg) U (y, A).

Which implies the following

Z(x,B)=Z(z,y) and Z(y,A)=Z(z,y).

We will only analyze the case for B as the case for A follows similarly.

Z(xy) = Z(x,B)

= V(,B) C /(z,y)
= (z,B) C (2,9)

= B= Bll’+Bgy,

where B; € S,_; for : = 1,2. So we have

(x, B) = (x, Bix + Bay) = (w, Bay).
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This equation yields:

Z(z,y) = Z(x, Byy)

= Z(x,Bs)U Z(z,y)

= V(z,By) € /(2,y)
= (z,B;) C (x,y)

= BQ = Bg[lf + B4y,

where B; € S,_5 for i = 2,3. We can repeat the process and combine that with the fact
that degree of B has to be b. After a coordinate change we have B = y°. A similar

argument shows that A = z®. Putting everything together we have

IW _ (xy, l’a+2, yb+2’ ZL'CH_lg + yb+1f)

where a = deg A and b =deg B and a + b+ 2 = d.

O

Consider d-fold line W in P? with ideal that lies on the reducible quadric with ideal
Iy = (zy, 272, y"2, 2% g+ 41 f). Note that W is almost never quasi-primitive except
for when a = 0 or b = 0 as otherwise Iy C (z,)?. Interestingly, these cases are exactly
the cases where W is contained in two quadrics. Therefore they are exactly the cases

where W is extremal. Now we can use Lemma 4.2.4 to prove the following proposition.
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Proposition 4.2.5. If W C P? is a d-fold line contained in a unique quadric which is

reducible, then W is not self-linked.

Proof. Assume that W is a d-fold line contained by the unique quadric Z(zy) that is

self-linked by complete intersection X. By Lemmas 4.2.3 and 4.2.4 we have that

Iy = (wy,a""? "2 2 g+ f),

Iy = (zy,z*+y?).

where f, g € k[z,w]. Now we have

IW = [IX : Iw]
= [(zy, 2% +y?) : (wy, a2, y" 2, 2 g + "1 f)]
= {s € S|s(zy, 2", y""2, 2" g + " f) C (wy, 2t + ¥y}

= {s€S|s(x"*2 y" 2 2" g + " f) C (wy, 2+ yh)}.

In particular we have

(@ g+ 9" )@ g+ ) € (wy 2 +yY)
= x2a+292 4 2xa+1yb+1fg 4 y2b+2f2 c (:L“y, .ﬁL’d 4 yd)
= £E2a+292 + y2b+2f2 c (xy, ZL‘d + yd)

= x2a+292 +y2b+2f2 — P:Ey+Q(:13d+yd)

for some P and @ in k[x,y, z,w].
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We can move any xy terms from the left hand side to Pxy. Similarly, we can assume

that () doesn’t have any zy terms. Thus we can write

l’2a+292 + y2b+2f2 — ny + (Ql + Q”ZL" + me)(l'd + yd)

where Q' € k[z,w], Q" € klx,z,w] and Q" € k[y, z,w]. When we expand the expression

we get

x2“+2g2 + y2b+2f2 ny 4 led + Q/yd + Q// d+1 + Q”xy + Q”’xdy 4 Q/// d+1

Again, any xy terms we can move to Pxy.

2a+2g2 4 y2b+2f2 ny + Q/xd + Q/yd 4 Q// d+1 + Q"’yd+1.

Notice that the left hand side does not have any xy terms, and thus we can conclude

that P = 0. Furthermore we can separate the equations as follows:

LHS = RHS
no y terms 224722 = Q'z% + Q"2
no x terms y?* 22 = Q'y? + Q"y*t.
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Since f,g € k[z,w], then one of the terms on the right hand side has to vanish on

both equations which means that

20+2>dand 2b+2>d=a+b+2 >d.

But from the construction we have a +b+ 2 = d, and thus 2a + 2 = d = 2b+ 2. Putting

this back together we get

g +yfF = Q" + y?).

Recall that f, g € k[z,w] so we can separate as follows

LHS = RHS
No y terms: z%¢> = Q.

No z terms: y?f* = Q.

Both imply that ¢ = Q = f? which is impossible since (f, g) is a regular sequence and

Proposition 2.1.4. Therefore W is not self-linked. O

4.2.4 Multiple Lines on the Double Plane

The last quadric surface ) = 2H that we will analyze is the double plane. Self-linkage
of multiple lines using the double plane is still an open problem. We will present partial

work towards a conjecture. Again we will look at the complete intersections that can

self-link a d-fold line W to itself and then we will look at the ideal of W.
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Lemma 4.2.6. Let (F,G) be the ideal of a complete intersection that links a d-fold line
W C P? to itself. Furthermore assume that F' = x%. Then G can be assumed to be

gz + y.

Proof. Since (F,G) is a complete intersection that links W to itself, then we have the

following

Z(F,G) = Z(2*G)

So we have the following

= V(@,G) < V(zy)
= (z,G) < (z,y)

=G = G1x+G2y,

where G; € Sy_o for i =1, 2.
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Again we have

Z(F,G) = Z(2* Gz + Gay)
= Z(«T,Ggy)

= Z(x,y)UZ(z,Gs).

Thus repeat the logic to get

Z(x,Gy) = Z(x,y)
=/ (z,Gy) C (x,y)

= (z,Gs) C (z,9)

Combining the results we get

(F,G) = (2% Giz+ (Gsz + Guy)y)
= (2% Giz + Gy + Gu°)

= (2%, (G + Gsy)x + Guy?).

We repeat the process and combine that result with the fact that the degree of G has to

be d. After a coordinate change if necessary we get

(F,G) = (22, gz +y%).
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Therefore we can assume that the complete intersection has the form (2%, gz+y¢). O

Now we will look at the ideal of W.

Proposition 4.2.7. (11, Proposition 2.1) To each curve W C P? in the double plane
2H, we can associate a triple T(W) = {Z,Y, P} where Z CY C P C H and Z is a
locally complete intersection zero-dimensional subscheme in the reduced plane Z. P is
the intersection of W with H without embedded points (which if any end up being Z, and
Y is the residual intersection. Let g be the arithmetic genus of W and d,y,p the degrees
of W, Y, P respectively then

d=y+p.

We will also need the following definition before we can talk about the ideal of curves

on the double plane.

Definition 4.2.8. For any u x (u 4+ 1) matrix N, we denote by N; the determinant of

the matrix obtained from N by deleting its i-th column.

As before, we will disregard the case where W is ACM and focus on the non-ACM

case, as the condition is necessary for the following lemma.
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Lemma 4.2.9. Let W C P? be a non-ACM d-fold line which is contained in the double
plane x* = 0 with support Z(x,y). Let T(W) = {Z,Y, P} be the associated triple as in

Proposition 4.2.7. After a coordinate change, its ideal is

Iy = (2%, 2y™, y" "™ A + 2By, ..., y" """ Agr1 + 2By 1)

where

h

B = : € kly, z,w]*Tt+?

P1 - Ds+1 for1

with s > 1.
2. A; # 0 for any 1.

3. Iy = (z,y").
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Proof. Number 1 is a direct result from (4, Theorem 1.1). Furthermore we get that there

exists a matrix M such that

N1
M=|A € kly, z,w]>**?

fs

where the maximal minors of M do not have common zeros on H = Z(z). In particular
we can say that A; # 0 which proves number 2. Combining (4, Section 2) and the fact
that the support of W is Z(z,y) yields number 3 and 4. Combining these results with

(4, Theorem 1.1) yields that

Iy = (2%, 0y", y" ™AL + 2By, ..., y" " Agp1 + 2Beyy). O

Conjecture 4.2.10. A quasi-primitive d-fold line only contained by the double plane is

only self-linked in characteristic two.
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4.3 Conclusion
We will summarize the results of this chapter by stating the proof of Theorem 2.

Theorem 4.3.1. (Theorem 2) Consider a multiple line W C P3 of degree greater than

or equal to 3.
1. W s self-linked if one of the following occurs. The multiple line:

(a) is a complete intersection.
(b) up to coordinate change has ideal of the form (22, xy, xq — y@t).

(c) is extremal and the characteristic of the ground field is two.

(d) lies on a quadric cone.

2. W is not self-linked by a quadric if one of the following occurs. The multiple line:

(a) is extremal and the characteristic of the ground field is not two.
(b) lies on the smooth quadric and no other quadric.

(c) lies on the reducible quadric and no other quadric.

Proof. The proof is given by combining the following results:
1. Self-linkage:

(a) Corollary 2.1.13.
(b) Proposition 4.1.5.
(c¢) Corollary 4.1.16.

(d) Proposition 4.2.2
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2. Not self-linked by a quadric:

(a) Corollary 4.1.16.
(b) Proposition 4.2.1.
(c¢) Proposition 4.2.5. O

If we assume the multiple line is extremal of prime degree, we obtain Theorem 1.

Corollary 4.3.2. (Theorem 1) An extremal prime-fold line in P* is self-linked if and

only if the characteristic of the ground field is two.
Proof. By Corollary 4.1.16. U
Theorem 1 extends a result by Migliore, who proved it for double lines.

Theorem 4.3.3. Consider d-fold lines W, W' C P? with d > 3. They are directly linked

if one of the following occurs:
1. They are complete intersections whose ideals share a generator.
2. They are supported on opposite rulings of a smooth quadric.
3. They lie on a quadric cone.

4. Up to coordinate change, the ideal of W is Iy = (2%, zy, y?, zq — y*~1p) and one of

the following:

(a) the ideal of W' is Iy = (2% 2y, y% 2q — vy tp') with p = ap and ¢ =
—a(gp + q) for some o € k*.

(b) The ideal of W' is Iy = (v, vy, 2%, yq' — ¥ 1p').

99



Proof. The proof is given by combining the following results:

1. Proposition 2.1.12.

2. Proposition 4.2.1.

3. Proposition 4.2.2.

4. Theorem 4.1.14. O
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5 Linkage of Triple Lines

5.1 Triple Lines

Now we will provide a more careful analysis of a special case d = 3. While many of the
results in this chapter are special cases of results of the previous chapter, we will still
state them in this chapter for reference. The main difference from the previous chapter
is that we characterize self-linkage of all triple lines and can determine direct linkages on
the double plane. This difference is due to having an explicit formula for the ideal of any

such triple line from (19).

Definition 5.1.1. A triple line is a non-reduced locally Cohen-Macaulay curve of degree
3 in P? whose support consists of a line. There is only one case when the triple line is

not quasi-primitive which we will call a thick triple line.

From (19) we have the following classification of triple lines on a fixed line Y C P?.

If W is a triple line of type (L, Ds), then there are two exact sequences

0 Iz Iy Oy(a) ——0

0 Iw vy Oy (2a+b) ——0

where Z is a double line supported on Y described in (19) and L = Oy (a). In particular
a > —1 and deg Dy = b > 0. We say that W is of type (a,b). Also from (19) we have the

following propositions and their corresponding corollaries.

101



Proposition 5.1.2. Let Z C P? be the double line with ideal I, = (I}, g9 — yf), where
Y is the line x =y =0 and f, g are homogenous polynomials of degree a + 1 having no
common zeroes along Y. Let p and q be homogenous polynomials of degrees b, 3a + b+ 2
having no common zeroes along Y. Then p and q define a surjectionu : [z — Oy (2a+Db)
by 22 — pf? xy = pfg,y? — pg?, and xg—vyf — q. The kernel of u is the ideal sheaf of
a quasi-primitive multiplicity three structure on Y with second Cohen-Macaulay filtrant

7. Further we have:

1. pa(W) =—-2—3a—b.

2. Iw = (I3, x(xg — yf),y(zg — yf),p(xg — yf) — ra* — swy — ty*) where r, s, t are

chosen so that ¢ = rf* + sfg + tg? mod Iy.

3. Ifp',q define another three structure W', then W = W' if and if there exist ¢ € k*

such that p’ = ecpmod Iy and ¢ = cqmod Iy .

4. W is quasi-primitive with second CM filtrant Z, unless b =1 and ¢ = 0, in which

case W =Y,
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Proof. We can find the full proof in (19, Proposition 2.3) but we will present the main
ideas below.

The ideal I = (22, zy,y* xg — yf) has S-presentation

0> S(—a—4) = S(=323S5(—a—3238(-2)®S(—a—2) = I; =0

where ® is the matrix given by

Tensoring the exact sequence with Sy we get I,/I;Iy = Coker ® ® Sy is isomorphic to
Sy (—a —2) @ (f?, fg,9*)(2a) where T2, 7y, 3> are identified with f?, fg, g* respectively.

We have

0——1z/17ly — Sy (—a —2) & Sy (2a) — Coker —— 0

where Coker is the cokernel of the the inclusion map and has finite length. If we sheafify

the short exact sequence we have

—_——

0—>Iz/Izly—>Oy(—a—2) @(’)y(Qa)—>0—>0
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So Iz/17Iy = Oy(—a—2)&0y(2a) freely generated by xg—yf and an element e such

that ef? = 22, efg = 2y, eg?> = x2. The polynomial p and ¢ give a graded homomorphism

¢ . ]Z—)Iz/fzfy—>SY(—CL—2) @Sy(2a)L>Sy(2a+b)

The kernel of the map (g, p) is generated by the Koszul relation ge — p(zg —yf). Since f
and g are relatively prime of degree a + 1 then the map Sy (—2a — 2)? — Sy defined by
sending the generators to (f?m, fg, %) is surjective for degrees greater than 3(a+1) — 1.

Therefore there exists (r, s,t) such that ¢ = rf* + sfg + tg* mod Iy,. We conclude

(ra? + sy +ty* — p(xg — yf)) = Iz /171y N Ker(q,p)

and then get

Ker ¢ = (2°, 2%y, 2y*, y°, x(xg — yg), y(xg — yf),ra” + swy + ty* — p(zg — yf)).

Coker ¢ has finite length, so ¢ sheafifies to a surjection u : Iy — Oy (2a +b). Let W be
the subscheme such that Iy = Keru. The snake lemma yields the following short exact

sequence

0—>Oy(2a+ b) OW OZ 0

which yields the fact that Supp W =Y and depth Oy is greater than or equal to 1. Thus

we have that W is a multiplicity 3 structure on Y.
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Since p,(Z) = —1 — a, the short exact sequence yields p,(W) = —2 — 3a — b. We also

have the short exact sequence

0 Iy Iy Oy (2a +b) —— 0

which shows Iy = Ker ¢. Finally, if p’ and ¢’ define W’ by the construction above and
W =W’ then eq’ — (xg — yf)p' and eq — (zg — yf)p generates the same Sy-module of
I;/171y C Sy(—a—2)® Sy(2a). Finally, since e and (zg —yf) are free generators, then

there exist a d € k* such that p’ = pdmod Iy and ¢ = gdmod Iy. O

Corollary 5.1.3. (19, Corollary 2.6) Let W C P3 be a triple line with support Y of type
(a,b) with a,b > 0. Then, after a suitable change of coordinates, W is constructed by

Proposition 5.1.2.

Observations 5.1.4. Notice that part (3) of Proposition 5.1.2 implies that we have the

following:

e We can assume p,q € S/Iy = S/(x,y) = k[z,w].

degz(rg —yf) = degy(rg —yf) =a+3.

degp(zg —yf) —ra* —szy —ty* =a+ b+ 2.

degr =degs = degt =a+b.
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A special case of triple lines is of type (—1,b) as their corresponding double line 7 is
planar (hence a complete intersection) while this is not the case for a > 0. By Theorem
2.3.5 we get that the following lines are the only triple lines that are extremal. We will

provide the following statement for reference as it is a special case of Theorem 4.1.1.

Proposition 5.1.5. Let Y C P? be the line x = y = 0 and let Z be the multiplicity two
structure x = y> =0 on Y. Let p,q be two homogeneous polynomials of degrees b — 1,b
which have no common zeroes along Y. Then the maps v — p,y? — q define a surjection
u:Zz; — Oy(b—2). The kernel of u is the ideal sheaf of a multiplicity three structure

W onY. Further, we have
1. po(W)=1—0.
2. H,(Iw) = (S/(z,y.p,q))(b - 2).
5. Iy = (2, 2y,y°, 2q — y’p).

4. If p',q" define another three structure W', then W = W' if and if there exist c € k*

such that p’ = ecpmod Iy and ¢ = cqmod Iy .
5. W is quasi-primitive, unless b= 1 and g = 0 in which case W =Y ®|

Moreover, a triple line W with support Y of type (—1,b) with b > 0 or the thick triple

line. Then, after a suitable change of coordinates, W is constructed as above.

Proof. By Proposition 4.1.1 and Corollary 4.1.2. O
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Observations 5.1.6. Notice that part (4) implies that we have the following

o We can assume that p and q are in S/Iy = S/(z,y) = k[z, w].

o deg(xq —y?p) =b+ 1.

The following theorem separates cases by value of b.

Corollary 5.1.7. Let W C P3 be an triple line of type (—1,b) with b > 0. Then up to

coordinate change:

(a) If b =0, then W is planar with ideal (x,y?).

(b) If b=1, then W is ACM with ideal (2*, zy, x2 — y*) and lies on the quadric cone.

(c) If b = 2, then W has ideal (22, xy,y>, xq — y*2) where q € k[z,w]|y and p and z
have no common zeroes along Z(x,y) and (Ann M(W)); = (I,,)1, where py € Y is

a point.

(d) Ifb > 3, then w has ideal (22, zy, y>, xq — y*p) where p € k[z,w],_; and q € k[z,w],

which have no common zeroes along Z(x,y) and (Ann M(W)), = (Iy);.

Additionally W is extremal exactly when b > 2 and ACM when b= 0,1.

Proof. The result is a special case of Corollary 4.1.3 with d = 3. |

We have analyzed the complete intersections that can link prime-fold lines to other
prime-fold lines. We will recall that result for triple lines as it will help us determine

which triple lines can link to other triple lines.
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Observations 5.1.8. If X C P? is a complete intersection that links two triple lines,

then Ix = (F,G) where we can assume we have either:

1. deg FF =1 and deg G = 6.

2. deg F' =2 and deg G = 3.

Proof. Use Lemma 4.0.9 with d = 3. O

While Observation 5.1.8 is a simple result, it allows us to say that many triple lines
do not directly link to other triple lines, and thus are not self-linked either. First we will

recall a special case of an earlier statement for reference.

Corollary 5.1.9. If W C P? is a triple line, then the following are equivalent:

1. W 1is planar.

2. W is a complete intersection.

3. W s of type (—1,0).

4. Up to coordinate change, the ideal of W is (x,v3).

Proof. Lemma 2.4.3. O

Finally, the next lemma will get us closer to answering the question of when triple

lines are directly linked.

Lemma 5.1.10. If triple lines W and W' in P? are linked by a complete intersection X,

then the types of W or W' is either (0,0) or (—1,b) for b > 0.
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Proof. From Observation 5.1.8 we have two cases.
1. deg F'=1 and deg G = 6.
2. deg FF' =2 and deg G = 3.

Case 1: deg F' =1 and deg G = 6.

Using Corollary 5.1.9 we have that W is planar, and hence a complete intersection.
Case 2: deg F' =2 and deg G = 3.

The containment W C C implies Iy C Iy. Therefore F' € Iy, which means Iy must

contain a quadratic. By Proposition 5.1.2 we have

Iy = (2*, 2%y, zy®, y* x(xg — yf), y(xg — yf), p(xg — yf) — ra* — szy — ty?).

Case a: We have degz(xg — yf) = 2, thus deg f = degg = 0 = a + 1. Which yields
the type of W is (—1,b).

Case b: degp(zg — yf) — ra® — szvy — ty* = 2 which can happen in two ways. The
first way is a +1 = degg = deg f = degr = degs = degt = 0 and degp = 1 = b.
which yields the type of W is (—1,1) which is included in case a. The second way is
a+1=degg=deg f =2and b =deg p=deg r=deg s =deg t =0. Which yields the

type of W is (0,0). O

We will now make an observations about the type of two triple lines that are linked

to each other.
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Observations 5.1.11. Let W C P? be a triple line of type (a,b) and genus g. By part

(a) of Proposition 5.1.2 we have g = —2 — 3a — b Using the results of Lemma 5.1.10

a=-1 = g=1-b,

a=0 = g=-2-0.

If triple lines W and W' are directly linked and they are of type (—1,b) and (0,b") and

genus g and g’ respectively. Then

=1-b = 2=V

By Observation 5.1.11 we have that for triple lines if the first component of the type
(a,b) and the genus g of a curve is fixed, then so is the second component of the type.
We also have that if triple lines W and W’ of type (—1,b) and (0,0') respectively, are
directly linked by a complete intersection C' then v’ = b — 3. Now we have that the only

triple lines that link to other triple lines have type (0,0) and (—1,b).

Remark 5.1.12. Combining Lemma 5.1.10 and Observation 5.1.11 we get that the if
triple lines of different type are directly linked then they are of type (0,0) and (—1, 3).
We will see later that this is not the case. This is not a direct corollary from statements

from chapter 4, since we are examining all triple lines, and not just extremal triple lines.
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5.2 Smooth Quadric

Now we consider triple lines of type (0,0). We start this section by recalling the results
for general multiple-fold lines. We then present an argument that produces an explicit

description of the ideal of the residual scheme.

Proposition 5.2.1. Up to a coordinate change, triple line W C P* of type (0,0) has
ideal of the form Iy = (23, 2%y, xy?,v3, xz — yw). Specifically, the only quadric that W

lies on is the smooth quadric xz — yw = 0.

Proof. Let the support of W be Y (x = y = 0). From Proposition 5.1.2 we have

Iy = (2%, 2%y, 2y, y°, x(xg — yf), y(xg — yf), p(xg — yf) — ra* — szy — ty?)

such that

degp = b=0=a+b=degr =degs = degt,
degg = degf=a+1=1,

degg = 3a+0+2=2.

By a coordinate change we may assume f = w and g = z since (f, g) makes a regular
sequence in k[z,w]. Furthermore they do not have common zeros along Y.
If p = 0 implies ¢ is a unit (p and ¢ don’t share zeros on Y'). This leads to a

contradiction because deg g = 2. Thus p is a unit. Thus

Ly = (2%, 2%y, ay*, i 2(22 — yw), y(vz — yw), (vz — yw) — 12’ — szy — ty°).
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Notice the following products are elements of

(2°, 2%y, 2%, %, (z2 — yw) — ra® — szy — ty°) :

v(xg —yf) = z((xz —yw) —ra® — svy — ty* +ra® + szy + ty?)
= a((zz —yw) — r2® — sxy — ty?) + x(ra® + sxy + ty?)
= 2((zz —yw) — ra* — sxy — ty?) + ra’ + sz’y + toy?
y(xg—yf) = y((xz —yw) —ra* — svy — ty* + rz* + svy + ty?)
= y((zz — yw) — ra* — svy — ty*) + y(ra® + sxy + ty?)

= y((wvz — yw) — ra* — svy — ty*) + ray + swvy® + toy’.

Thus

Iy = ($3>x2ya nya y3a (:EZ - yw) - er — STY — tyQ)

Consider the following coordinate change

2 = z—rx— sy,

w = w+ty.
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This coordinate change is well-defined since M is invertible where

1 0 00
0 1 00
M =
-r —s 1 0
0 t 01
The following finishes the proof:
Ly = (2°,2%y,2y®,y°, (12 — yw) — ra® — szy — ty?)

= (2, 2%y, 2y%,y° w2 — ra® — szy — yw — ty?))

- (x?)’ :EQy,xyz,yg,x(z —Trr— Sy) - y(w - ty))

= ('r37x2yvxy27y37xz, _yw/)

O

The fact that the smooth quadric is the only quadric that triple lines of type (0,0)
lies on is very important to the rest of this subsection. We will be able to use results

from the general multiple-fold case.

Proposition 5.2.2. Any triple line in P3 of type (0,0) is not self-linked. Furthermore,

it is only directly linked to a triple line with different support.

Proof. Let W be a triple line of type (0,0), them by Proposition 5.2.1 we have that W
is only contained by the smooth quadric. Finally by Proposition 4.2.1 we have that W
can only directly link to another triple line with different support. O
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Now we change our focus from triple lines of type (0, 0) to consider a result that will

be important for the rest of this chapter.

Theorem 5.2.3. If two triple lines in P? are directly linked, then they are of the same

type.

Proof. From Remark 5.1.12 we have already establish that the only case left to examine
is the case where triple lines W and W’ have type (0,0) and (—1,3) respectively. As
established in Theorem 4.1.8 a triple line of the type (—1,3) can only be linked to a
triple line with the same support. However we also have from Proposition 5.2.2 that a
triple line of type (0,0) can only be directly linked to another triple line with different
support. Therefore triple lines of type (0,0) cannot be linked to triple lines of type

(—1,3), and the desired result follows. O
Question 5.2.4. Can Theorem 5.2.3 be generalized to all quasi-primitive multiple lines?

While the following proofs will still use geometric arguments, the approach will be

more algebraic focused in order to obtain an explicit description of the ideals.

Corollary 5.2.5. Up to a change of coordinates, complete intersections X C P? that
contain a triple line W of type (0,0) and directly link to another triple line W' have ideal

of the form Ix = (xz — yw,[®) where | is an element of the vector space (z,y).

Proof. By Proposition 5.2.1 we have

3

]W = (.f(}' 7'r2y7'ry27y37'rz - y'LU)
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We also have

Iy =(F,G)

where by Observation 5.1.8 we have deg F' = 2 and deg G = 3. As before we have

3

Ix C Ly. Thus G is an element of the vector space (2, z%y, zy?, ) and we may assume

F=uxz—yuw.
Claim: We can factor G into three linear elements.

Notice the following;:

G = 2+ o2’y + czxy® + cay® where ¢; € k
z3 z? T 5
= 01—3+CQ—2+03—+C4 Yy
Yy Yy Yy

= (12 + 2% + 32 + cy)y® where Z = ©
y

3

= H(oziZ + B;)y” since our ground field is algebraically closed
i=1
3

= | I(ozzE + BZ-)y3 where o, 5; € k
. )
=1
3

= H(aix + Biy).

=1

Now we have Iy = (zz — yw, l1l5l3) where [; is an element of the vector space (x,y).
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Claim: If all /; are the same (up to scalar multiple), then the support of C' is two
lines. However, if [; # [; (up to scalar multiple) for some ¢ and some j, then the support
of C'is more than two lines.

Notice that (I;, zx — yw) is a complete intersection of degree 2. The components of
this complete intersection have to have degrees that add up to 2. Thus the complete

intersection is two single lines:

Z(xz —yw, lilsls) = Z(xz — yw, l1) U Z(zz — yw, lo) U Z(xz — yw, l3).

Thus the supports of Z(xz — yw,ly) , Z(xz — yw,l3) and Z(xz — yw,l3) must be the
same two lines. However since two lines define a unique plane, we have that all I/s define

the same plane, and thus they are equal (up to unit). O

Notice that as the plane [ = 0 where | € (z,y) varies, it describes the family of planes
P, containing the line Y = Supp W. Geometrically P, N () is a plane quadric containing
the line Y, hence is the reducible union of two lines, the second line being the support of
the linked curve seen in Proposition 5.2.2. Before we compute the ideal of the residual

scheme, we will show an easy example.
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Example 5.2.6. Let [ = y in the Lemma 5.2.5.

Consider the support of C":

Z(0) = Z(zx —yw,y’)
= Z(zz,y)

= Z(z,y)UZ(y, 2).

Thus by Proposition 5.2.2 we have that Iy = (23, 2%y, zy? y®, 12 — yw) is linked to

IW = (23722y7zy27y37'rz - y'LU)

We finally have all the tools necessary to describe the ideal of the residual scheme
when linking a triple line W of type (0,0). Now, up to coordinate change by Proposition
5.2.1, we have that a triple line W of type (0, 0) has ideal Iyy = (23, 2%y, zy?, y3, 12 —yw),
and a complete intersection C' linking it to another triple line has ideal Iy = (zz —yw, [?)

where [ is in the vector space (z,y).
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We first take care of an algebra fact that is used several times in the main theorem.

Observations 5.2.7. We will need the following monomial memberships:

1. (zz — yw, x®) contains v*yw, ry*w? and y3w?.

2. (xz —yw,y>) contains xy*z, v*yz* and 2323.

Proof. Notice

Ty z

xy2?

—2*(xz — yw — x2)

—a* (w2 — yw) + 2%z € (22 — yw,2°),
—zyw(rz — yw — x2)

—zyw(zz — yw) + 2*ywz € (vz — yw, x°),
—y*w?(zz — yw — 2)

—y*w?(rz — yw) + zy*w?z € (2 — yw, 2°),

y*(x2 — yw + yw)

y¥ (22 — yw) + y'w € (22 — yw,y’),
xyz(rz — yw + yw)

ryw(zz — yw) + (zy°2)w € (vz — yw, y*),
2222 (12 — yw + yw)

2222 (x2 — yw) + (2*y2*)w € (vz — yw, y?).
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Theorem 5.2.8. Let W C P? be a triple line of type (0,0) with ideal

3

]W = (.f(}' 7x2y7'ry27y37x2 - y'LU)

Then it can only be directly linked to another triple line W' if

SuppW' = Z(ax + By, aw + z)
Ly = ((ax + By)*, (ax + By)*(aw + Bz), (ax + By)(aw + Bz)?,

(aw + B2)3, 2z — yw)

where (a, 3) € PL.

Proof. By corollary 5.2.5 we have Ix = (vz — yw,[?) where [ is in the vector space (z, 1)
say | = ax + Sy . We will first take care of the case § = 0 and then g # 0.
Case 1: g =0.

We can assume o = 1 so we have [ = z and we have Iy = (zz — yw,2?). Thus we have

IW’ = [[X : ]W]
= [('TZ - yw7x5) : ('rgu nyvxy27y37xZ - y’UJ)]
= {s e S|s(2® 2%y, 2y*, 9, 22 — yw) C (vz — yw, 2°)}

= {s e Sls(z®y, zy*,y°) C (v2 — yw, 2”)}.
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Claim: Iy = (2%, 22w, zw?, w?, 2 — yw).

It is clear that xz — yw and 2 are in Ij». Recall that Observation 5.2.7 proves that

(rz — yw, x?®) contains z?yw, zy*w? and y3w3. Therefore the following products are

elements of (zz — yw, z%):

(z*w)(z’y) = z'yw = 2*(2Pyw)

(FPw)(zy?) = 2yPw = zy(aPyw)
(@w)(y®) = *yPw =P (aPyw)

(zw’)(2®y) = 2yu® = zw(2®yw)

(zw?)(zy®) = 2y’ = yw(zyw)
(zw?)(y®) = ay’w® =y(zy*w?)
(W) (2?y) = 2*yw® = w?(2*yw)
(W) (zy?) = azy’w® = w(zy*w?)

W)@’ = y'u’
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Thus we have Iy D (22, 2°w, zw?, w?, vz — yw). By Lemma 2.0.3 the ideal of W’ is

IW/ = (ZIZ

3

3

2 2
, TR, TW*, WP, T2 — Yyw).

Case 2: 0 # 0.

We may assume [ = ax + y. Consider the following coordinate change:

Thus we have

Iy =

3

(.f(}' 7x2y7'ry27y37x2 - y'LU)

ar +y,

zZ + ow,

(X3, X2Y —aX), X(Y —aX)2, (Y —aX)®, X(Z — aW) = (Y — aX)W)

(X3, X2 — aX? X(Y? - 2aXY + a2X?),
Y3~ 3aXY2 4 302X% — o®Y? XZ — aXW — YW + aXW)
(X3, X2 — aX? XY? - 2aX%Y + a2X?,

Y3 —3aXY?+3°X? -’ X XZ - YW)

(X3, X2V, XY Y3, XZ - YW).
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We also have

Ix = (zz—yw,l?)
— (X(Z—aW) = (Y —aX)W, (az + y)?)
= (XZ—aXW =YW + aXW, (az +y)*)

= (XZ-YW,Y®).

Thus we have

[W’ = []X[W]
= [(XZ-YW,Y?) (X3 XY, XY2 Y3 XZ-YW)]
= {seS8s(X3 XY, XY2 Y} XZ-YW)| C(XZ-YW,Y?)}

= {seS8|s(X? X2V, XY C (XZ - YW,Y?).

Claim: Iy = (Y3, Y22, Y 22,23, ZX — YW).
It is clear that ZX — YW and Y3 are in Iy». Recall that Observation 5.2.7 proves
that (zz — yw,y®) contains xy?z, r?yz? and x*23. Therefore the following products are

elements of (XZ — YW, Y?3):
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(Y22)(X?)
(V2Z)(XY)

(Y2Z)(XY?)

(YZ%)(X?)
(Y Z2)(X?Y)

(YZ*)(XY?)

(29)(X?)
(Z27)(X?Y)

(Z27)(XY?)

X327 = X2(XY?2Z)
X237 = XY (XY?22)

XY*Z = YX(XY?Z)

XY 7% = X(X*Y 7%
X*Y?Z% = Y(X2Y Z2?)

XY372 =Y Z(XY?Z)

X4z
XY 7% = Z(X*Y Z?)

XY?2Z% = 72(XY?Z)

Thus we have Iyy» D (Y3, Y?Z,YZ% 73, ZX — YW). By Lemma 2.0.3 we have the ideal

of W'is Iy = (Y3, Y2Z, Y Z? 73, ZX — YW). Finally, notice that the support of W’ is

Z2(Y, 7)) =Z(ax +y,aw + 2).
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Furthermore

Iy = ((ax +19)% (ax +y)*(aw + 2), (ax + y)22, (aw + 2)*, (aw + 2)z — (az + y)w)

= ((ax + 1), (az +y)*(aw + 2), (ax + y)22, (aw + 2)*, zx — yw).

Combining both cases we get the desired result. O

Example 5.2.9. In case 2, if we have o = 0 then we get Iy = (v3, y?z, 922, 2%, 22 — yw)

with support of W being (y, z).

5.3 ACM Triple Lines

We will now look at triple lines that are ACM. Recall that Observation 5.1.7 that triple
lines of type (-1,0) and (-1,1) are ACM. We will present both direct linkage results and

self-linkage results for both cases.

5.3.1 Planar Triple Lines

By Lemma 2.4.3 triple lines of type (—1, 0) are planar triple lines (which are also complete

intersections). We will just summarize the results in this section.

Corollary 5.3.1. Let W and W' be triple lines in P* of type (—1,0), then we have the

following:
1. Each of W and W' is self-linked.
2. W is directly linked to W' if their ideals share a generator.

3. If W and W' are disjoint, then they can be linked in two steps.
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Proof. By Corollary 5.1.9, we know that a triple line W of type (-1,0) is a complete

intersection. Using Proposition 2.1.12 with Corollary 2.1.13 we have our result. (I

5.3.2 Quadric Cone and Thick Triple Lines

Let W be a triple line of type (—1, 1), then we have

-[W - (J:Za xy, y3a xrq — yQp)a

H}(Zw) = (S/(z,y.p.9))(b—2),

where we can assume ¢,p are elements of k[z,w] that have no common zeros along Y’
where degp = b —1 = 0 and degq = b = 1. Therefore p must be a unit. So we may

assume Iy = (22, 2y, y%, xq¢ — y*). Now notice that

y* = —y(eq —y* —2q) = —y(zq — v*) — q(zy).

So we have

IW = (xza xry,rq — ,yZ)

If g = 0 then W is the thick triple line with ideal

IW = (xza xy, y2)
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Recall from Proposition 5.1.2 that the triple line is not quasi-primitive. We will
include its analysis in this chapter with triple lines of type (—1, 1) even though technically,
the phrase type of Banica and Forster only refers to quasi-primitive schemes. If ¢ # 0,

then ¢ is linear. By a coordinate change we can assume ¢ = z, then we have

Iy = (2, 2y, 2z — y*).

Then W is a triple line of type (—1,1).
Proposition 5.3.2. The thick triple line in P3 is self-linked.

Proof. Let W be the thick triple line. We have

IW = (1132, xy, y2)

Consider the complete intersection ideal Iy = (22, 9%). Notice

IW’ = [IX . Iw]
= {8€S|SIWc[)(}
= {s€S|s(a® ay,y*) C (2%,9°)}

= {s e S|s(zy,y?) C («*,9")}.
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Clearly 2% € Iyy». Notice the following products are elements of (22, y?) :

Ty
(zy)(zy) = 2%y
(@y)(y*) = ay’
y?
W) (zy) = ¢
W) = o
So we have Iy D (22, zy,y?). By Lemma 2.0.3 we have the equality. O

Triple line of type (—1,1) are a special case that we have already taken care of. We

will include the result below for completeness.

Proposition 5.3.3. Let W and W' be triple lines in P* of type (—1,1) that lie on the

same quadric. Then W is directly linked to W'. Furthermore, W is self-linked.

Proof. As shown earlier, triple lines of type (—1,1) lie on the quadric cone. By Proposi-

tion 4.2.2 we have the result. O

5.4 Extremal Triple Lines

This section is already covered by the general prime-fold case.
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5.5 Conclusion

We summarize the results of this chapter by stating the proof of Theorem 3.

Theorem 5.5.1. Consider triple lines W, W' C P3. They are directly linked if and only

if one of the following occurs:

1. They are intersecting complete intersections.

2. They are supported on intersecting rulings of a smooth quadric.

3. They lie on a quadric cone.

4. Up to coordinate change, the ideal of W is Iy = (2%, 2y, y>, xq — y*p) and one of

the following:

(a) the ideal of W' is Iy = (22, zy, v, ¢’ —y?*p") with p’ = ap and ¢ = —a(gp+q)

for some a € k*.

(b) The ideal of W' is Iy = (y?, xy, 23, yq — 2*p') with p’ = ap and ¢ = aq for

some « € k*.

Proof. Combining Lemma 4.0.9 and Theorem 4.3.3 yields the result. |
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ON LINKING MULTIPLE LINES
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Research Advisor: Scott Nollet, Professor of Mathematics

We study non-reduced locally Cohen-Macaulay quasi-primitive curves supported on
a line in three dimensional projective space over an algebraically closed field k. For an
odd prime p, we determine exactly when two extremal p-fold lines W and V' are directly
linked. In particular, W is self-linked if and only if char & = 2, analogous to Migliore’s
result for p = 2. The results hold for multiple lines of any degree if we add the extra
hypothesis of using quadric surfaces to do the linking. We provide a complete analysis

for triple lines.



